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PREFACE. 



This book has been -written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra* 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. * 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
lundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Kempe's Theorem, 
Landen's theorems on the rectification of the hyperbola, 
G-enocchi's theorem on the rectification of the Cartesian Oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

An entire Chapter has been devoted to the discussion of 
Integrals of Inertia. For the methods adopted, and the 



vi Preface, 

greater part of the details in this Chapter, I am indebted 
to the kindness of Professor Townsend. My friend, Pro- 
fessor Crofton, of Woolwich, has laid me under very deep 
obligations by contributing a Chapter on Mean Value and 
Probability, which he has considerably improved in the 
present Edition. 

I am glad to be able to lay this Chapter before the 
Student, as an introduction to this branch of the subject 
by a Mathematician, whose original and admirable Papers, 
in the Philosophical Transactions^ 1868-69, ^^^ elsewhere, 
have so largely contributed to the recent extension of this 
important application of the Integral Calculus. 

Trinity College, 

November y 1880. 
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INTEGRAL CALCULUS. 



ELEMENT ART F0BH8 OF INTEGRATION. 

I. Intesratlon. — The Integral Calculus is the iuTeree of 
the Di£Eereutial. In the more simple oaee to which this 
treatise is principally limited, the object of the Jntegrsl 
Caloulna Ib to find a function of a single variable when its 
differential is known. 

Xiet the differential he represented hy F{x)dx, then the. 
function whose differential is F{x) dx is calkd its integral, and 
10 represented by the notation 

Thus, since in the notation of the Differential CalouluBWO 
have 

df{x) =f(x)dx, 

the integral oi/'{x)dxia denoted hj/(x) ; i.e. 

Moreover, as /{x) and /(x) + C (where C is any arbitrary 
quantity that does not vaiy with x) have the same differen- 
tiai, it followB, that to find the general form of the integral of 
, /'(«) db it ifl neoeBsary to add an arbitrary constant to /(x) ; 
hraioe we obtain, as the general ezpresaion for the integral 
in qnestioa, 

|/(^)<f^ =/(*) + a (0 

M 



2 Mkmentary Forma of Integration. 

In the subsequent integrals the constant C will be omitted^ 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Calculus the value of the constant u 
determined in each case by the data of the problem, as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F(x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
X + dx (Diff. Oalc, Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the iuverse of Differentiation. 
> 2. SSlenientary Intiefp'als. — ^A very slight acquaint- 
ance with the Differential Calculus will at once suggest the 
integrals of many differentials. We commence with the 
simplest cases, an arbitrary constant being in all cases under^ 
stood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Diff. Calc. we may write down at 
once the following integrals : — 

J' '*' m+i' Jnf (»»-i)iB""'' ^' 

|5 = log(«.). (b). 

f . , COS WW? f ^ Binmx , . 

I sm mxdx = , \ oob mxdx = . ic) 

- J - m J m 

— %- = tan X. ' -r-r- = - cot x. Id) 



* It was in this aspect that the process of integration was treated by Leib- 
nitz, the symhol of integration J being regarded as the initial letter of the word 
sum, in the same way as the symbol of differentiation (^ is the initial letter in 
the word difference. 
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Fundamental Forms. 3 

dx . X . . 

= sm^ -. {e) 



dx 1 . .X 



L 



These, together with two or three additional forms which 
ill be afterwards supplied, are called the fundamental* or 
ekmntary integrals, to which all other forms,t that admit 
of integration in a finite nnmber of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms : a few simple examples are given for exercise. 

EXAMFLBB. 
"^ '• I -T« I Ans, — . 



.V 



[dm 

Itaii2:(2ir. v ' • " -log (cob a:). 

(jpn-l dx '^ I 



>- 3. 



3. 



r I. 



5- 
6. 

7. 



f xdx * ' 

I — r:r- „ seed. 



8. f ««•&?. „ -c<»*. 

* The fandamental integrals are denoted in this chapter by the letters a, 6, e, 
»c.; the other formolaB by numerals r, 2, 3, &c. 

t B^integrable forms are here understood tiiose contained in the elementary 
PttUoa of the Integral Calculus as inyolTlng the ordinary transcendental func- 
tuai only, and excluding what are styled Elliptio and Hyper-Elliptic functiont. 

[la] 
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Hkmentary Farms of Integration. 

10. I -^^ . »» *»^**- 



I --li 



II. f-^. » log(*-a). 

> 3. Integral of a Sum. — ^It follows immediately from 
Art. 1 2, DifE. Oalc, that the integral of the sum of any number 
of differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

J(-4ii?~+ Baf+ Caf + &o.) dx=A Ja;"* &?+£/«'*&? + (7Jafcfo+ &e. 

^i»"»" J5aj«+i Oaf*^ . , . 

= + + + &c. (2) 

m+ I n + I r + I 

\ Hence we can write down immediately the integral of any 

\ function which is reducible to a finite number of terms eon- 

/ sisting of powers of x multiplied by constant coefficients. 

Again, to find the integrals of oo^^xdx and sin'^c^; here 



f « , f I + cos 25? , X sin 2ir ,. 

sitt'a?cfo = I - 



-cos 2a? , X sm2x ,. 

ax ' . v4; 



2 2.4 

A few examples are added for practice. 

Examples. 



I 



X 4 



• 1 

3. Jtan«a;rf« = J(8ec'a?'-i)<fe. » tan a? -a?. 



4 



X 



I. 



\. .;k 



• 

Integration by Substitution. 5 > 

. , . sin (m + n)a; / ain (m — n) 

4. f oosmxcMfrndx. Ant, — 7 -r- 4 \ r-« 

•' 2(m + «) 2(m-«) 

- . . . 8in(m — fi):i; Biii{m + »)a; 

5. fsmrnxsmfM^AT. ,, — J { \ —. 



J 'Va — « a 

Multiply the numerator and denominator by \/a + x. 

7. J a? \/x-\-adx. Am, -(*+«) a (« + <<J^ 

^ «• . — — 7--- » ;;((* + *')"*)• 

\/ « + a + \/ a: 3» \ / 

Multiply the nimierator and denominator by the complementary snrd 

V a; + a — v a:. 

_ tf + Ja: « fly-Ja' 

Here -7—771=^+1; 



fl'+A'a; ^J^ 6' («' + *' a:)* 

/ 4. Integratioit by SuMtttntiQit. — The integration "of 
many ezpressionB is immediately reducible to the elementary 
forms in Axt. 2, by the substitution of a new variable. 

For example; to integrate (a + bx)^ dx, we substitute % for 
a + bx; then dz = bdxy and ^' - . 

Again, to find 

f oi^]dx 

jJoTbxf 
we substitute 2 for a + bx^ as before, when the integral be- 

•.-V 



comes ..,:)'*^ 



or 



"6^i<w-3 



g" 



2a a^ 



3) is*^* (» - 2) is»-» (n - I ) s'-i) ' 
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Elementary Forms of Integration. 



i 



I 

* 



\\ 



I 



f; f . / 



( 



On replacing z hj a-\-bx the required integral can be ex- 
pressed in terms of x. 

The more general integral 



1 



cif^dx 
(a + Jic)"' 



where m is any positive integer, by a like substitution be- 
comes 



-Lf 



(2 - a)^dz 



z' 



Expanding by the binomial theorem and integrating each 
term separately the required integral can be imme£ately 
obtained. 

Again, to find 



f dx 

J a^{a + fer)"* 



we substitute s f or - + 

X 




- — f 



{z-b) 



«»+«-3 



dz 



z' 



which is integrable, as before, whenever m + nisi a positive 
integer greater than unity. 
Thus, for example, we have 



(1 ^^ ^ ^ 1 f ^^ \ 
]x{a + bxy a ^ \a + hx) 



It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can W 
immediately integrated. 

For we obviously have, from (J), 




\ 






^ \/\A/-' 



= log /(a;). 
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•^ 



Wh. 



i 



\% 



-^....^^ ^' 



Integration of 



dx 



Q^-a^' 



Examples. 



I. 



2. 



5. 
6. 

7. 
8. 



t 
i 
I 

1 



► I 



sin 9dx 
a + 6 cosa;* 

■ '>^ ^ 
L ax 



<£ir 



(« + to)»' 

« 

(a + te)** 



dx 



Am, — 



log (a + 3 COS r) 



" i"^"(a)*- 



„ -Gog*)'. 



» log (log*). 



»» 



log (a + ^g) 30* + ^x 




p5 a + bx a + aia; 

a (a + ftp)* aa(a + gjc)* 

3 (g + bx)^ _ 3a (g + bx)i 



»» 



» 




Assmne 20^ - a' = s^, fhen a^ = sdk, and the transformed integral is 

idz 



5. Integratioit of 



{202 
dx 



a^ - a'** 



Sinoe 



we get 



i^ - a^ lalxr-a x^ay 
C dx I , x^ a 



(A) 



This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



8 Integration of 



a + 2bx + cx^* 
In like manner; Binoe 



(a?-a)(a?-/3) a - jS (a: - a a? - /3j' 



we have 



X — a 



[ dx I 



I. 



2. 



EXAHPLSS. 

Idx I 

4^.+ 2)(« -J)' " ^^^^ 






f. 6. Integratioii of 




e2p 



(6) 



a + 2Ja? + caj*' 

This may be written in the form 

cdx 
{cx + 6)'* + ae -V * 

or^ substituting s for at; + (, 

This is of the form (/) or (A) according as m- V is positive 
or negative. 

Hence, if ao > 6* we have *^ 



1 



ix 1 . , ftK + ft 

*«^"' y r. - (7) 



a + aft^ + er* y^TTii yac-J*" 



. InUgrationof ^P^'i')^ 9 

f ^ I . cjB + 6 - f/b* - ac - . 

TMs latter form can be also immediately obtained from (6). 
In the particular case when ac » b^, the value of the inte- 
gral is 

- I 



X 7. Integvatioit of 



ex + b' 
{p + gx) dx 



a + 2te+ €0? 
This can at onoe be written in the form 



g {b -^ cx)dx pc^ qb ' 



dx 



V (J^a + 21m + ex^ G a + ibx + coi?* 

The integral of the first term is evidently 

— log {a + 2bx + ca^)y 

' 2C ^ 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(a? cos 6 - t)dx 
a?* -2a: cos 61+ I* 

The expression becomes in this case 

cos d {x - oosO)efe sin'fle&f 



i»* - 2a? cos S +.1 {x - cos ft)' + sin'fl * 
hence ' ' 



1 



(xoo&O - i)dx COS©, ,, ^ . 

-smStan"^ — . ^ . (9) 

smS ^ ' 



10 Elementary Forms of Integration. 

When the roots oi a + zbx + ax^ axe real, it will bo found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 



Examples. 



I. 



2. 






-. „ tan-W2fl;-i). 



6. 



8. 



"^ 8. Exponential Talne for sin and cos d. — By com- 
paring the fundamental formulae (/) and (h) the well-known 
exponential forms for sin and cos can be immediately 
deduced, as f oUows : 

Substitute z a/- i for a? in both sides of the equation 

^ r = - log ( ) + comt; 

and we get ^ 

\ 1 = —7= logf 7= + comt; 



^ 



^t^ " 



Exponential Forma of sin and cos 6. ^ 11 

or, by (/), tan-'s = — \=i w f ^ — .— J + comt. 

2\/- I ° \i - %v- 1/ 

Now, let z = tan 0, and tliis becomes 

^ I 1 A + \/- I tan 9\ . 

9 = yr=. log ( ^= 1 + const 

2*/-i \i - a/- I tan 9/ 
When » o, this reduces to o = const. 

COS 61 - V - I sin 6 

or ^^ = cos + ^/^ sin 0, 

0^^ = COS 9 - %/^ sin fl. " 

e2r 



\ 



9. Imtegratioii of 



v^a?* ± a* 

Assume* ^/qF±^ = 3 -^ a?, 

then we get ±ci^ -^ - 2xz, 

hence \ (z - a;)'^s = zdxjot 



z-x z 
dx 



f dx Cffy 

*'* J vW^ " J 7 " ^^^^ " ^^^ (^ + ^/a^ ± a'). (0 

This is to be regarded as another fundamental form. 

By aid of i£is and of form (e) it is evident that all ex-, 
pressions of the shape 

dx 

\/a + 2bx + cm^ 



—7^ 



* The student will better undentand the propriety of this assumption after 
nadinff a subsequent chapter, in which a general transformation, of which the 
2b0Teu a particular case; will be giyen. 



^' 



^,. .-^ 



•> 
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can be immediately integrated ; a^ b, c, being any oonstants, 
positive or negative. 

The preceding integration evidently depends on formula 
(f), or (c), according as the coefficient of a^ is positive or 
negative. 

Thus, we have 

] y = = -7= sm'M =r , (11) 

J V,a + 2&iP - Cir' 4/c xy^ac + JV 

being regarded as positive in both integrals. 

When the factors in the quadratic a + 2hx-\- cof are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

10. Integratioit of 



v/(^-0)(^-/3); 

Assume x- a - z\ then dx = 2zdz 

dx 

= 2dz ; 



hence 



v^iP - a 
dx idz 



^/{x-a){x-'fi) A/s» + a-/3' 



f dx __ f dz 

= 2 log {z + y/s* + a - /3), by (f), 
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dx 
11. IniegrsMoJOL of 

As before, assume x - a=z\ and we get 

dx 2dz 



(13) 



Henoe, by (e), 

J-/(a!-a)(/3-a;) V^-a 

Otherwise, thus : 
assnme x = a oos*0 + /3 sin'9, 
then a; - o = (/3 - a) oos'd, /3 - « = (/3 - o) sin'O, 

and dx = 2(j3 - a) sin 9 oos dfl?0; 

1 dx ^ 

henoe /7 rr^ r = 2d0; 

.'. f — =^= = 2e = 2sm-^ jEJ 
i^{X'-a)(fi-'X) VjS-a" 

12. Again, as in Art. 7, the expression 

(/> + qx) dx 

can be ixansf ormed into 

q {b + cx)dx pc - qb dx 

^ v^a + 2bx + cx^ ^ -v/a + zbx + ca?* 

and is, acoordingly, immediately integrable by aid of the 
preceding formnlas. 
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Examples. 



I. 



2. 



3- 



f dx _ 



4- f » log (2« + 1 + 2\/i + a: + flJ^^. 
J V I + « + a?* ^ 

5- J J^-'-l^ = \/(iP + «)(» + h) + (a - J) log(\/» + a + \/a: + *). 
Multiply the numerator and denominator by ^/ x-\- a. 

, f *C . . , 2iP + 1 

J */ 1 _ a; — x2 



Yi—x^x^ ' V^j 



8. Show, as in Art 8, by comparing the fundamental formuls {e) and (i), 
that 



costf + \/- I sin = e^^. 

dx 



13. iMtegraHon of . 

{x''p)va + 2bx + ca^ 

Let a; - « = -, then 

s 

dx dz . I + »2 

= and X = ^- . 

a? -^ « s 

r ^ { -dz 

J (a? -p)ya + 2bxT^ J ^/az^^- 262(1 +;?2) +c(i +^2)* 

r ^ ^ 

J \/fl' + 2 J'2 + cV ' 

where a' = (?, 6' = 6 + cp, V = a + 26p + e?p'. 

The integral consequently is reducible to (10), or (11), ac- 
cording as d is positiYO or negative. 



I. 



2. 



3- 



6. 



7. 






Examples. 
— , -4««. - cor^ ( - J . 

J *-v/«2 +1 \ a? / 
d» /i -a; 

— — . Ans. —y_ log ( y ] . 

I — 7==. ^«<. -7Z sm-i [ — J . 

f <?a: I . , Ap\/2\ \ 

1 r - ♦ ), - —71. sin-* ( I . 

J(i +ir)v^n-2a?-«« a/* \i + a;/ 

I , n srn-i ( — ). 

J (1+ a?) \/i +»-««-. ^(i +a?)\/5' 



, 14. The transfonnation adopted in the last Artiole is one 

of frequent application in Integration. It is, accordingly, 

worthy of the student's notice that when we change x into 

I - dx dz , . . .^ ^ \ dx dz 

- we nave — = ; and, in general, if a?" = -, — « . 

z X z ^ z X nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let iis take the integral , 



f dx 

Ja?(a+ baf^y 



Here, the substituti6n of - for af^ gives 



1 C dz / 
njaz + b' 
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The value of which is obviously 

log {az + 6), or — logf ^ , A 

na ^ ^ ' na ^\a'\- bx^J 

Again, to integrate ^ ^' 

dx 



> 'i 



X 



yaa^ + 6 



assume x^ = -^, and the transformed integral is 



2 f dz 
^JA/a + b?* 



This is found by (e) or (i) according as 6 is positive or 

negative. 

dx 
.. 15. IntegraHon of -r^. ^ 

Let x = - and the expression becomes 

z 

zdz 



{az"" + cY 
the integral of this is evidently ' 



I X 

J or 



a {az^ + c)^ a (a + cx^)^' 
Hence 7 ^r-, = -7 -rr-,. (14) 

' 16. To find the integral of 

dx 

(a + ibx + caj*)*' 

This can be written in the form 

^dx 



which is reduced to the preceding on maHng cr + 5 ~ 2. 



*v 
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Bin a 



Hence, we get 

'dx h -{^ ex 



1 



{a + 2bx + Cix^)^ {ac- b^){a + zbx + cxy~' 



Again, if we substitute - for x, 

z 



xdx , - dz 

becomes 



[a + 2hx + ca?')* (as* + 2bz + c)*' 

and, accordingly, we have 

xdx a -k- bx 






{a + 2bx + car*)* {ao - J*) (a + 2bx + cx^)^' 
Combining these two results, we get 

(p + qx)dx bp - aq + {cp - bq) x 

(a + 2bx + car*)* {ao - b^){a + 26a: + ca?'*)'^' 



I 



(^0 e/0 
S.I 7. IntegraHoift of* -. — 7; and -^. 

sin cos 



('5) 



(i6) 



It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -, — 75, or of ^ : we accordingly propose to inves- 

sm u cos u o .^ X * 

tigate their values here. For this purpose we shall first find 

the integral of -r— 75 j.. 

° sm cos 

dO 



dO cos'0 rfCtanfl) 

sin cos tan tan ' 

r dd 
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Next, to find the integral of 



sin 0* 



This can be written in the form 

dO 
2 sm-cos- 

2 2 

and, by the preceding, we have 

d6 



l^r^^K*"^^) 



(i8) 



dO 



Again, to determine the integral of — g we substitute 



TT 



- - A for dy and the expression becomes -r— ^ 
2 ^ ' ^ sin^ 

of this, by (i8), is 



: the integral 



- log (tany, or log ^cot ^\ or log |Cot (^ - -jj. 



Accordingly, we have 
r dO 



cos 



= log {cot (^ - -)j = log jtan (^ + -)j . (19) 



This integral can also be easily obtained otherwise, as 
follows : — 



dO 

COS© 



COS dO 
"cos^ 



cos* 9 



Let sin 6 = Xy and the integral becomes 

f_^^ = ilog(i±f)=llog(L±4^n 
J I -a?' 2 ° \i - a?/ 2 °\i-sm6r/ 

The student will find no difficulty in identifying this 
result with that contained in (19). 
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1 8. IntegraHon of 



a+ b COS 9. 



a + ^ COS 9' 

This can be immediately written in the form 

^0 

{a + h) COS* - + (a - J) sin'- 

Q 

sec*- <^d 

2 

or 



« + ^ + (a - 6) tan' - 



on substituting s for tan - this becomes 

2dz 



a-v b -v (a -h)z^' 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a> bj 

(2) when a < J, by formula (^), 
r dd I I '^^ + flf + vb - fl tan - | 

Ja+icosr7^5T^^°« S — t:! — I >•('') 

\/^ + flj - \/6 - a tan - 

If we assume « = 5 cos a, we deduce immediately from 
the latter integral 

dB I , J 

logs 



r dj 

J cos a + 



cos 



a + i 
COB — J 



COS sm a 

cos — 
2 

The integral in (20) can be transformed into 
^ dB _ I _j |6 + a cos B) 

Ja + 6cos0 ^Q% - j2 (a + J cos Or 

[8 a] 
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In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

X 19. methods of IntesraHon.— rThe reduction of the 
integration of functions to one or other of the fundamental 
formulae is usually effected by one of the following methods : — 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Deconiposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct : thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

\. 20. Integration by Transformation. — ^Examples of 
this method have been already given in Arts. 4, 10, &c. One 
or two more cases are here added. 

Ex. I. To find the integral of sin' a? oo^dx. 

Let sin ^ = ^, and the transformed integral is 

I y'(i - y^)dy=^y^dy-\^tdy^^ - ^ = ®-^ - ?^. 

Ex. 2. 

Ji + 

Let ^ -y^ and we get 

dy 



^' 



J 



I +y* 



= tan'^y = tan"* (e*). 



^21. Integration by Parts. — ^We have seen in Art i3> 
Diff. Oalc, that 

d(fiv) = udv + tjrftt; 
hence we get 

w«? = J udv + J vdUy 

or fudv.= uv - fvdu. (22) 
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Consequently the integration of an expression of the form 
udv oan always he made to depend on that of the expression 
f^du. ' 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 



Ex. I. |sin"^iPdic = a:sin~^a;- K--====: 



= X sin~^a? + \/i - a?. 



I X log X dx. 



Ex.2. \x\og^xdx. ^^ -^.^^^ 



a? 
Let u = logar, t? = -, and we get 

Ex. 3. (fxdx'. 

Let X ^ u, '^— = V. then 

Xxef^'^dx- \—dfc^—\x . 

J a ] a a \ aj 

Ex. 4. f 



c*** sinm^ei^. 



Let sin wa? = w, — - <?, then . 

a 

f /,* • < e^ Aumx m{ „^ 

e^ sm^ cfe = e^* cos mxdx. 

J a aJ 

o- -11 { n^r J e^'^cosmx m C^ . _ 

Sunilarly, e"^^ coBmxdx= + — e*^ sm mx d$i^. 



cJ>k^. 



I 
I 
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Substituting, and solving for Je^' sin m^xdxy we obtain 

f «• • 7 ^ (a sin mx -mooB mx) , 

U«*8m^wa?aaj = — ^ — -. — -. {zx^ 

J a* + m' ^ ^ 

In like manner we get 

[ „^ , ^ (fl cos ma? + m sin mac) , . 

\e^ QOsmxax = — ^ ~ \ (24) 

J a^ + m^ ^ ^ 

Ex. 5. L/^ 



* + a^dx. 



Let v/a* + x^ = w, then 



^ 



\/a^ + x^dx = x ^/c? + a;* - , ; 

I J C dx C c^ dx 

also va^ + a?* efo? = a- — + 

J J 's/a^-^-a^ J >v/a* + ar* 

Hence, by addition, and dividing by 2, 

r /-; T T x^/a^ + a?^ a* - . /-r — , , 

K/fl* + x^dx= — : + — log(aJ+\/fl* + a?^). (25) 

Ex. 6. f,og(..V^I^*. 

Here J log (a? + V^a?' ± a') di? = a? log (a? + >/a^ ± a^). 



a^ei^ 



v/'aj*±«* 



= X log (a? + \/a? ± a^) - \/a?' ± d\ (26) 



■11 1 ■ I 
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Examples. 

«• log xdx. An». (log a? ) . 

fi+ I V ® n+ 1/ 

2. j tur^xdx. „ X tan-^a? - - log (i + x'), 

Jx^ 
X tan* xdx, ,, e tan a; + log (cos^r) . 

Jtaxr^xdx 'a; sin-^x i 

Let a; = sin y, and the integral becomes 

[ *»a;« <te. „ ««(«» - 2a? + 2). 



5 



;(.22. Integratloii by RaHonallKallon. — By a proper 
assumption of a new variable we oan, in many oases, change 
an irrational expression into a rational one, and thus inte- 
grate it. An instance of this method has been given in 
Art. 8, 

The simplest case is where the quantity under the radical 
sign is of the form a + bx: such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

af^dx 



{a + bx)^' 

where ^ is a positive integer. Suppose a + bx = is', then 

2zdz _ z^ - a 
ax = -T-5 and x =» — ; — : 
b b 

making these substitutions, the expression becomes 

2(f-aYd z 

An+i ~" 
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Expanding by the Binomial Theorem and integrating the 
termB separately, the required integral can be immediately 

found. It is also evident that the expression ^ can 

be integrated by a similar substittition. 
23. Integration of ^^-^^^j, 

where m is a positive integer. 

Let a-{- cm? = s' ; then xdx = — , a? = ; and the 

c c 

transformed expression is 

(g^ - a)^dz 

This can be integrated as before. It can be easily seen 

that the expression ; is immediately integrable by 

(a + cn^Y 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form : a few examples are given for illustra- 
tion. 

I. I , Asm. *- - (I - a»)t. 



— . ., + a ; where « = \/ 1+ a?'. 



f (i?dx ^<2g + 3ca?») 

J (a + «p2)» " 3** (a + «?*)* ' 

24. It is easily seen that the more general expression 

/(a^) xdx 

where f[oi?) is a rational algebraic function, can be ration- 
alized by the same transformation. 



dx 
Integration of (^ ^ ^^) (^ ^ ^,j, - 25 



Again, if we make x = - the expresedon 

z 

dx 



transf onns into 

s""* dz 

and is reducible to the preceding form when n is an even post- 
five integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution {a + ca^)i = xt/. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 

Examples. 



'• ]«•(!+ x^)k' " ~Tsx r'^'^x^]' 



25. IntegraHon of 



dx 



{A-\- Cx'){a + cx")^' 



As in the preceding Artide, let {a + ca^)i = ars, or 
a + CO? -x^z*: then, if we differentiate and divide by 2x^ we 
shall have 



- ,- . dx dz 

cdx = z^dx + xzdz, or — = -„ 

xz c - z^ 

dx dz 



' * (a + cx^)i c-z'' 

and the transformed expression evidently is 

dz 

(Ac - Ca) - Az^' 



(27) 
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This is reducible to the fundamental formula (A), or (/), 

J. Ac - Ca . ... ,. 

aoGording as — xs positive or negative. 

jdc — Ca 
Hence, (i) if -z — > o, the integral is easily seen to be 

^x 



2V A {Ac - Ca) \^A{a + ca^) - x^Ac - Caj 
(2). If — < o, the value of the integral is 

^x 

, x^Ca -Ac , V 

tan-^ . z . (29) 



^/ A{Ca - Ac) ^ A {a + cx"^) 



Examples. 



I. I . Ans, — r~ tan"! I — — -— - ]. 

dx r / 5a; \ 

(3+4«')(4-3^«)^- " 771 VTrf^pJ* 

^' J (4 - 3^) (3 + 4^'K " 2o'°^,^3-:;r^.5,' 

26. Ratlonalizalloii by Tiigonometiical Trans- 
formatioii. — It can be easily seen, as in Art. 6, that the 

irrational expression \/a + ihx + coi^ can be always trans- 
formed into one or other of the following shapes: 

(I) (a^-2% (2)(a^ + s^)i, (3) (is« - «')i ; 

neglecting a constant midtiplier in each case. 

Accordingly, any algebraic expression^ in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making 2 = a sin ; the second, by 
z = a tan ; and the thurd, by 2 = a sec 0. 
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For, (i) when z = a sin 0, we have (a* - s')i = a cos 0, and 
dz= a cos bd6, 

(2). When s = a tan 0, . . . . (o* + z^)^ = a sec 0, and 

COS*^ 

(3). When s = a sec 6, .... (s* - a?)^ = a tan 0, and 
dz = a tan sec Odd, 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place this 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 
Let X = tan 0, and the integral becomes 



cos ddd f d{am $} i \/ 1 ■»■ a - 



fcos dde __C 



sin-d sin 

dx 



2. 



I 



Let jp = a sin ^, and we get 



h\ 



d$ tan 



This has been integrated by another transformation in Art 15. 

dx 

Let a; =s sec 9, and the integral becomes 



(dx 



f cos^ d0 ; or, by (3) Art. 3, 



sin 9 cos 9 

—r-^r- 

accordingly, the value of the integral in question is 



v/ic* - I I 

= 1- - sec"»a:. 

2x* 2 
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?ga\An^x fix 

J (i+a:«)' 



Let « = tan 0, and we get 

e^ (a cos 6 + Bin B) 



I cos Bef*Bde\ or by (23), 



I +a* 
dx «?« *«"'« {a + «) «« *«»"^ * 



Hence 



frfir sin'* ( I . 
\a ^xj 



X 

Let = sin^ 0, or x = a tan' 0, and the integral becomes 

a +1? 

a J <f (tan*0), or a J0 (^(sec'd) : (since sec^a = i + tan'0). 
Integrating by parts, we have 

Jarf (sec'd) = B sec^e- JBec^ede = dsec'd - tand: 
hence the value of the proposed integral is 



{a + x) tan-i f -) - (ax^^. 



It may be observed tbat the fundamental f ormulse («) and (/} can be at once 
obtained by aid of the transformations of this Article. 

^v 27. Remarks on Intesratioii. — ^The student must 
not, however, take for granted that whenever one or other of 
the prececiing transformations is applicable, it furnishes the 
simplest method of integration. We have, in Arts. 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions: all that can be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation in each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. Chu^amination, however, it will ^gl ways be jfflpiL 

that.thfiy^ly^4iS§^'jf^ soma eonatant ; otherwise, they could 
not havelhe same differential. 
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f2%. HIslier Transeendental Functions. — ^Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the integral cannot, unless in exceptional 
cases, be reduced to any of the fundamental formulae ; and 
consequently cannot be represented in finite terms of a?, or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions. 

Thus the integration of irrational functions of a?, in which 
the expression under the square root is of the third or fourth 
degree in ^, depends on a higher class of transcendentals 
called Elliptic Functions. 

SL29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

^<30. Obserirations on Fundamental Forms. — From 
what has been already stated, the sign of integration (/) may 
be regarded in the hght of a question : i. e. the meaning of 
the expression J F(x) dx is the same as asking what function 
of X has F(^) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functions^ as 
obtained by the aid of the Differential Calculus. The number 
of fundamental formulsd of integration must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

p_ 
(1). Ordinary powers and roots, such as a^, a?^, &c. 
(2). Exponentials, «% &c., and their inverse fimctions; 

viz., Logarithms. 
(3). Trigonometrio functions, sin a?, tana?, &c., and their 

inverse functions ; sin'^a?, tan~*a?, &c. 

This classification may assist the student towards under- 
fitanding why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
^d of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that tiie proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

^31. Ilefinite Integrals. — "We now proceed to a brief 
consideration of the process of integration regarded as a sum- 
mation, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, Uy to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value /3, its total increment is obviously repre- 
sented by /3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite inqrements by 
the equation ^ 

2 {Au) =/3 -a; 

a 

and in the case of infinitely small increments, by 

rf« = /3 - a ; (30) 
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in which /3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 
Now, suppose 2^ to be a function of another variable, a?, 
represented by the equation 

u =f{x) : 

then, if when ic = a,u becomes a, and when x = by u becomes 
j3, we have 

Moreover, in the limit, we have 

du =/'(^) dx, 

neglecting* infinitely small quantities of the second order 
(SeeDiff. Calc, Art. 7). 

Hence, formula (30) becomes - 



1; 



'f{x)dx=/ib)-/{a); (31) 



in which b and a are styled the superior and the inferior limits 
of a?, respectively. 

Tt should be observed that the expression f{x)dx, re- 
presents here the limit of the sum denoted by S \f{x) Aiy, 

a 

when Aa? is regarded as evanescent. 

In the preceding we> assume that each element /'(a?) dx is 
infinitely small for all values of do between the limits of inte- 
gration a and b ; and also that the limits, a and by are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever /(a?), i.e. the integral 
oif[x)dXy can be found, the value of the definite integral 

f{x) dx is obtained by substituting each limit separately 

h 



t 



* In a subsequent chapter on Definite Integrals, amid demonstration will y^y, . 

be found of the property here assumed, namely that tfllrRK of these quantities « . ^ v 

of the second order becomes evanescent in the limit, and consequently may be \ '^ 
neglected. Compare also Art. 39, Liff, Calc, 
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instead of xmf{x)y and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



5. 

6. 



8. 



sin 9 do. 



Jo 

■■ J 
• 1 





« dx 



a* + x'^' 



ojo^xdx. 



IT 



1 sas?xdx. 





IT 




^'dx 



I 

I 



sin'ar dx. 



\ 



dx 



oi +a; + «** 



coB^xdx. 



■ i 

f^ xdx 

• I 





2 
^ 



Examples. 



A,^ 



tt\/a?-a)(/8 -a?) 
See Art. 11. 

IT 



12 



I xfSk 
Jo 

• f- 

Jo « + 



dx 



dx 



, where a > ^. 



iw dx 
5. 



^n«. 



n+ I 



» 



}> 



I. 



4d( 



>» 



» I 

" i"4 



» 



» 



>} 



I. 



>> 



3\/3 
3.5' 



,» 5 log 2- 



>} 



n I. 



>> 



>i 



I 



I 
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^32. Cliange of IdmltBi. — ^It should be observed that it 
is not necessary that the increment dx should be regarded as 
positive, for we may regard x as decreasing by successive 
stages, as well as increasing. 
Accordingly we have 

[f{p)dx^f{a)-f{h) = -\y{x)dx. (32) 

J 6 , J a 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious tluit 



re fc ch 

I f^{x)dx=\ f^{x)dx-{-\ ^{x)dx\ 



% 

and so on. 

Affain, if we assume a; to be any function of a new variable 
Zy 80 mat ji{x)dx becomes ^l^{z)dsy we obviously have 

\ ip{x)dx = \ xp{z)d»y (33) 

where Z and Zo are the values which z assumes when X and 
0^0 are substituted for x, respectively. 

^— dx 

For example, iix^a tan s, the expression r-5 — -^ be- 

, . [a -r X"]' 

comes r — ; and if the limits of x be o and a, those of 

2 are o and -. Consequently ^ 

C^ dx I f *^ J I 
7~2 — 3^" = 1 cos a flfe = ~. 

Also, if we substitute a - s for x, we have 

ra ro ra 

I <lt{x)dx = - 0(a - z)d» = I 0(a - »)flfe. 

[8] 
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Since neither x nor z occurs in the result^ this equation 
may evidently be written in the form 

ra ra 

1 ^{x)dx = <l>{a - x)dx, (34) 

.<\ Jo 

For example, let ^(0?) = sin^a?, then ^ ( — x\ = qob^x^ and 
we have 

mi^^xdx = I QOB^xdx. 
And, in general, for any function, 

IT IT 

f{^x)dx = \y{GO&x)dx. (35) 

Jo Jo 

)(33. Yalues of einmxAanxdx, and Qosmxoosnxdx. 

Since 

2 sin WW? sin wa? = cos {m - n)x - cos (m + n) a?, 
and 

2 cos «w?co8 wa? = cos (m - «i) 0? + cos {m + w) a?, 

we have 

^ f . . , sin (m - n)x sin (m + n)x 

sm mx smnxax = — 7 ^ 7 f-, 

J 2{m - n) 2{m + n) 

f ^ sin (m - w) 0? sin (m + n) a? 

and cosfwa?coswa?ew? = — ) ^ + — 7^ r^. 

I 2 (m - w) 2 {m + n) 

Hence, when m and n are unequal integers, we have 

sin mx sin nxdx = o, and cos mx cos na;eir = o. (36) 
When w = w, we have 



- cos 2nx , a; sm 2nx 

da? = , 



I sin' na?d!;r= — 
.*. sin'na;eir = -, when n is an integer. 



Definite Integrals. 35 

In like manner, with the same condition, we have 

cos' nxdx = -. (37) 

Jo 2 

Again, to find the value of 

\^{x-a) {P-x)dx. 
Assume, as in Art. ii, x = a cos' + /3 sin' ; then, when 

IT 

6 = 0, we have a; = o; and when fl = -, a? = j3. 
Hence, as in the artide referred to, we have 

J ^ y{x-a)(P-x)dx = 2 (j3 - a)' J W QO^^QdO. 

n IF 

Also 2 psin'flcos'flrfe = J [ W 2 drfO 
.-. f " ^{x-a){fi-x) «fe = ^ O - «)'. (38) 



[3 a] 
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Examples. 

. (i •{- cos x) d9 . I 



(« + si 



(x + Bin a?)5 ' 2 (a? + sin a:)** 

3. l«sinfl;({r. 99 8ini;-d;coejP. 



iT 4! 

j-j-^<te. „ 2l0g (I + «)-«?. 

^ f a^dx 2 I 

Idx . . \x-\- I 

f ^^* ' 1 /^~1\ 

10. f— nr-V- M —71^ — rlogCacos^aJ + ian'ar). 

J a + d tan^a: " 2 (d - a) 

^-~— • » sm(loga!). 



<to 



12. Show that the integral of — can be obtained from that of :^dx, 

"Write the integral of s^dx in the form ; and, by the method of 

indeterminate form8,'^Ez. 5, Ch. iv. Diff. Calc., it can easily be seen that the 
true Talue of the fraction when m + i s o is log ( - j , or log d;, omitting the 

arbitrary constant. 

13. fe^* sin mx cos nxdx. 

This is immediately reducible to the integral given in formula (23). 

t dx ^ 2 A+5tan^ 

14. 1 ; — • Am. - tan-* i -^— — • /• 

J5 + 4Bm» 3X3/ 
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e«ttn**«(^_ ,) 



IS' I v— • Ans. 

J (i+^«)* 



(i + a«)(i+x2)i 

4 i6. f*(« + ^)irf^. „ 3(iif)l(4f::ji) 

J 4.7 

Let a + &r2 = ^2^ 

(p + J- cos »)<&? 



18 



J a + 



b COBX 

This is equivalent to 

{ gdx ph-qa t dx 
h' h J a + & cos a;' 

and acooidingly can be integrated by Art.^ 18. 

x0^dx ^ 0t 



Ix^dx 



I + a; 
X >«»• Jrr?' '* itan-i(««). 






^22. -___. •. „ - log ^ , . 

Let «8 + I = «». 

f dx I /v/i+«*-i\ 

»3. y ' » -log! = . 



34. Integrate 



d$ 
a + bcoae 



, .- -^, ., b + aoose 

by aid of the assumption x = = . 

' a + d cos d 

The expression transforms into 

dx 



V^(a« - *«) (I - «2) 



accordingly, when « > 4, its integral is ^ sin"' x ; and when « < ^, it is 



^;7==log(a? + v/a:*-i),&c. 
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Examples. 



25. Deduce Gregory's expansion for temr^x from formoU (/). 
When X < r, we have 



. = I _ g;2 + jf* - a^ + &o. ; 

1 + x^ 

. C dx «3 rr* a?^ ^ 

* = I 7 = ^ + . + &C. 

Ji + «* 3 5 7 



.'. tan 



No constant is added since tan~i x vanishes with x, 

26. Deduce in a similar manner the expansions of bg (i + x), and sin'^ x. 

d0 

27. Find the integral of r r— 1. 

a + b COB $ + eBm$ 
I 

This can be reduced to the form in Art. 18, by assuming - = cot a, &c. ■ 

c 



f ^ 
28. —=^ 



Ans. 






This can be integrated either by the method of Art. 13 or by that of Art. 23. 



4 29 



■ ! 



dx 



30. j 



x*y Qff^ - 1 

ir 

rsin jp^^a; 
cos a; * 



Am, - sec"* 



(^) 



» - log a. 



y 3I' 
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! 



33. 
34. 

35 



ir 

ocosd;' 
*o(4+3»')*' 

I a:versin-*(-Jrfip. 
4 + 5 sin a;' 



„ log(i+v^2). y 








I 


99 


8- 




ira^ 


» 


• 

4 


99 


5»«' 

• 

4 


99 


i log 2. 



^ ft rfip 

3^- — ; 

Jo 5 + 4n 



sin a; 



" f-Cs)- 
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CHAPTER IL 

INTEGRATION OF RATIONAL FRACTIONS. 

y 34. Rational Fractions. — ^A fraotion whose numerator 
and denominator are both rational and algebraic functions of 
a variable is called a rational fraotion. 

Let the expression in question be of the form 

» 

dx"" + ^aj"-^ + oV-'* + &C.' 

in which m and n are positive integers, and ayh, , , , a\ b\ ,. . 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be imme^ately integrated by 
Art. 3. The integration of the latter part in general comes 
under the method of Partial #iHiliiMa» ' ' - ■ , 

y^ 35. Elementary Applications. — Before proceeding to 
tne general process of integration of rational fractions, we 
propose to consider a few dementary examples, which will 
lead up to,, and indicate in what the general method really 
consists. 

We commence with the form already considered in Art. 7 ; 
in which, denoting by ai and az the roots of the denominator, 
tiie expression to be integrated may be represented by 

(p + qx)dx 
{x -ai)(a?- fla)* 

Assume 

p + qx Ai A2 



{x - oi)(aj - 02) ic - ai a? - 03' 
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Multiplying by {x - a^{x - a^ we get 

p + qx = - {Aia2 + ^aoi) + {Ai + A2) X. 

Hence, we get for the determination of Ax and A% the 
equations 

whence we obtain 

^1 — "j ^2 = • 

Oonsequently 

f ( jp + qx) dx _ jP + qai [* &? JP + $'02 f ^ 
J (iP- «i)(iP - 02) ai - 02 J a? - ai oi - 02 J a? - 02 

= — ^- j(;> + ?ai)log(ir-ai)-(i> + ^a2)log(a:-.a2) . 
ai — 02 I ; 

In like manner 

p-\-q(x? - -^^ -^1 

where ^1 and ^[2 have the scone values as above ; hence 

f (p 4- qx^) dx _p -i- qaiC dx p + qa% C dx 
J (iP* - ai) (ic* - 02) oi - aaj a?" - Oi oi - 02 J a?* - 02' 

But each of the latter integrals is of one or other of the 
fundamental forms (/) and (A) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p + qx + ra^) dx 



(^ - ai)(a? - a2){x - aa)* 

We assume 

p -h qx + ra^ Ax At Az 

+ ^— — + 



(a? — oi) (a? — 02) {x — Ci) a? — oi a? — 02 a? — as 
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then clearing from fractions, and identifying both sides by 
equating the coefficients of o^, of x^ and the part independent 
of a, at both sides, we obtain three equations of me first 
degree in AiyA2^Az^ which can be readily solved by ordinary 
algebra ; thus determining the values of Ai^ At^ As in terms 
of the given constants. 
By this means we get 



dx 



f (p + qx + rot?) dx a [ ^ A [ ^ A [ ^ 

J (a? - fli) {x - ai) {x - as) " J a? - ai }X- az ja? - a^ 

= Ai log {x - ai) + Ailog {x - 02) + Az log {x - as). 

We shall illustrate these results by a few simple examples. 



Examples. 



- irf 



6. 



{x — i) dx 



{X - 3). («•+ 2)* 

xdx 



Ixdx 
~5 "' — • 
a?2 + a« - 3 

r da . 

I dx 

fxdx 









-4fM. ^log (a? - 3) + |log (« + 2). 



„ ^log(ar + 3) + ilog(«-i). 
4 4 



I , a?- I I ^ 

4 « +, I 2 



,, - tan-^a? — 7^ tan-^ -. 
"3 62 



99 



-log 



«2-I 



4 ^ «* + I 



' 2 * \«+2/ 



„ ^ log* + J log (a; - 2) + - log (a:+ 3). 



Here tlie denominator is equal to x{^ '- 2) (' -4- 3) ; and we hayt 



tf' + a? - I 



_ ^1 .^a -<^s 



ar (a? - 2) (a; + 3) a? a? - 2 a? + 3 ' 



-v 
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hence a:* + a? - i = Ai(3^ + a; - 6) + A2x(x + 3) + Azx(» - 2) ; 

.*. the equations for determining Ai, A2 and A^ are 

Ai + A%-\'Az=i, Ai + sAz^ 2A3=J, 6^1 = 1, 
whence we get 

Ai = -, -42 = -, Az = -. 

023 

^ f (2a^ ■{■ 2x^ + AX + i) dx ^ 01/0 .V 

8. I ^ 5 ZLZ^ — . jins, is^ + log{ix^ + x+ I). 

J x^-i- x-\- l '^ 

We now proceed to the eonsideratioii of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

> 36. Partial Fractions. — The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 
sideration by*^-7-T. 

Let ai, 02, as, . . . an denote the roots of ^{x) ; then 

<p{x) = (^ - ai){x - a2){x - aa) . . . (^ - a„). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to discuss each class separately 

N 37. Real and Unequal Roots. — In this case we may 
assume 

/W Ai A2 A3 An , V 

— r— - = h h 1- . . . -1 , (2) 

(P\X) 0? — ai X — a2 X — az x —'an 

where -4i, A^y . . . . -4„ are independent of x. For, if the 
equation be cleared from fractions by multiplying by ^(a?), 
on equating the coefficients of Hke powers of x on both 
sides we obtain n equations for the determination of the n 
constants A^ ^29 • • • A„, 
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Moreover, since these equations contain Aiy Az^ &c., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious : — 

~he 

r 



mngmQtnoa 
The quwt^ > fr^ ), when cleared from fractions, gives 



fix) =Ai{x-a2)(x-as) . . (x-an) \A2{X''ai){x-a3) . . {x-a„) 

m 

+ &c, + Anix- ai){x- 02) . .{x-a„^i); 

and since, by hypothesis, both sides of this equation are 
identical for all values of or, we may substitute ai for x 
throughout; this gives x . 

/(«i) = Ai{ai -.02) (oi - as) . . . (ai - On), -f 

or A--^^ 

In like manner, we have 

^ * (02) (03) (a„) 

Hence, when all the roots are unequal, we have 

^(x) (ai) X " ai (02) X - Qi f» (on) x - an 

Accordingly, in this case 

"{ri ^ = ^^ l^g (^ " «0 +-^log(a:-a2) + &c. 
tp{x) ^(ai) ^"^ ^ 0'(ci2) ^^ ^ 

The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz. 

^)log(a^-a); 



!• 
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one whicli can always be found, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

^^38. Case wliere HTnmerator is of Itiglier Degree 
than Denominator. — It should also be observed that even 
when the degree of a; in the numerator is sweater than, or 
equal to, that in the denominator, the' partial fraction cor- 
responding to any root (a) in the denommator is still of the 
form found abo>e. 
For let 

where Q and B denote the quotient and remainder, and let 

A . R 

be the partial fraction of —r^ corresponding to a single 

X — a 0(^) 

root a ; then, by multiplying by i^[x) and substituting a in- 
stead of Xy it is easily seen, as before, that we get 

For, example, let it be proposed to integrate the ex- 
pression 

cfidx 



iT* - 2a?' - 5a? + 6* 
Here the factors of .the denominator are easily seen to be 

a? - I, x-^- 2y and a? - 3 ; 
accordingly, we may assume 

^ , ^ A B O 

= aj' + aa;+/3+ + + 



ar*-2a:*-5a? + 6 '^a?-i x + 2 a?-3 

To find a and j3, we equate the coefficients of x^ and a^ to 
zero, after clearing £rom fractions : this gives, immediately, 
= 2, and /3 B 9. 

Again, since ^(a?) = a;* - 2a:' - 5a? + 6, we have 

^\x) = 3ar» - 4a? - 5. 
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Aoooidingly, Bubstituting 1,-2, and 3, suooeesiyely for x 
in the fraction 

3a?* - 40^, - 5' 
we get 

6' 15' " 10 ' 

and hence 

^ o I 32 243 
-7 7=^ +2a?+9- TT r 7 c + — , y} 

•• Ja^-2a^-5^+6 3+^ + 9^ 6 

- 1^ log (aj + 2) + ^^log(a?-3). 

y39. Case of £¥eift JPowers. — ^If the numerator and 
denominator contain x in even powers only, the process can 
generally be simplified ; for, on substituting 2 for 2^, the 
naction becomes of the form 

Accordingly, whenever the roots of 4>(z) are real and 
unequal, the nraotion can be decomposed into partial fractions, 
and to any root (a) oorreq>onds a fraction of the form 

0'(a) z - a' 
The corresponding term in the integral of ^ 

/¥). 

is obyiously represented by 

9 



dx 



Xo) C dx 
'(a) ]«»-«• 
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This is of the form (/) or (A), according as a is a positive 
or negative root. 

TuQ case of imaginary roots in ^(s) will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 



Examples. 

{2X + 3) dx 



^ f {2x ■¥l)dx ^ 

] X^ -k-X^- 2x' 



Here the factors of the denominator eyidently are a?, jb ~ i, and »+ 2; we 
accordingly assume 

23? + 3 A £ C 

^ =- + + 



ar'+iP* — 24? X X — I X -\- 2 
Again, as ^ (a:) « a?' + ap* - 2a?, we have <p>*{x) = 30?^ + 2a; - 2 ; 



. / W ^ 2a; + 3 ^ 
<l/{x) 3a;» + 2* - 2* 



Hence, by (3) we have 



A = -l. i» = 5, C=-i; 



consequently 

(2a? + i)dx 



f^il^=_3log^ +ilog(*- I) - i log (» + ,). 



dx 
2. 



dx 



Here 



- ' (^ !_V 

(a;3 + a2)(a?2 + ^2) a^-b^W+i^ a^^a^J* 
hence the value of the required integral is 

i^fr-»-(j)->-e)!-' 

{xdx 



•i- 



J 
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Substitute 2 for x* and the transfonned integral is 



\i 



2 (« + fl) (2 + b)' 
Consequently the value of the required integral is 






] a^- 3Z + T 



2 {i 

Ans, 3a; + II log (a? - 2) — 2 log (a; - i). 



{(/p* — '() dx I I -i 

f *'^ a/F . 1 / ^ \ I 1 /^ - 2\ 



6. 



8. 






bx**)' 



Let «»= . 

s 



/40. Multiple Real Roots. — Suppose <l>(x) has r roots 
each equal to a, then the fraction can be written in the shape 



In this case we may assume 

\/{x) Ml M2 Mr 

+ ; r— -: + . . . H + 



(x-aYil^ix) {x-aY {x-a)^' '" x^a i//(^)' 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, Mi^ M^^ &c. . . . Mry 
clear from fractions, and we get 

fi^x) - M^y\,{x) + M^{x - a)xl^{x) + M,{x - aYxf^ix) + Ac. . . . (6) 

This gives, when a is substituted for Xy 

f{a)^M,4^a),orM,^^ (7) 

Next, differentiate with respect to Xj and substitute a 
instead of a; in the resulting equation, and we get 

f[a) = M4\a) + M,yp{a) ; (8) 

which determines M^. 

By a second differentiation, Mz can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

/(a) = M4{a), 

f\a) = -Jfif'(a) + 2.M^<lf[a) + l.2.M4[a\ 
r{a)^M,yif'\a) -^ 3 ^ M4''{a) + 2.3.M,xP\a) + 1.2.3. M4{a)y 
/^(a) = Jlfi^^(a) + ^.M4''\a) + 3.^.M,^P''{a) + 2.3.^.M4\a) 

+ I .2.3.4.Jlf5i/^(a), 

in which the law of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 

f(x) dx 



{x - aYxfj {x) 
evidently is 

Mr log (a? - a) 7 Tj - ... - 7 TT rrr,. (9) 

®^ ' a? -a 2 (a; -a)' (r- 1) (a?-a)'^^ ^^^ 

If 0(0;) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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;v4i. Imagtnary Roots. — The relults arrived at in 
Art. 37 apply to the case of imaginaiy, as well as to real 
roots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirably to e^iow 
that conjugate imaginaries give rise to groups in which the 
coefficients are all real. 

Suppose a + 6 v^- I and a-b \/-~i to be a pair of con- 
jugate roots in the equation 0(^) = o ; then the corresponding 
quadratic factor is 

(a?-a)* + J'; which may be written in the form iT* + pa? + 2^. 

We accordingly assume 

0(ir) = (^ +pa? + ?)^(aj), 
and hence 

f{x) Lx-^M P 

(^{x) ^ a^ -\-px-¥ q Q ' 

P 

where ^ represents the portion arising from the remaining 

roots, and -r is the part arising from the roots 

x^ -\-px-\- q '^ ° 

«± 6 v^- I. 

Multiplying by ^(a;) we get 

/(a?) = {Lx + M) \l^{x) + {a^ -{- px -\- q) -^ xp {x), (lo) 

If in this, - {px + q) be substituted for a;', the last term 
disappears ; and by repeating the same substitution in the 
equation 

f{x)=xp{x){Lx-^M), 

it ultimately reduces to a simple equation in a; : on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

\ 42. In many cases we can determine the coefficients X, M 
more expeditiously, either by equating coefficients directly, 
or else by detemuning the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 

w 
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integrals of this class can be muoh simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 

Jxdx 

Assume 

X A Lx + M 

(i+a;)(i + ar2) i + a? i+a;*' 

clearing &om fractions, this becomes • 

a; = -4 (I + a^«) + (Za; + if)(i + x). 
Equate the coefficients, and we get 

Z + A = Of Z + if=i, A-{-M=o. 
Hence 



and accordingly 



2 2 2 



X __II I jl+X 



2. 

Let 



r xdx _ I. 
''']{i^x){i+x^)"i^^ 

dx 



i^-x^ 



(i+»)' 



+ - tan'^df. 

2 






I +a;8 



^ X« + if 



i+a;* i4-a? i-rp + a:^' 

consequently, -4 = -, by formula (3). Substituting and clearing from fractions 
we have 

3 = I - a: + a?2 + 3 (Za? + Jf)(i + a?) ; 

hence, dividing by 1 + a?, we have 

2 - « = 3 (Z» + M), 



1 
pi 
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GoDflequently 

idx ^ It dx I \' (a ^ x)dx 

= ilog(i +a^) - hog (I -« + ««) -/■-^taa-i(?^). 

This can be got from the laat by changing^e sign of x. 

I ix 



4- 
In this case we have 



I - a:* " 2 \ I - «» I + a?»/ 



f. K^ • An8,--\oz\-i — -r-^— } + — r^tan-M — ^\. 



4^/1 f a/ 

Let i^ = iE, and the integral becomes 

I f gtfe 

^ J(a;-i)«(««+i)V 

Assome 



+ r + 



(a-l)2(«2+l) (X-lf^ X-1^ 1-^S^' 

To find X and Jf, clear from frtuitions, and by Art. 41 the values of L and M 
axe fonnd by makiDg «^ = - i in the following equation : 

X* = (Lx + J£)(» -- 1)2. 

This gives immediately X = — , J£"= o. 

i 
Again, by Art. 40, we get immediately A = -, ^ 



To find B^ make a; = o in both sides of our identity, and we get 



0=4-JB + M; .\B = A = -. 



[4a] 
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Finally 



x^ II I I I :^ 

+ - 



(a?- i)2(ir*+ i) 2(a?-i)2 2 a? - i zi + a;^' 

{X aX TIT I 
; TTT-s = H - log (a; - i) log (x^ + i). 

^ 

a^ + a?'' - as* - x^" 

Here the denominator is easily seen to be »3(aj - i) (a: + i)*(«* +1), and the 
expression becomes 



u 



dx 



«3(a;-i)(a;+i)2(a;3+i) 



Assume a; = -, and the transformed expression is evidently 

z 



f z^ 

J (2- I) (2 +!)«(«*+ !)• 



The quotient is easily seen to be 2 — i ; and, by the method of Art. 38, we may 
assume 

sfl A B C Lz-\-M 

= « - I + + , . _.o + + 



(a- !)(«+ l)2(«2 + l) z-i («+i)2 «+i ««+i' 

Hence (Arts. 37, 40), we have 

Next, L and if are found by making s^ s ~ i, in the equation 

26=(Z2 + Jf){3- l)(2+ l)2; 
.-. I = 2(Z« + Jf)(2 +0 = 2 {Z«2 + (X + if)* + M}, 



which gives 



X + if=0, X-Jf=--; 

2 



•*• -ill ^ — • X = •» *-• 

4 4 



In order to find the remaining coefficient C> we make z = o, when we get 

o = - I -ui + J5 + C+ if ; .-. C= |. 
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hence we Iiave 

(«-!)(« + !)«(«»+ I) ~^"" ' "^S]^^ " 4(« + i)' "^ 80hT) *■ 4(«2+i) ' 

f28(& Z' I I 

+ I log (« + i) - I log (z« + I) + - tpi- ^z, 
HeBce 

{<?fl? I I X I I_a;2 ic+i I I 

8. I ■ ^ ,- / : . ^«». - log "' . 

y 43. Multiple Imaginary Roote. — To complete the 

discuflsion of the decomposition of the fraction ^^4-4, suppose 

the denominator ip{x) to contain r pairs of equal and imaginary 
roots, i. e. let the denominator contain a factor of the form 
{(x - ay + b^y; and suppose <^{x) = {(a? - a)' + b^y ipi{x) 
In this case we assume 

f{x) _ LiX-{-Mi L2X + M2 



{{x-ay-\-b'\''i^i{x) [{x-ay + b^}'- [{x - ay -^ b^y-' 



LrX + Mr P 

+ . . . + z r= ^ + 



{x-ay-^^b^ (^i{x)' 

the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as inany equations as unknown quantities, Xi, Mi^ 2^, Jf2, . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine ii, Jfi, ig, &c. ; let the factor {x - ay + 6' 
be represented by X, and multiply up by X**, when we get 

/^ = LiX + Jfi+ {L2XJ,M2)X^ &C. + (LrX + Mr)Xr'^ + ;^; (l l) 



\i 



54 Integration of Rational Fractions, 

The ooeffioients Xi and Mi are determined as in Art. 4 1 . 
To find L2 and M2 ; differentiate with respect to Xy and sub- 
stitute a + h^/ - I for X in the result, when it becomes 

where a?o = « + J\/ - i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of £2 and M2. By a second 
differentiation, £3 and Ms can be determined, and so on. 

It is unnecessary to go into further detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of (^{x) = o are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 

dx dx (-^ + B)dx {Lx + M)dx 



x-a' [x-ay {x-ay + b''' [{x - af ■¥ bY 

The methods of integrating the first three forms have been 

given already. We proceed to show the mode of dealing 

with the last. j 

45. JxL the first place it can be divided into two others, 

Z (a? - a)dx {La + M)dx 

[{x - af -{^ b'^Y "^ [{x-a')-^bY 

The integral of the first part is evidently 

-Z 



2{r- i)[{x-ay^'W] 



r-i* 



Z 



T6 determine the integral of the other part, we substitute 
for X" ay and, omitting the constant coefficient, it becomes 



f 



dz 
(s' + bY 



r-1 
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Again 

f Jz I r (g^- + 6' - z^)dz I r dz if g^c?2 

J J^T¥f '"¥] [z^-¥ b'Y " 6* J (s* + bj'' v J (s^ + bY 

But we get by integration by parts 

r z^dz _ f gc^2 I f / i__ 

j(g^ + 6T"J^'(«' + 6T" 2(r- i)J '^'^Us^ + fe') 

z I ^ dz 

Substituting in the preceding, we obtain 

f— ^- = ^^-3 r ^ ^^ I, ^ fi2^ 

J(s^ + 67 2(r- i)bA {z' + 6^r^ V 2(r- i)6* (s^ + fi^)'"^* ^ ^ 

This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r - i. By 
suocessiye repetitions of this formula the integral can be re- 

dz 
duced to depend on that of 7-r — rrr. 
^ («* + ¥) 

The preceding is a case of the method of integration by 
successive reduction^ referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiotisly by the following transformation : — Substitute b tan 

dz 
for «, and the expression ^-^ — j^ becomes, obviously, 

The discussion of this class of integrals will be found in 
the next Chapter. 

46. We shall next return to the integration of ^ /^ , 

which has been already considered in Art. 39 in the ease 



; 
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where the roots of 0(2) are real. To a pair of imaginary 
roots, a ±b ^/- i, corresponds a partial fraction of the form 

(^a^ \B)dx ^ {Ax" ■¥£ )dx 
{x'^ay + b'' "^^ ar* - 2ar' + c*' 

where c^ = a^ + ¥. 

In order to integrate this, we assume a = c cos 2^, when 
the fraction becomes 



{Aa? + J5) dx 



,3' 



iC* - 2X^C COS 20 + C 

The quadratic factors of the denominator are easily seen 
to be 

x^ - 2xs/ c COS + c, and 0^ + 2x \/c cos + c. 
Accordingly we assume 
At^^B Lx + M rx + M" 



X^ - 20? C COS20 + C^ X^ - 2X^C COS0+C fl?* + 2^? v^C COS + C 

hence it can be seen without difficulty that 

4 c^ cos 2C 

and after a few easy transformations, we find 



1 



(Ax^ -{■ B)dx Ac - B . fs^ - 2x v/c cos + c' 

a?* - 20;' c cos-20 + c- " 8 cos c^ ^^ \a^ + 20? ^ ^cos + c, 

^c + 5 



+ 



47. Integratloii of 



4 sin c^ 

dx 



taji-^ (^ 2a?v^sin» \ 



This expression can be easily transformed into a shape 



dx 
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whicli is immediately integrable, by the following substitn- 
tion: — 

Assume x - a= {x'- b)z; then 

a - hz la -h)z , a - b ^ (a-b)dz 

^= • .'. a?-a = ^ —J x-b = , ax = -, -rrX 

i-s i-s I-;: (i-s)'* 

and the expression transforms into' 

(i - z)'^^^dz 
{a - J)"»*«^' 

Expand the numerator by the Binomial Theorem, and the 
integrsd can be immediately obtained. (Compare Art. 4.) 
jPor example, take the mtegral 

dx 

{x- ay{x-by'- 

Here the transformed expression is 

(i - zYdz 



{a-byz^' 
or 






>l» __ /jr 

Substituting -, for z, the integral can be expressed in 

X ~' 

terms of x. 
^ 48. Intei^atloift of 



{a + cx^y* 

where m and n are integers. 

Let a -^ cx^ = Zy and the expression becomes 

(z - a)^dz^ 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It IB evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 

f iouS OS dm 

T^-^ — 771 can be inte&rated by the same transformation, where 

[a + axrY 

f{a^) denotes an integral algebraic function of a^. 



Examples. 

7-5 -5. Ana. —-r r^ + - + a' log (a* - z^). 

{x^dx I a 

(a + cx'Y' " " 4C« (a + cx'^f "*" 6tf* (a + ex^Y' 

I 

dx 
49. Integratloii of — '■ — , 

iX/ ~* I 

where n is a positive integer. 

Suppose a an imaginary root of o^ - i = o, then it is evi- 
dent that o"^ is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 

I a 

or 



na^^[x - af n{x- a)' 

If to this the fraction arising from the root a'^ be added, 
we get 

n\x - a X - a^y n (rr* - (a + a"^) x + i) 
But, by the theory of equations, o is of the form 

cos — + V- I sm , 

n n 



Integration of . 59 

af * - I 



where k is any integer ; 

zkir 



.'. a + a~^ ^ 2 cos 



n 



Henoe, if be substituted for — , the preceding fraction 

becomes 

2 a; COS0 - I 



n' a^ -^ 2x cos .+ i * 

The integral of this, by Art. 7, is 

cos 0, . ^ .,, 2 sin , ,/a? - cos 6' 

log(i - 20? cos 9 + jr^) tan-M — t—tt- 

n ° ^ n \ smO 

There are two cases to be considered, according as n is 
even or odd. 

(i). Let n = 2r: in this case the equation a^*' - i = o has 
two real roots, viz., + i and - i ; and it is easily seen that 



f 



dof I . a?- I I ^ Ajtt, , kw ,v 

^- = — log + — S cos — log (i - 20? cos — + a?') 

a^»- - 1 2r ^ a? + I 2r ^ © ^ r ' 

/ kir' 

, / a? - cos — 

- -Ssin — tan-M =— ^ I, (13) 

r r \ . Kir 

\ ^v 

where the summation represented by 2 extends to all integer 
values of k from i to r - i. 

(2). Let n = 2r + I, we obtain 



f dx log(a?-i) I ^ 2kTr . I 2kir \ 

— - — = -^^ ^+ Scos log i-2a?cos +a?M 

Ja.«r+i-i 2r+i 2r+i 2r+i °\ 2r+i / 



7 I X - cos 
2 ^ . 2krr ,. I 2r+i 



Ssin tan"* 



2r + I 2r + I I . 2kir 

sm 

2r+ I 
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where the summation represented by 2 extends to all integer 
values of k from i up to r. 

50. Integratloii of , where m Is less than n + i . 

ar* — I 

As before, let a be a root, and the corresponding partial 

fraction is ^ , , r or— 7 r ; hence the partial fraction 

wa""^ (x-a) n(x - a) ^ 

arising from the conjugate roots, a and a~^ is 

l/_a^ a^ \ I a; (q*» + g-*") - (g^"^ + a'C*^^)) 

?J\iP-g a? - g""7 «' aj* - (g + g~^)a? + I 

2 a;cosm0 - cos(m - 1)6 
n x^ - 2X00^0 + I ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

-}cosm61off(a;'^-2a;cos6+ i) - 2sinmOtan"^ — r— tt-}- (15) 
n\ ° ^ ^ sm0 ) ^ ^ 

n 
By giving to A; all values from i to — i, when n is even, and 

from I to when n is odd, the integral required can be 

written down as in the preceding Article. ^ 



Exampks. &\ 



Examples. 



f^xdx 

^ , ^ , ^ ' »» 2log(a?~a) + log(a; + i). 

!«*<&? I, « — I a/2, ,/«\ 

J*^+' 4y^2 a;2-aV^2 + i 2^/2 Vi-a:^/ 

f (2g~5)<fe 7 . ",_ /^'H\ 

a?(a+*3?)«' " 2a(a + ^a:B) "^ iS ^^ V»T*^/ ' 

f dx I . / a:" \ I 



<£r 



(dA 
x{a -\- bas^y 

Let a + 5«» = ic»«,'and the transformed expression is - ^^ ^ — . 

10. f-r-^^ . ^na. ilog(ari+ i)-ilog(a?+ i) + \\^-^x. 

Ja?» + »* + a; +1 4 * ^ 

f <fo 2^, (a; + 2) « 3 , I 

"• J«* + 4^ + 5^ + 4^ + 4 " 25'°^ aj»+r"^25'*^ "^ 5(a;+2)* 

dx 
12. Apply the method of Art. 47 to the integration of ^^. 

(i + zY^-^dz 
The translormed expression is - ^ — gjj^j-;^ — . 

f sfidx ^ ia;(i +a:2) i i + a: 

'3- j(rr^^- ^'''•8Trri5j2-i6iog^-^. 



62 



Examples. 



14. Piroye that 



Idx 



x)* 



transfonns 



into- I 



(i +2)»»»+»-2& 



gfn 



if we make x = 



I + a 
dx 



f da 

J 8ina?(a + 



, . , — -v. Ant. log sin r logcos - 



Multiply by sin Xy substitute u for cos Xy and the integral becomes 

IifiP I ^ ^2 

— : : . Ant. - log sin- - log cos - + - log (3 + 2 cos a?). 
3sma; + sin2ji; 5 2 ° 2 k ' 



''^' J a; (! + «« + a:*)* 



v/ 



( 



Let x^ — -, &c. 

18. Prove that 
dx 



^) 



tt 



'^ t^.i (l±£).L log (tU^ll) 



J 1 + ar2» 2n 



cos 



{ik-i)T 



2n 



log ^i- 



2a; cos 



<^*-'>%^) 



I ^ ._ {2k ^ i)ir 



a; — cos 



2n 
(2A'-i)t 



+ - 2 sin ^— -^- tan-^ 



2f» 



2n 



Bin (^^-')^ 

sm 

2» 



>; 



^'here A; extends through all integer values from i to m, inclusive. 



•'• I.- 



dx ' log(i+a:) 



^aiM-i 2« + I 2n + I 



I (2*-i)ir 

2co8 



2n 



+ : 5sm V . - — tan ^ ^ 



- i)ir, / (2A:— i)ir „\ 
— — log ( I -2a?cosi —{-x- 1 

+ I ^\ 2«+I / 

(2*-i)t 



a; - COS 



2n+ I 



2» + I 



2ft + I 



. (2Ar-l)ir 
Bin 



2ft + I 



where k assumes all integer values from i to ft inclusive. 
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CHAPTER ni. 

INTEGRATION BY ST7CCBSSIVB REDUCTION. 

51. Cases in wUch sm*"0 oos^ 6 d9 Is immediately In- 

tegrable. — ^We shall oommenoe this Chapter* with the dis- 
cussion of the integral 

J sin*" cos" 6 rfO ; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
nis an odd positive integer the expression sin'"^ ooB^OdO can 
be immediately integrated. 

For, if w = 2r + I, the integral becomes 

Jsin«»ecos*'^^erf(?, or,Jsin"»e(cos^e)'-(/(sine). 

If we assume a; = sin 0, the integral transforms into 

j(if{i -x'ydx; (i) 

and as, by hypothesis, r is a positive integer, (i - a?Y can 
be expanded Dy the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
ip = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, sinco 
other integrals of the same form require ^is method, it was not oozuddered 
advisable to separate the discussion into distinct Chapters. 
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Integration by Successwe Reduction. 



I. 



2. 



f' 



I 



tvD^ede. 



cos'^Bde. 



I' 



am^Bcosi'dde. 



'■ \ 






;. j\/» 



mnOco^Ode, 



EXA3CPL£S. 



. cos^fl 
Ans. cos^. 



„ smB Bm3a+ . 

3 5 



008^°^ cos^a 



>> 



lO 



8 



I ^ cos^fl 

„ — ■- + 2 cosa . 

cosa 3 



iBia^e 



2 sm 



jy 



6. 



p sin' 0^0 
J V cos 6 

(cos'flrfa 
sintd 



2 cos^a . ^ 

„ 2COS<0. 



» 



3 sinia - -sin^a. 

7 



52. Again, whenever m + w is an even negative integer 
the expression sin*" 6 oos^OdO can be readily integrated. 
For if we assume x = tand, we have 



C08& = 



v^i +it 



, sind»i= 



, and dO = 



v^i + X 



I +«»' 



and the expression transforms into 

af^dx 



m+n 



+ 1 



(l + X') 

Hence, if w + w = - zr^ this becomes 

af*( I + a^Y'^dx, 
a form which is immediately integrable. 
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Take, for example, gg-i 

Let X = tan0, and we get 

f o, •,, taii»e tan»e 
ar(i +ar)ax. or + . 

J 3 5 

Next, to find -r-^ — rjr. 

JsinOcos'O 

Making the same substitution, we obtain 



1 



(i + a^ydx 



X 

Henoe, the value of the proposed integral is 

+ tan'd + log (tan B). 

4 

cordingly the value of the proposed integral is 

-tan«e-,-^. 
3 tani0 

In many oases it is more convenient to assume x - cot 0. 
For example, to find -r-^. ^ 

Since dfcotfl) = - -t-tt;, if cot 6 = a?, the transformed 
integral is 

-|(..^).fe,or-cot6l-2^*. 

The following examples are added for illustration : — 



^/4 InUffratfm hj fimeemu Bai$i€timL 



%, \ _, ,, tan #4- + • . 



I' 






4$ * 8 , 

- 8 cot 26 cot^ 26. 



<&. 



I- T"' »» 2tan»e(t+ J 



Whw nt^ther ol the preoeding methods is apDlioable, the 
iutejfn^tiim of the exjjvresaion siu*"© ooB^6dO can be obtained 
i^\\y by aiil oi auooeaaive reduction. 

We {vroi^eed to eetablish the formulae of reduction suitable 
to th)« (HMie. P 

[siu'^^cotf^Odt- jcoe^Jsin'-WCsuia): 
vsioftii^umt^Y^ if w^ assume 

tl^ ^^^VNt^^ for k^^m^ioft hj |«ite ;Azt. zt) gms 
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In like manner, if the integral be written in the form 

- sin"»'^6 oos"d(f (cos d), 

we obtain 

f • «/i -ii/jj/i ^^-i f • «.-9/i «*2/i^/i sin"^^6oos'**^6 , . 
J n + ii n+i ' 

It may be observed that this latter formula can be de- 

rived from (2) by substituting — for 6, and interchanging 

the letters m and n in it. 

54. Case of one PositlTeand one UTegatlTe Index. 

— ^The results in (2) and (3) hold whether w or w be positive 
or negative ; accordingly, let one of them be negative (n sup- 
pose), and on changing n into - w, formula (3) becomes 

f sin"*0^ _ sin*""^ m-\ [ sin'""'^ ^ , .. 

J ^^s^"^^ " (;»-i)cos«-^fl " ;r^J ^^^^ ^' ^^ 

in which m and n are supposed to have positive* signs. 

By this formula the intesral of — ttt ^^ is made to de- 
^ ^ cos** fl 

pend on another in which the indices of sin fl and cos 6 are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. if mbe even, and w even and greater 
than w, the method of Art. 52 is applicable ; if w = w, the 
expression becomes J tan*^0(/0, which will be treated subse- 
quently ; if w < m, the integral reduces to that of sia"*"** rfO. 

Again, if n be odd, and > m, the integral reduces to — -^^^^^ ; 



♦ The fommlsB of reduction employed in practice are indicated by the capital 
letters -4, J5, &c. ; and in them Ae indices m and n are supposed to have always 
pofiitiYe signs. By this means the formulas will be more easily apprehended 
and applied by the student. 

[6 a] 



68 Integration by Successive Reduction. 

and if n < w, it reduces to -^ — . The mode of find- 

* J oosfl 

ing these latter integrals thU be considered subsequently. 

Again, if the index of sin 6 be negative, we get, by- 
changing the sign of m in (2), 

cos" g ^ oos'*"^^ n- I f cos*^'g ^ . 

sm«*fl (m-i)sin»^^0 w-ijsin"^*fl ^ ' 

We shall next consider the case where the indices are 
both positive. 

55. Indices liotli PMitlTe. — ^If sin'^d (i - cos^0) be 
written instead of sin*"** Q in formula (2), it becomes 



1 



1 



'ma na^a oos~-^ 6 sin*»*' 
sm*"0 QOS^OdO = 



sin"*e (co8"-'e - cos'^e) dO = 



m + I 

oosT' e sin"»" 



m + 1 



+ 



n " I c . 
SI 

m+ I J 

??-=-i f sin«*e cos^-^erfd - *^^ Lsin^e cos^dde: 
m+ij m+ I J 



hence, transposing the latter integral to the other side, and 
dividmg by ^-j-j, we get 

f • t/i najn oos'*-^^ sin*»"d n-iC . ^^ n-2/1^/1 f^\ 
J , m-^n m-^nj ^ ^ 

In like manner, from (3), we get 

f • t/i «/ij/i '^-i f • m2/i nikja sin*"-* cos"**"© ,^. 

sin**6cos'»&rf& = 8m*""*&cos**6d6 .(D) 

J m-^nj m + n 

By aid of these formulsB the inte^al of sin"* ooB^OdO is 
made to depend on another in which the index of either 
sin 0, or of cos 0, is reduced by two. By successive appli- 
cation of these formulae the complete integral can always be 
found when the indices are integers. 
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56. Fonniiln of Rednctlon for sm" B dB and coB^BdO. 
These integrals are evidently cases of the general f ormnlas 
(C) and (2>) ; however, they are so frequently employed thAt 
we give the formulae of reduction sepajately in their case, 

ooB''BdB = + ooBT^BdB. (4) 

( ' nn^Q ^8 ^ sin'*-*d w - I f . .^ ,^ , , 

sm^flrf© = + sm'^BdB. (5) 

■» * 

The former gives, when n is even, 



1 



oosredd = — roos»-'e + - — - cos^^e 
(« - 2)(n - 4) ; 

^ («-i)(«-3)(«- .5) . . ._2 g 
« (» - 2) (» - 4) . . . 2 



(6) 



A similar expression is readily obtained for the latter 
integral. 

Examples. 

J " 2 V 3 12 8/ 16 

coi^ede, ,, — ^ — I oo8*a + -j + -^f smacose+dj. 

57. Indices botb UTegatlTe. — It remains to consider 
the case where the indices of sin and cos B are both 
negative. 

Writing - m and - n instead of m and w, in formula (C), 
it becomes 

JdB _ - I n + I r dB ^ 

m^B cos**& ~ (m + w) cos**+^e sin'""^^ m + n] sin*"© cos'*+^0 ' 
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or, transposing and multiplying by , 

r dO I m+nf dO 

J sin«e oos~+-e " (w + i) oos~+^0 sin"*-^© ^ n + i J sin'»eoos*'0' 

Again, if we substitute n f or n + 2 in this, it becomes 
d9 I 



i 



sin*"0oos"O (n - i)oos'*-^dsin"»-^0 

w + w - 2 f c?0 



+ — 
n 



yi-i Jsin«»eoos"-^fl* ^^ 



Making alike transformation* in formula (2>), it becomes 
dd -' I 



1 



sin"*0cos"& (w - i) sin"*-^& 008**-^^ 

m-^n- 2C dO 



m-i J sin*^'0 cos*»0' ^ ' 



+ - 
m 

In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
f ormulad, the integrals are reducible ultimately to those of 

one or other of the forms — 7. or -: — 7; : these have been 

OOS0 sm0 

already integrated in Art. 17. 

The formidad of reduction for -7—-^. and — -7? are so 

sin'*^ cos"© 

important that they are added independently, as follows : — 



* It may be observed Hiat formulsD (B)^ {D\ and (J^ can be immediately 
obtained from {A), ((7% and {E), by interchanging the letters m and «, and 

fiubstitating — ^ instead of 9, For, in this case, sin 9, cos 9, and d9, transform 

2 

into cos ^, sin ^1 and — e£^, respectively. 



•] 



I 
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f d9 ^ sine n -2 f dd 

J oos'^fl ' (n - i) oos'*-^ 61 "^ w - I J oos**-*©' '^^ 

rfg ^ . -cosO n -2 f dd . 

sm** " (w - i) sin**"^ Q n - i J sin""'©' ^ ^ 

It may be here observed tbat, smoe sin^d + cos'0 ^^ i, we 
have immediately 

f d9 f dd f dd , 

J sin'»e oos^e J sin»»-»e oos^O ^ J sin"»e oos""*© ' ^^^ 

and a Bimilar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 

Examples. 

( d9 f singrfi9 f d9 i_ fl 

sinacos^^ ~ J cofl'a J anS ~ qobB ° 2' 

Jsintfcos^d "" J cos*fl JsinOooB'O' 
and is acoordiiigly immediately inte£;rated by the last 

-7-5^. -4w«. r-rr + - logtan-. 

-5-1^ — «^' »» — ^ r-^T + -logtaii-. 

58. Applicatloii of Method of Difllereiitiatloii, — 

The formulsB of reduction given in the preceding Articles 
can also be readily arrived at by direct differentiation. 
Thus, for example, we have 

d_ /ffln«^\ __ mAtr-^d n 8in"*^'e 
<^eVcos«e/" cos'*-^!? "*" cos»*^(? ' 

and, consequently, 

f sin«+*6 ^ _ I 8in*"6 m f sin'^^fl -^ 
J cos****© " n cos"& H] cos'*^*fl 

This result is easily identified with formula {A) . 
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Again, 

d 
— (8in*"& cofl'*0) = m sm*"-^6 oos***& - n sin"»*^& cos'*"^^. 

I£ we substitute for oos**"& its equivalent oos**~^fl ( i - sin*©), 
we get 

d 
^ (sin**& cos"©) = m sin"^^© oos*"*6 - (m + n) sin*"*^d oos*"^© ; 

hence we get 

{m^r^eooB'^'ede = - ^"'^^^^ + -^ f sin«»->»cos'^>erffl, 
J m + n m + nj 

a result easily identified with (D). 

The other f onnulsB of reduction can be readily obtained 

in like manner. 

dO 
59. Integratloii ofteai^0d6 and 7 — -7.. 
^ tan**0 

These integrals may be regarded as cases of the preceding : 
they can, however, be arrived at in a simpler manner, as 
follows : — 

Since tan'd = sec'fl - i, we have 

[tan-ede-jtan^-'^eCsec'e- i) dO = j tan"-'fl rf (tan ») 



-ltan~-»erffl=^^ -Jtan»-*ede. (10) 

By aid of this formula we have, at once, 

tan"6rf& = + &c. (11) 

J «-i n-3 «-5 

(i.) If n » 2r + I, the last term is easily seen to be 

(- O'^UogCcosd). 
(2.) If n = 2ry Ihe two last terms may be represented 

by (- ir^(tane-fl). 



1 
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In a similar manner we have 



de 



Jtan-e 



f sec'g</g f de -I c d9 . 

" J tan**© J tan^-'^e ~ (n- i) tan«-^e J tan""*©' ^'^^ 



fExAHPLES. 



ftan'0 
tan*a dd. Am. tan + d. 

iSoi^Bd9, „ + cottf + 0. 

6o. Trigonometrical Traiufbrinatioiifl. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. For example, if we 

mf^ dx 
assume x ^ a tan 6, the expression ; transforms into 

(a* + a^Y 

sin"* 6 cos**"'""'* 6 d9 (neglecting a constant multiplier). 

In like manner, the substitution of a sin for x trans- 

« ,, . af'dx . , a'^-^^^^smrOdO , ., 

forms the expression into —Tn : and, if 

(a'^-aj*)' cos"-^fl ' 

^ = a sec a, the expression transforms mto — ; — ttj — 

(neglecting the constant multipUer). 

A similar transformation may be applied in other cases. 

tXf^ dx 

For example, to find the integral of - — jr, ; 

(zax - ar)9 

let X = 2a sin'0, then c£z; = 4a sin cos dd, 

and the transformed integral is 

2'»+^a"/sin''»0fl?0: 

accordingly the formula of reduction is the same as that in (5) ; 
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Examples. 
flin'arfa. Am. cos a. 



2 . ,^ sin'^ 



\. jco8*0rf0. „ 8in9 8m30 + 



!- 



8in30coB''0i0. 



3 5 

" "1^ 8"' 



5T-* » -- + 2 0080 . 

COB^d 0080 3 

2 sin^d 3 sin^0 



;. Ja/bi 



sin0co6?9ef9. 



9» 



r Bin' 9^0 2C08*w ,^ 

6. / — ' >» — ; 2coe^0. 

Jv CO80 5 

7. J-^^. „ 3 8m»a--8m*0. 

52. Again, whenever m ^- n is an even negative integer 
the expression sin*"© oos^ddd can be readily integrated. 
For if we assume x = tand, we have 

eosO = — , sinfl ±: — -==, andcfO= 1, 

and the expression transforms into 

af^dx 



f»+n • 



(l + X^) ^ 

Hence, iim -\- n^ - 2r, this becomes 
a form which is immediately integrable. 



Ciises in which sin^O co^O dB is immediately Iniegrable. 65 

r,, 1 .. , f ringed© 

Take, for example, r^-. 

J cos C^ 

Let X =■ tan 0, and we get 

f ,, ,v, tan>e tan»e 
J 3 5 

Next, to find -r-5 — r^r. 

Jsineoos'O 

Making the same substitution, we obtain 



1 



(i + aS'ydx 



X 

Henee, the value of the proposed integral is 

+ tan'© + log (tan B). 

4 

Here the transformed expression is ^ — -j-^ — , and ac- 
cordingly the value of the proposed integral is 

-tanie-.-^. 
3 tani0 

In many oases it is more convenient to assume x - cot 0. 

For example, to find -r-r^. 

J sm*(^ 

Since rf(oot0) = - t-t^ if cot = a?, the transformed 

sm (^ 

integral is 

- I (i + aj*)diP, or - cot . 

The following examples are added for illustration : — 



dB \ 
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(2). Again, if we substitute - for a?, the difEerential 

if 

becomes 

This is immediately integrable, as in the preceding 

- - (np+m-¥ i) . .J.. . i. . 1 

case, whenever — -^^^- ^ is a positive integer ; 1. e. when 

n 

+ ^ is a negative integer. In this latter case the inte- 



n 
gration is effected by the substitution of 2 for ax~^ + J. 



I. 



2. 



Isfidx 
dx 



\ — 



(I + ^^' 



fdx 



Examples. 






^^,(1+^)1(^-2) 

9 




X 




" (i+a:»)*' 








^ 



When neither of the preceding processes is applicable, the 
expression, if ^ be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 



\ / 



63. Reductton of 



e'^x''dXf 



where n is an integer. 

Integrating by parts, we have 



afe^dx= \af^^^^dx. (li) 

J mm] ^ "^^ 

By successive applications of this formula the integral 

f e"^ 

is made to depend on e*"^cfo?, i, e. on — . 



Reduction o/joe^ {log xY dx. 77 



Again, to find — dx. 



- I 



Assuming u = c*^, v = r— 7^, and integrating by 

pajrts, we have 

By means of this the integral is reduced to depend on 

e^'^dx 



1 



X 



The value of this integral cannot be obtained in a finite 
form; it however may be exhibited in the shape of an 
infinite series ; for, expanding e^ and integrating each term 
separately, we have 



1 



^^dx , mx m^a^ m^x^ - , . 

= log a; + — + + r + &o. (15) 

a? ° I 1 . 2? I . 2 . 3* ^ ' 



The integral of (fo^dx is immediately reducible to the 
preceding, since <f = e*^®«*. Consequently, by the substitu- 
tion of log a for w in (13) and (14), we obtain the formulae 
of reduction for 



\...^\i.. 



In like manner we have immediately 

\e^(x?'dx^- e-^ne" ■\-n\e'^Q^^dx, (16) 

64. Rednetton of J^(log^)''(&. 

Let y = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

J af (log xY dx = '^']„^^°^/^'' - ^j I «" (log a^)-^. (17) 
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EZAHFLES. 
J a { a a^ a^ ) 

65. Redociioii of jaf^ooBOxdx, 
Here ixf^ cos axdx = a^"^ sin aa?aa? ; 



again 



henoe 



a^^sinaajcfo = + a?*^ cos or air, 

J a a J 



f * J a?^^(aa?smflaj + wcosaa?) w(^-i)f«_o , 

a^cosaa?cte = ^^ r ^ — r— Ma^^cosflajor. 

J a' a^ J 

The fonnnla of reduction for af^ aoi axdx can be obtained 
in like manner. 

Again, if we substitute 1/ for sin^^o;, the integral 

/(sin"^a?)"diP 

transforms into 

! y"" 00s ydy, 

and accordingly its value can be found by the' preceding 
formula. 

Examples. 
r. \ji^coBxdx, Ans, :fimxL»-{-^x^oosx — 2*^' xsanx — ^ .2 , 1 ,co8X. 

Am, - x^coBx + 43^ Bm X + 4 . ^ . x'^ C08x^ 4 , 3 . 2 . ^ sin jp- 4 . 3 . 2 . i . cosor. 
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66. Rednctton of je^oos'^xdx. 
Integrating by parts, we get 

e^ ooB^xdx = -^ + - &^ooB^''^x smxdx. 

J a aj 

Again, 

e«*cos*^^a?sina?efo 



! 



^COS^ 



•^ sin iU i|--/ « / \ ^« •«!* 
€^ [qob^x - (w - i) ooB""'a?sm'a?)aa: 

^cos*"^a?8ina? (^ - f «^ • 2 jf *^ f n^ t -^ 

= + -^ — r-^ e"* Qos^'^xdx - - ef^ooB'^xdx : 

a a, J a] • 

substituting, and solving for J e^ oos^a^tfo, we get 

^ coS^^a? {a cos x + n sin x) 



I 



^ooB'^xdx- 



a^ + n' 



^n^j — ^f^coS«^ircfe. (18) 

a^ -\- n^ } ^ ' 

The form of reduction for c"* sin'*a?cfo can be obtained in 
like manner. 

67. Rednetlon of J cos^o; sin nxdx. 
Integrating by parts, we get 

f « • ^ cos*"a? cos wa? ^f ^, . , 

\QOB*^xsmnxdx = cos'^'^ipcoswa^smajcto: 

J n n] 

replacing cos no; sin a; by sin na; cos a; - sin (n - i) x^ after one 
or two simple transformations we get 



f ^ . , cos"»ir cos wrr 
QOB^xsmnxdx = 

fn f 
+ cos"*~*a? sin (w - i) xdx. (19) 

The mode of reduction for cos^o; eos nxdx, mi*^x cos nxdxy 
and sin*"^ em nxdx can be easily found in like manner. 
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Examples. 



• { 



tf«* fsiv^xdx. 



Ana. x- {a sin a; - 2 cos a;) + — , 



4 + a' 



«(4 + a*)' 



■• J 



9> 



co6'^co84a; cos a; . coB ix cos 2x 
6 12 24 ' 



er*(iOf?xdx, 



,9 (cos'^p - sin 2« + 2). 



68. Rednctton by Dlflnerenttattoii. — We shall now 
return to the discussion of the integrals already considered in 
Arts. 60 and 61 ; and commence with the reduction of the 

expression -, -^rr. This, as well as other fonnulse of re- 
duction of the same type, is best investigated by the aid of a 
previous differentiation. 
Thus we have 



^{^> + ^^)*j 



caf^ 



' ' (a + ca:*)* 

_ (m~ i)a^'(g + ga^) +ca?^ 
"" (a + ca?)^ 



{a + cix^)^ {a + ftr*)i * 
hence, transposing and integrating, we obtain 






car")* 



mo 



me 






<xe')i' 



(20) 



By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
integer. 

The formula (20) evidently holds whether m be positive 
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J (a + corY 

or negative ; accordingly, if we change m into - (m - 2), we 
obtain, after transposing and dividing, 

r dx _ . (a + ftp*)* [m - 2)c{ dx 
69. More generally, we lia¥e 



[ 



— {a^^ (a + ca?^)*»} = (w - i) a?*^'* (a + ftr*)** + incsf^ (a + car*)**"* 

= (a + car*)'*-* {{vn- i)aaf^~'^ + {m + 2n- i)cx^]. 
Hence 

'^/ ^N«-,^ a:~-^ (a + ca;')« 

- , ^^" '^^, f aJ"*-'* (a + ca?*)-* efo. (22) 
(m+2«-i)cJ ^ ' ^ ^ 

Consequently, when m is positive the integral can be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next proceed to consider the case where n is negative. 

m and n being both positive. 

_- f af^dx f ^ , xdx 
Here 7 ^r- = aJ^"^ 7 ^rz. 

Let a^^ = w, and , rr^ = t?, 

' J (a + ca:*)" ' 

- I 
2(n ^ i)c{a + caj*)**"* * 

and we get 

f af^dx -af^^ m- I f x^'^dx , 

J (a + car*)" " 2 (w- i)c (a +car»)«-» "*" 2 (n - i)cj (a + ca:y-** ^^'^^ 

M 
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By successive applications of 'this f onn the int egra l admits 
of being reduced to another of a simpler shape. We are not 
able, however, to find the complete integral by this f onnula, 

T 

unless when n is either an integer, or is of the form -, where 

r is an integer. 

7 1 . Reduction of 7 ^ rr^. 

J (a+ 2&i? + ftr*)* 

By differentiation, we have 

— [(xf^^{a + 2hx + ca?)^ = {m - i)ixf^^{a + 2bx + cj^)^ 

af^'^(b + ex) _ (m- i)aaf^^-\- {2m- i)ba^^+mcx^ ^ 
[a + 2bx+cx^)^ (a -\- 2bx -i- cx^)^ ' 

, r af^dx af^'^{a+ 2bx + cx^)i 

] {a + 2bx -\- ca^)^ mc 

{2m-i)bC af^^dx (m- i)a f af^-^dx 

mc J (a + 2bx + ca^)* mc J (a + 2bx+ ca?*)** ^ 

This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx - dx 

and 



{a-^ 2bx + cx^)^ {a-i- 2bx+ ca^)^' 

These have been determined already in Arts. 9 and 12. 

Again, the integral of ---7 r rr^ can be reduced to 

° ° af^ {a + 2bx + ca?)^ 

the preceding form by making a? = -. 

72. Tbe more general Integral 

af^dx 






J {a + 2bx + ca^Y 
admits of being treated In like manner. 
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J (a + 20X + cx^Y 

For if o + zhx-v cn^ be represented by T, we have, by 
differentiation, 

fife \r«-7 " T'*-i I^ 



\ 






^(m-i)a^^ 2b{m- nja^"^ {2n - m - i) caf^ 

J^n "j^ ^T^ • 



Hence, we get the formula of reduction 

C af^dx _ -of^^ 2{m-n)b C af^-^dx 

J T** - {2n-m-i)cT'^' "*" {2n-m-i)c] r» 



(m - i)a Cx^^dx 
■*" (2n- w- i)cj "T^* ^^^^ 

By aid of this, the integral of ^^ , when w is a positive 

xdx dos 

integer, is made to depend on those of -^ and -jz^. Again, 

X dx 

it is easily seen that the integral of -^ is reduced to that of 

jvjjior 

fa?(fo? _^ I r(6 +caj)rfiP h?dx 

J r»" " c J T» cj T» 

2 (n - i)c J'^-i cj !"»• ^^ ^ 
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r dx 

73. Reduction of . — — — . 

]{a+ 20X + coi^Y 

f dx 
In order to reduce -=5^, we have 

d fh+cx\ c 2n{b + cxy 
dx V T^y ^T^ T^"- 

c 2n{aC'' b^) znc __ 2n[ac- J') (2w - i ) c 

TT [ ^^ ^ b + cx {2n - i)c ( dx . . 

^ence J ^, = —^—-^^ + 2n(ac - 6^) J T"' ^"^^ 

By aid of this formula of reduction the integral of ■=^ can 
be found whenever w is an integer, or when it is of the form 
- (r being an integer). 

f dx 

74. Reduetton of 7 r --r-, 

' J (a + 6 cos a;)**' 

when w is a positive integer. 

Let U= a + 5 cos x. then -7- = - 5 sin a?, cos a = — ; — . 

dx 

Again, by diflEerentiation, we have 

d (sina?| _ cos a; {n - i)b sin* a? 
di \u^'\ ~ U^' "^ U^ 



cos a? {n- i)b {n - 1)6 cos* a? ^ 



7T— /» 

substitute — 7 — for cos a? in the numerators of these fractions, 


jfind we get 

f? (sina?) I a (n-i)6 n-i 2(n-i)a 

dx \ U^'] " bU^^ " 6C^^ "*" U^ W^^ "^ bU"*-"^ 

{n - i)a* ^ - (w - 2) (2^ - 3)a (n - i)(a'' - ft*) 



f dx 
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J (fl + OQO^xY 



Hence, transposing and integrating, we get 



fcfe - 6 sin a? {21% - ^)a f eiKi; 

J^'^Cn- i)(a'*-&»)Cr«-^ "^(n- i)(a' - 6»)J"^» 

ft - 2 r fife , . 

By thiB formula the proposed integral ean be reduced to 
depend on 



1 



dx 



a + ftoosa?' 



the value of which has been found in Art. 18. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than J, as follows: — 

dx dx 



(o + ftcosa?)* (/ ,v 2^ / i\ * 2^) 
^ ' <(a + 0) cos^ - + (a -6)sm*-{ 



» 



(■ 



. I + tan'- 1 dx 
dx \ 2 



(a cos' J + -Bsin' ?Y (a + 5 tan'^Y 

(where A = a + by B = a - b). 

X JA 
Next, assume tan -^ = / d" ^^^^ *> ^^^^ 

(i +tan'-jefe= 2 /-^ (i + tan'^)rf^: 
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aad we get 

2 (B cosy + A sm'0)"-^ e^0 
Hence, replacing A and J5 by a + & and « - 6, we get 

f ^ - f (^ - 6cO8 20)""^</0 , . 

When'n is a positive integer, the integral at the right- 
hand side can be found by expanding (a - J cos 2^)""^, and 
integrating each term separately by fonnula (4). 

Again, if in (28) we make h » a cos a, and ztp = t/, we 
obtain 

7 ^ = . o' , (i - cos a cos vY'^dtfy (30) 

J (i +cosacosir)'» sm"»-^aj ^ "" ^ ' 

where tan - = tan - tan -. 
2 22 

Hence, if we take o and — as limits for x. we have 

2 

\ r- = . ,^ , (i - cosa cosy)'*""^e?2^. 

Jo(i + cosaoosa?)'' sm''»-^aJo^ ^^ ^ 

f{x)dx 



76. Integratton of 



^ (i*?)v^« + 2te + ca?* 



We shall conclude this Chapter with the discussion of the 
above form, where /(^) and ^{x) are supposed rational alge- 
braic functions of x. 

Hf{x) be of higher dimensions than ^(^), the fraction 
may be written in the form 



^(ar) ^{x)' 
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^ (a?) ^a + 2bx + ca?* 

Again, since Q is of the fonn^) + qx + nx^ + &o., the inte- 
gration of — ==z= can be found by the method of 
-v/fl + zbx + cx^ 

Art. 71. 

i> 

The fraction — t-t can be decomposed by the method of 



:Ohai). II.). 



partial fractions (Chap. II.). To any root a, which is not a 

multiple root, corresponds a term of the form , and the 

a? — a 

corresponding term in the expression imder discussion is 

Adx 

{x - a) \/a + zbx + car* 

The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 



{x - aYva + 2bx + cx^ 



This is reducible to the form of Art. 71 on making 
a? - a = -. Again, to a pair of imaginary roots corresponds 
an expression of the form 

(kf + m)dx 
[{x - ay + )3^) ^/a + zbx + cx^ 

If z be substituted for x - a, the tr6uisformed expression 
may be written 

{Lz + M)dz 

where X, -3f, -4, J5, (7, are constants. 

To integrate this form ; assume* z = /3 tan (0 + 7), where 

* For tliis simple method of deteimining the integral in question I am 
indebted to Mr. Oathcart. 
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OiM a new variable, and y ^^ arbitraiy constant, and fhe 
iraniformed expremon is 

ILfi sin (9 + y ) +Mcos{e + y)]de 

fty/ AoOB^e + y)V2lJlil^(0 + y) Bm{e -^y) + Cli^ Bui'(e + yy 

Again, the expression under the square root is easily 
transformed into 

^{A + Cli' + {A'C(i') ooB2{0 + y) + zBfi sin 2(9 + y)] 
- ^r^ -f C/3» + cos 20 [[A - C/3') cos 2y + 2J9/3 sin 2y] 

+ sin 20 {2Bfi COS 27 - (^ - (7/3') sin 2y}1. 

Moreover, since y is perfectly arbitrary, it may be assumed 
BO as to satisfy the equation 

aJJ/3 cos 27 - (-1I - C)3') sin 27 = o, or tan 27 = . _ y^^ : 

and oonsequently the proposed expression is reducible to the 
form 

(roosC -1^ irmnO)de 

yP^ Q 00620 

(in whidi L\ JT^ P and Q are constants}, or 



V i»4^<i~:i<isin*» yP-Q^zQco^tT 
^MJbi ot i^di is immedialely integrahlew 
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5. 



8 



Examples. 



I. I co^0an20d0. Ans, — cos*0. 



'.. J« 



tm^B fiO^^Bdd. 



,. fd 



AifiB coB^edB. 



I 



COS* BdB 
aixB 

COB* BdB 
ajo?B ' 



6. f-^.. 
J (I + j;2)a 

7. \x^'^^{a+ba!»^)Pdx. 



■ I 



,.if j 



e^cos^xdx. 



"3 5~* 

- 2- < cos 2^ - - COS* 

^4 I 3 



20 + -COS* 2^1 

s i 



cob'0 



+ CO80 + 



log (tan J). 



(coB3.-5co8a).l-^-flogtang). 

\5 • 3 3 / (i + ««)* 

(g + ^a:**)P»i { (p + 1) bs^ - g} 
«(p+ i)(p + 2)62 

-- j 3 (sina? - cos «) + cos' a; (3 sin a? - cos x) 



dB 



sin*" B C08« 8in«^^ B cos» 



^^B J SI 



<f9 



siii"»"20cos»0 



> I 



determine the yalues of A and J9 by differentiation. 



f (a?g ~ o»)<to 
• J (a;3 + fl2)3 • 



f BmWdB 

"• J(I+COS0)2' 



Ans, 2 tan — 0. 

2 



12. Prove that the integral | -r- transforms into 2"»-»*^ I 

° J(i + cosa)»» J 

where B = 2^). 



( Bm*^<f> dip 

Cos'n-m^' 
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f dx 

^na- ri — Mv/ . r r + r tan-^ { ( j) tan -[. 



a 



!C08d<^ ^ «; Bind ^ . J 2 

(5 + 4 co»a)* 9 5 4- 4 cos 27 \ 3 

15. I (ain-^iP)* dz-x {(ain-^a?)* -4.3- (ain-^a;)'* + 4.3.2.1} 

+ 4\/i -*« sin-^a? {(sin-la;)* -3.2}. 

16. ProTe by Art. 74, that any expression of the form . , — - — r- is 

(a + ft eos «)•• 

capable of being integrated when /(cos x) consists of integral powers of cos x. 

17. Show, in like manner, that the expression 

/(cos a;, sina;)^ 
(a + ft cos a?)» 

can be integrated when /(cos x sin x) consists only of integral powers of cos rr 
and sin a;. 

J (rt + i3a;)(a + fta? + «c') 

f dx 

find the values of P, Q, and S. 

f <^ .^. ja+b)^ ( g~ ft) sin 3^ 

I9« I • -Aiw. — ^ r ) 

J (a 0O8«d + ft 8in2 a)« 2 (aft)* 4 (aft)* 

where tan ^ = It tan $. 

■ - is integrable in finite 
y^a*» - a?*** 
terms. 

21. Prove that 

I IT £fo; I <•» 

: — ; r- = . o 1 I (i - COB a COS y)""^^. 
(I +cosaco8af)» Bm*«-iaJo ^ '^ 
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CHAPTER IV. 

INTEOSATION BY RATIONALIZATION. 

« 

77. Integratton of Honomials. — If an algebraio expres- 
sion contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x « 2% where n 
is the least common multiple of the denominators of the 
several fractionalp^jwers. ny this means the integration of 
such expressions is reduced to that of rational functions. 
For example, to find 

(i + x^)dx 



1 



I + flj4 

Let X = z\ and the transformed expression is 

Cz^{i +z)dz 

Consequently the value of the integral is 

-^ + 2ir* - 4irf + 4 tan"'(irf) - 2 log (i + a^). 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + bx Is immediately reduced to the preceding, 
by the substitution of zior a + bx. 

Examples. « 

Ans, -^ [52^ + ^ti^ + 8a? + 16]. 

V a? - I 5*7 



a. 



xA» 2 (2a + bx) 



!Xi 
(« + hx)^ " *^ ^/oTbi 

^« + Vic— I V 3 \ V3 / 
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78. Rationallzatloii of F(x^ ^/a + zbx + i^)dx. It 
has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 

a single radical of the form ^/a + 2bx ■¥ ca^y where a, 6, c are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* — —^ can be made ra- 

W v^a + 2bx + cx^ 

tional in several ways, which we propose to consider in 
order : — 



( I ). Assume v^a + 26a? + car* = 2 - a? y/c. (i) 

Then a + 2bx = 25* - 2xz ^c ; .*. bdx = zdz - ^/c (xdz + «(&), 
or dx{b + z a/c) = dz{z- x*y^) = dz ^/a + 2bx-\-ca^ ; 

dx dz^ 



^a-\-2bx + cx^ b + z^c 



(2) 



^ - a 



Also X = -r. (3) 

This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 



* It will be shown subsequently that the integration of all expressions of 
the form 

F{x^ V a + ^hx + w') dx 

is reducible to that of the above when J* is a rational algebraic fiinction. 

It may also be observed that, in general, the most expeditious method of in- 
tegration in practice is that of successive Reduction (Arts. 71, 72, 76). 
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When b - o, we get 

dx dz ' ^ - a , A , ^ 
■ = — -=, and X = — (see Art. 9). 

By aid of the preceding substitution the expression 

dx 



transforms into 



{x - p) x/a + zbx + cx^ 

dz 



(Art. 13) 



s* - 2zp v^ - a - 2pb 



For example, to find — 

J (p -h qx) ^i -^ x^ 

— z^ - I . dx 2dz 

Here x = , and 



2S ' {p + qx) a/i + ar* ?s' + 2j?s - ^ ' 

efo; I - (qz + p - Vjo* + q^"" 



C dx I , 

7 = -7 log 

J (p + gx)vi + x^ aA>* + ^* 



When the coefficient c is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are avoided. 

(2). Assume* ^/a + 2bx + cx^ = \/a + xz, (4) 

Squaring both sides, we get immediately 

2b + ex = 2z v/a + a?s^ ; 

.•. dx{c - s») = 2dz {\/a + xz) ^ 2dz ^/a + ibx + cor*. 

TT dx 2dz , , 

Hence - _ = . (5) 

va + 2bx-\-cx^ c-z^ 



* This is reducible to tlie preceding, by cbanging x into -, and then em- 
ploying the former transformation. 
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And ^^2{zya-h)^ 



(6) 

c - z^ 



This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



r dx 
J a? a/ I - x^ 



Assume \/i - a?* = i - irs, and we get 

(3). Again, when the roots of a + ibx + cx^ are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
of the form 

yc{x - a){x - /3), or v^c(a; - a)(/3 - ^), 

according as the coefficient of x^ is positive or negative. 

In the former case, assume ^/x - a = 2 ^x - /S^ and we 

get 

a - Bz^ . r, a- 3 dx 2zdz • 
X = ^ ; hence x- p = ^ ; .-. ^ = -.. 

Accordingly 

dx dx 2 dz 



\/c{x-a){x-P) z{x-fi)yc v^i-2* 
In the latter case, let ^x - a = z Vf3 - iz?, and we get 



(7) 



X = 



I 4-S^' 



and — r=^^=:=^ = —f: . (8) 
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For exajnple, the integral 

dx 



J(i^ + 



transforms into 

2dz 



r 2di 



on making x = 



+p-q 
s'- I 



z^ + 1 



The student can compare this method of integrating the 
preceding example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the fore- 
going methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 



/ 1 rr /6* -ac-{cx- hf 

V- a + 20X - car, or / ^ — 

is imaginary for all real values of x unless &* - ac is positive ; 
i.e. unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

Erom the precediQg investigation it follows that the 
expression 



F{x, ^a + 262? + car*) dx 



laLalgc 



can be always rationalized ; F denotiug a rationaLalgebraic 
function of x and of v^a + ihx + ca?*. 
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Examples. 



I An3, — 7= log . 

Assume 2 = (a* + a*)* + a?, and we get for the yalue of the proposed integral 

2 _ 2 «2 

-a! -. 

3 5 z^ 

3. I *» V a: + V 2 + a;2. ^^^ ^ . 

4. f ««»{(a2 + a;2)J + iF}»dfe. 

Making the same assumption as in Ex. 2, the transformed expression is 

which is immediately integrable when mis & positive integer. 

<fa; [(i + x^)l + x]n*^ [(I + a;2)i + a;]n-i 



^fW. i=^ ;-^ -^ + 



'' J {(i+a;«)*-«}«' """ 2 (n + i) ^ 2 (f» - i) 

f {(i+a:8)» + a:}«^a;. i ,, ,.. . 



(I + a^)» 



7. f _^ _. 

J v^« + 2Ja; + <?a;2 {^/a + 2^3; + ca;* ± x\/ey 

Let \/a + 23a; + ca;* + a; ^/e - 2, then, as in Art. 78, we get 



dx dz 



y/ a + 2bx -k- ex"^ b±z^/e 

hence the proposed expression transforms into 

dz 



— i > 
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79. Cfeneral Imrestlgatloii. — The following more 
genend investigation may be worthy of the notice of the 
student. 

Let B denote the quadratio expression a + 2bx + ca^ ; 

then, since the even powers of \/M are rational, and the odd 
contain vM as a factor, any rational algebraic function of x 
and of \/£ can evidently be reduced to the form 

where P, Q, P', C are rational algebraic functions of x. 
On multiplying the numerator and denominator of this 

fraction by the complementary surd P' - Q' v i?, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

where M and N are rational functions. 

The integration of Mix is effected by the methods of 
Chapter II. 

Also r'^ ^^^YzT^" 

which is of the form 

f{x)dx 



1 



{x) ^a + 2bx ■{■ cx^ 



Let, as before, \/a + 2bx •{- ca^ - w c(x - a){x - /3), and 
substitute v7 — —, — ^ instead of or, when the radical becomes 

v/g{A--a\' + 2(/i-a/i^)g + (y--a^)g»}{A-i8V-f2(^~/S/)g+(y--/Si0g'} 

V + 2fifz + irV. 

(9) 

Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously beoomefl 
rational. 

[7] 
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The simplest method of fuMling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing s*. 

Accordingly, let 

X - aX = o, /I - ail = o, fi- jifi = o, V - j3i/' = o ; 
or A* = o> /*' = o, X = aX', V = (iv\ 

On making these substitutions the expression (9) becomes 

x' + vV y + v'z' 

In order that \/- cX' v' should be real, X'and v must have 
opposite signs when c is positive, and the same sign when c 
is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = i, and v =± i. 

Hence, when c is positive, we get x = ^^ , and when 

, . a + Pz 

c IS negative, x = 



i-»» 



I + s* 



These agree witl^ the third transformation in the preced- 
ing Article. 

More generally, when the factors in (9) are each squares, 
we must have 

or /i* - Xv + (Xv' + vX - Zfifi) a+{f/^- Xv) a'^ = o, (10) 

and a similar equation with j3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + iha + cc? = o. 



* For the substitution of y* for —7- transforms 
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Aooordingly (lo) is satisfied if we assume the constants 
A, fly &o.y so as to satisfy the equations 

* 

fi^-Xv^a, yv'^\v-2fxfx=2bf (i^-yv=c. (ii) 

Again, solving for % from the equation 

x(}! + 2/i's + vV) = X + 2/us + vz^j (12) 

we obtain 

=-v/«+ 26a?+{?i»^ (13) 

Also, by differentiation, we get from (12), 
(A'+ 2fiz + vz^)dx= 2 {;£ + vz-x{ii+v%))dz 

= 2Ya+2bx-hca^dz; 
dx 2dz 



^/a ■\-2bx+cx^ A' + 2f/z + vV 



(H) 



Now, since we have but three equations (11) connecting 
A, fc, &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(i). Let a be positive, and we may assume v = o, and 
fi = o; this gives 

ft = V fl5, Av' = 2&, A'v' = — c. 

Again, without loss of generality, we may assume /= - i, 
which gives 

2{z*s/a - V) 



A = - 2&, A' = c ; whence x = 



(? - s* 



and 



V^a + 2te + CiT* C - »*' 

These agree with the results in (5) and (6). 

[7 a] 
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(2). In like manner, if c be positive we may assume 

v' - o, /ix = o, and v = i, 
whioh gives 

fi = \/cf X = - a, and X = 2b; 

z^ - a - dx dz 

,-, X = 7=-, and 



2 (6 + s\/c) a/ap + zbx + ca?* 6 + s y^ ' 

as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and 13, they hold whether these roots be real or 
imaginary; as already shown in Art. 78. 

It is easily seen that if we make /le = o, and 11 = Oy we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f{x) dx 



^a-\-2bx + ca^ 



where f(x) is a rational algebraic function of a?, it is often 
more convenient to proceed as follows : — 

The substitution of z — for a; transforms th.e proposed 



c 

ac - 6' 



into ^ ^^ where af= 

If the even and odd powers be separated in the ezpan- 
sion of /( 2 - - J, it can plainly be written in the form 

and the proposed integral becomes 

f »(g')(f2 C z\l,{z^)dz 
J v^a' + C2* J v/a' + csf 

The fo rmer of these is rationalized (Art. 24), b y making 
\/fl^ + c«* - y», and the latter by making \/a' + c»* = y* 
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It may be observed that in general the ezpreedon 

f^_dx__ 
^(a?*) ^a + ca^ 

is also made rational by the transformation 



8i. Case of a Recarrlng Biquadratic imder the 
Iftadical Sign. — ^As the solution of a reonrring equation of 
the fourth degree is immediately reduoible to that of a 

Sadratic, it is natural to consider in what case an Elliptic 
tegral (Art. 28]), in which the biquadratic under the radi- 
cal sign is recurring, is reducible by the corresponding sub- 
stitution. 

Writing the expression in the form 

4i(ai)dx 6(0!) dx 

^^ ' ' J or '^ f 

^a + 2bx + ca^ + 2ba^ + asc^ 



Ja(a^+l)+2j(a, + i) 



and, assuming^? + -=g, the radical becomes 4/02* + 2 J« + c-2fl; 

ttf 



and also 



— (a? — 1= dz. 
x\ x) 



Consequently, in order that the transfonned expression 
should be of the required type, it is obvious that i^{x) must 
be reducible to the form 



.-i)/.^). 



In this case 



transforms into 



( 

^a + 2hx + ca?^ -f ihs^^aaf^ 

f(%)d% 
^az^ + 2bz + c - 2a' 



■I 
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In like manner^ the expression 

-v/a + 2bx ■\- cx^ - 2biii? + as^ 

transforms into '^^^^ ^^ , by the assumption 

vaz^ - 262 + 2a - c 
I 

X = JS. 

X 

When 6 = o the expression can in some cases be reduced 
by assuming either 

0?* + -r or a?* — 3 = 2. 
Examples. 

'• U-TiT^- ^"'•'"^ — ^~;;;:;- 

J xy/l + «4 * 

fi+«« dip I , y/i + a^ + gy^g . 
4- 7=-' »> ""7= ^**S Zk 

This and the preceding were given by Exiler (Cole. Int., torn. 4) : the 
connexion, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 

f (x* - i)dx . ^/a^* + a^»+ i. 



J sfi^a^ 



Ana. 



+ x^ + t r 



Let «2 + — = «, &c. 



6 



(a;2- i)div 



J aJ-v/Ca?* + aa? + 1) («* + /3a? + 1)' 

y/g* + oa; ~ 4- A/a;* + jSap -H 



Ans, 2 log 
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fLL^ ^ -L w y/i + g' + g' + gv/i 

Assume a? = (i +'.^)^ sin $, &o. 

II. f J „ sinV ^—lY 

J (i + ar»«){(i + «2»r - «»}* \(i +«^W 



xdx 

(I + x)i + (i + x/ 

Assnnie 1 + ^ = 2*. 

(i-a:*)(H-a^)r 

^««. — — log > * ^^^ — + — — : tan-i ^__, 

4V^2 i-ir» 4v2 ary^a 

J (i-«*)! «!-«;*)» 

. I , f^/i + ic*4 a;\/2\ I . , «\/a 
-4«#. :: log ^ — + — jz tan-* — -==1. 

a-v/i \ i-a;« / 2-V/2 ^/ 1 -\- x* 

J I + aax + 



17 



•Itt 



^^ \/ 1 + 2ax + a*«* + a»x^ + a?* 

I - flKC* dx 



ax^ ^/ 1 -k- 2csi^ + a^ x^ 



-aw«. y - log -i^ — i ^ — "^— , when e>(x, 

I . , lx^/2{a-c)\ , 

,, — ^ sin"^ ( — ^ — —:, — 1 , when a > c. 
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CHAPTER V. 

MISCELLANEOUS EXAMPLES OF INTEGRATION. 

(A Gosx+B sina? + C) dx 



82. Integration of 



aoosa? + Jsiiia? + c 



du 
Let a oosa? + J sin a? + c = ti, then - a sin a? + 6 cosa? = ^-. 

dx 

Next assume 

-4 oosa? + J5 sina? + C = Aw + u -7- + V, 

dx 

and, equating coefficients, we have 

-4 = Xa + /u6, J5 = A6 - /ua, (7 = Ac + v. 
Solving for A, ^, v, we get 

. Aa + Bb _ Ab - ^g (^g + ^6) c 



^ f (-4 oosa? + 5 sinaj + 

Hence ^^ — r—. 

J acosa? + sina? + 



(-4 cos a? + 5 sina? + (7) cRr 

e 



(Aa + Bb)x Ab - Ba ^ , , . . 

= ^TTF^ + -irrr log («»«««'+* «^* + ") 

J acosa? + 6sina? + c' 



{a'^h')C-'{Aa + Bb)c 



The latter integral can be readily found ; for, if we make 
fl = r cos a, 6 = r sin a, we get 

a cosa?+J sin a? = r (cos a? cos a + sin a? sin a) = r cos (a? - a). 



imegratian of /(^ ^. «»««') ^ . jqS 

a cosa; + 6 sina? + c 



1 



On making a? - a = 0, the integral reduces to the form con- 
sidered in Art. i8. 

As a simple example, let us take 

(A-¥ B ta n x)dx 
a-\- b tan x 

TT -4 + 5 tan a? -4 cosa? + J5 sina; 
Mere = 

a + h tana; a cos a; + 6 sino; 

and we evidently have 

{{A + BiBSix)dx [Aa + Bh)x Ab-Ba. , , . x 

] «+6tan^ ^TF- -^ -^r;:^log(«coB^+6Bm<r). 

83. Integration of f^'^^^^f^,^)^ , 

acos^ + 6sm^ + 

where /is a rational algebraic function, not involying frac- 
tions. 

As in the preceding Article, assume ^ = + a, and the 
expression becomes of the form 

(cos 0, sin 0) d9 
-4cos0 + J5 

Again, since sin^ = i - cos' 0, any integral function of sin 
and cos can be transformed into another of the form 

01 (cos 0) + sin 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

0i(cos 0)e^0 02(cos0)Bin0c?0 
-4cos0 + J5 -4cos0 + £ * 

The latter is immediately iategrable, by assuming 

-4 cos + £ = s. 

To integrate the former, we divide by -4 cos + 5, and 
integrate each term separately. 
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84. Integration of 

/(00s x)dx 
{ai + 61 008^) (02 + btOOBx), ...(«» + (|»oosa;) 

where /» as before, denotes a rational algebraio function. 
Substitute 2 for cos x and decompose 



(<Zi + biz) («2 +b2z). ... {an + bnz) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A + B cos«' 
each of which can be immediately integrated. 

EZAUPLBS. 

J COS* (5 + 3 COS a;) 10 ° \i-8ta«/ 10 \ 2 / 

I dap 

ean^se (a -h cob x) 

. b^aooB9 5* ./b + aoosx\ 
Am. ; COS"* I I . 

{dx ^ tana; b , , iir x\ l^ { dx 

QO&^xifl + beo&x) a a^ ° \4 2/ a>Ja+6cosd; 

85. Intecration of [f[x) +f{x)]eFd^. 

The expression eFPdx is immediately integrable whenever 
P can be davided into the sum of two functions, one of which 
is the derived of the other. 

For, let P = f{x) +/(d?), 

then / eTdx = / ^f{x) dx-\-j ef(x) dx. 
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Again, integrating by parts, we have 

*; ^/(a?) dx =/{x) ^ - j ef{x) dx. 

Accordingly, 

For instance, to find 



^o 


X 
■¥XY 


dx. 


• 


X 


I 




I 



(i + ar)* I + X (i + xy ' 



e 



consequently the value of the proposed integral is — 

Examples. 

I. I ^ (cofld? 4- ^x)dx. Ana, tf'sinfp. 

ii-^-xlaax, , 

^/ ^<^« >» ^ — r-* 

(af+i)* " a;+i 



o; 



^ I^(rf7«)'^^- 



" I + a:2' 



86. lllflferentlatlon under the Sign of Integra- 
tion* — ^The integral of any expression of the form ^(.r, a)dxy 
where a is independent of a?, is obviously a function of a as 
well as of X, 

Suppose the integral to be denoted by F(x^ a), i. e. let 

F{Xy a) =fii{x, a)dxy 
tten — {J'(a;,a)} =^(a), a). 



r ^i* ■ '^- 
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Again, differentiating both sides with respect to o, we 
have, sinoe x and a are independent, 

(P . F{x, a) d . 0(a?, a) 



dadx 



da 



or (Art. 119, Diff. Calc.), 

d (d.F{Xj a)\ d . t^ {Xy a) 



dx\ da 



')■ 



da 



Oonsequentlj, integrating with respect to Xy we get 



d . F{x, a) [d . 0(ir, a) 



da 



=1 



da 



dx^ 



-5|*('.«)*=l%^*- 



<■) 



In other words, if 



then 



u = Si>{xy a)dx, 

du _ {di^ , 
da } da 



provided a be independent of ^ ; in which case, accordingly, it 
is permitted to differentiate under the sign 0/ integration. 

By continuing the same process of reasoning we obviously 
get 



^^|^_^^^^ 



d^u {d^<p{xy a) 
da! 



da' 



where u^ j<p{Xf a) dxy a being independent of x. 



(2) 



For example, if the equation 



f 



d^dx = — 
a 
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be differentiated n times with respect to a, we get 

(See Art. 49, Diff. Oalc). 

Again, in Art. 2 1 we have seen that 



f 



- e** (a sin wa? - m cos mx) 

ei^Buimxax = — ^ r r -, 

m^ + a* 



Accordingly, 

d\((f^ (a sin »M? - w cos ma?)' 



|a^c«^sm»M?aa? = ( — 1 (- 



IW* + a' 



We now proceed to consider the inverse process, namely, 
the method of integration under the sign of integration. 

87. Integratioii under the Sign of Integratioii. — 

If in the last Article we suppose 0(ar, a) to be the derived 
with respect to a of another function t;, i.e. if 

then v = j ^{xy a) da. 

Also by the preceding Article we have 

A 
da 



I I vdx j = — dijj = ^(a?, a)dic = F{x, a). 



Hence vdx = I F{xy a) da. 

In other words, if 



F{Xy a) = ^ {Xf a) e&. 
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then F{Xy a)da= [/ {x^ a) da] dx. (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next Chapter. 

X 88. Integration by Infinite Series. — It has been 

already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
cases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral oif{x)dxm the 
form of an infinite series consists in expanding /(a;) in a 
series of ascending powers of x^ and integrating each term 
separately : then ii the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion oif{x) be a 
convergent series, that of jf{x)dx is also convergent. 

For let 

f{x) = flTo + aix + a2x'^ + . . . a^af^ + &c., 
then 



1 



f{x) dx = aoX + + + . . . + + . 



n + I 



Now (DifE. Calc, Art. 73), the expression for /(a?) is 

a»tX 
convergent whenever — is less than unity for all values 

of n beyond a certain number ; and the latter series is con- 

n ax 
vergent provided — be less than unity, imder the same 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Examples. 

f d» « I a:« I . 3 a:" 1.3.5 «" . . 

^*/ 1 ^ 9fi I 26 2.4 II 2.4.616 

fdx • /". — / f sin'a; i . 3 sin** \ 

Vfliiia? * 25 2.4 9 / 

IJL . ^ /I pe it» , p{P'g)t^ a^ . \ 

\iii j'Wi + fi 1 . 2 . g* m + 2n / 

89. XiXpansloii of log (i + 2 ;ra oos^ + m^) c&r. 

We shall conclude by showing that the integral 



1 



log (i + 2mooBx + m^)dx 



can be exhibited in the form of an infinite series. 
For we have 

I + 2moosa? + iw* = (i + wc*''"^)(i + wr*"^). 
Hence 

log (i + 2«jcosa? + m^) = log (i + md^"^) + log (i + mer*'*'^) 

= m {e''^' + e^"^') - — {e^' -he^') + &o. 

= 2 mcosa? cos aa? + — cos %x - &c. . 

\ 2 3 / 

Accordingly 

fi / 2\j f ' .sin2ir -sinaa? \ , . 
log(i+2»jcosa?+m'*)aa?=2(f»sma?-w' — 5— +m» — 5 J. (4) 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be 
easily obtained. 
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For I + 2«J00Si» + m^ = mH i + )( i + ), 

\ m )\ m ) 

and aooordingly 

, / .XI /cosa? oos2aj 00330; « \ 

Consequently, when m> i, we have 

log(i+2woosa?+«j')efo=2a?loffw+2 r— r-H- ,> -.>. ). 

J ^'^ ' '^ \ w 2^wr ym^ J 

From the above it is easily seen that the integral 

Jlog(i + aQO^x)dx 

oan be exhibited in the form of an infinite series when a is 

2fn 
less than unity : for making: a = r we have 

log (i + «cosa?) = log (i + 2m 00s a? + m^) - log (i + m^). 
The relation between m and a admits of being exhibited 
iQ a simple form ; for let a = sin a, and we get m « tan -. 
Making this substitution in (4), we get 



I log(i + 8inacosa:)dir = 2a? log! cos- J 



+ 2 



ftan-sina' - tan' ^ +&o. J. (5) 
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Examples. 



I. 



2. 



1 — r-^ — . Ant. -=^log(3coss+ 2 8indr). 

3C06»+2Bma: »*» "» " *"' ' 



13 '3 

„ -tantf + — -?r.tan-i(tanav^2). 
2 a\/a 



J I - 8in*0 

f g«(r^ + a; + i)<fo e^x 

J (! + «»)* * '* a/i + X* 

f -t r-2 = zlog(l + COBB) + -l0g{l -008 0) - -log (l - 2 COS $). 



Y 2 am- + I 



8in-tan~<M /i-am- 

'cos/ ='°n"— 4)"77^''8V .- . 9 



I + em - 

2' 



V 



2 gm I 

2 



6. When «' < i, prove that 
dx 



! 



a; IX* I . 3 «• I . 3 . 5 «^^ 

— — "T — ~ — — — — T . . . J 



V^i +«* I J5 2.49 2. 4. 6 13 
and whan a;' > i 



f 



= _i + iJ--i_LiJ-+ ^ • 3 • 5 I 



-v/i+x* a? 2 5«« 2 49ic» 2.4.613s" 

7. Prove that 

J^+a; (®^ '^11 T.2 2 

« 

and detennine when the series is convergent, and when divergent. 

8, Prove that 



! 



Am . -Aw 

e + e . „ , Sin 

Sin'* uau = + 



in CO \* + I'* sin ctf 



+ 



/*+ I 1.2 /i + 3 

(\^+i«)(\'» + 3 ^) sin^''« 



1.2.3.4 M + 5 
Substitute » for sin-^a? in the expansion of e^'^ ^'(Liff. Cole, Art. 87), &c. 



■■ I 



e^-e-^ , . ^ ^ Bwf^\ X(X2 4. 2^)sin'***« 
2 - I /i + 2 1.2.3 M + 4 

. A(X« + 22)(x« + 4^)sin*^^a, , ^ 
1.2.3.4.5 fi-^6 

[8] 
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JHAPTER YI. 



DEFINITE TSITEGRALS. 

V w ^ ^ ^ ^ » t:viii.— We have in 

X 90. Intecratlon regarded bm SiimmafiSt^^^ integration 
the commencement observed that the process ^^Wn^ ^ zl^jj^ of 
may be regarded as that of finding the limit of tJticx ^^g ^^y 
the series of values of a differential/ (a?) dir, when x va^ ^ ^.^ 
indefinitely small increments from any one assigned valut 
another. ^- 

It is in this aspect that the practical importance of inte- > 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and ihat from which we have hitherto 
considered it. 

Suppose 4/{x) to represent a function of x which is finite% 
and continuous for all values of x between the limits X and Xq ; 
suppose also that X - Xq is divided into n intervals Xi - Xoy 
X2 - a?i, Xz- Xiy . , . X - Xn-i ; then by definition (Diff. Calc, 
Art. 6), we have 

in the limit when a?i = ojo ; accordingly we have 

<lt{Xi) - it[Xo) = {Xi - Xo){<l^'{Xo) + €0), 
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where 60 becomes infinitely small along with Xi - (to. Hence 
we may write f 

i> (^1) - M = {opi - -To) {^'(iro) + €0} , 

(^2) - i> (xi) = {x2- Xi) {^'(iri) + €1}, 

(^) - # M = (^3 - X2) {i/{Xi) + €2), 



where €09 ei . . . €».i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

(X) - (a?o) = (^i - ^0) 0'(^o) + (^ " ^1) ^'(^i) + • • . 

Now if 1) denote the greatest of the quantities co, €1, . . . e»_i, 
the latter portion of tne right-hand side is evidently less 
than (X - Xq) ri ; and accordingly becomes evanescent ulti- 
mately (compare DifE. Calc, Art. 39). 

Hence 

^(X) - (xo) = limit of [(a?i - Xo) <j/{xo) + (xz- Xi) it\xi) + . . . 

+ (X-a;„.O0>«-i)]> (0 

when n is increased indefinitely. 

This result can also be written in the form 

(X) - <t> (xo) = S0'(a:) dxy 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xo and X. 

91. Beflnite Integrals, Idmlto of Integratioii. — 

The result just arrived at, as already stated in Art. 31, is 
written in the form 

/(X)-/(^) = f''/(ar)rfar, (2) 

where X is called the superior^ and Xo the inferior limit of the 
integral. 

[8 a] 
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Again, the expression 



1 



X 



is called the definite integral of t^{x)dx between the limits Xo 
and Xy and represents the limit of the sum of the infinitely 
small elements {x) dxy taken between the proposed limits. 
From equation (i) we see that the limit of 

{oox-x^f(x^ + (a?2 - Xi)f{x^ + . . . + (X- a;„.,)/(a:n.i), 

« 

when Xi - Xo, X2 - Xi, . . . X - Xn^i become evanescent, is got 
by finding the integral oif[x) dx (i. e. the function of which 
/'(ic) is the derived), and substituting the limits a?o, X for a? in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 



rx 



f[x) -fix,) = f{x)dx, (3) 



in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq may be assumed arbitrarily, /(a?o) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the fimction is merely 
taken into account, without regard io any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should observe that in (3^ the letter x which rtands for the 
superior limit and the x in the element f'(x)dx must he considered as behig 
entirely distinct. The want of attention to this distinction often causes much 
confusion in the mind of the beginner. 
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■ I 
• ( 



8. 



iff^dx. 



re 

cos^e ■ 



a/^p + » + v^? 



Jo ^T^* 



(fa; 



<j^ 



5. . 

•'0 -v/a2_a4 

6. I ^"««<& (tf positive). 
Jo I + 2^ COS A + a;* 



r- 

Jo I + 



<22; 



20? cos ^ + a;^ 



Jo 

• f 



^mxdx. 



er"' COS «iic ^. 



Examples. 






^n5. 



Jn+l _ 1,11*1 

«+ I 



„ \/2-f. 



»» -v/fl(v/2- I). 



>> 



9> 



2a 



)) 







asui^ 



<l> 



)> 



sm^ 



m 






*' a3 + w2' 



's/ac - b^ 



, when ac — i~ is positive. 



92. To proFie tliat 

Jo. n(n+i),.[n + m-i)' 

when m and n are positive^ and m is an integer. 
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The first relation is evident from (31), Art. 32. 
A^ain, integrating by parts, we have 

r ic** w — I r 

Moreover, since n and m - i are positive, the term 
a?" (i - a?)*^^ vanishes for both limits ; 



'•^ w-i 



« 






The repeated application of this formula reduces the in- 
tegral to depend on ii:»»+«-2 dx. the value of which is . 

® ^ Jo w + n-i 

Hence we have 



ar'{i - x)^'dx = / -2 3... (m i) ^ ^ 

n(n + i) . ,. . (n + m- i) 



1; 

This formula, combined with the equation 

aj»-' (i -a?)«»-^ (^ = I ;r»»-i (i - a:)"-* cfo, 

shows that when either m or ^ is an integer the definite 
integral 

a^"^(i -xf^-^dx 

can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 

Examples. 

f' ft a« 

'• 1 s^ii-xYdx, Ant, 



!. f a;*(i - Q^^ix, 



3-7. "-13 
" 5.7.9.13-17 



93. Talaes of 
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V vr 

8in**irrfia?and coeT'xdx, 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter III. 

We begin with the simple case of 



sin** 



xdx. 



If in the equation (Art. 56) 

f . „ , COS rr sin"" ^ ,. - - ^ . 
sin" a? ax = + sin**^.xdx 



n n 



IT » ,...., . COS X sin'*~^ir 



we take o and - for limits, the term vanishes 

2 n 

for both limits, and we have 



IT ir 

Bin^xdx = &iR*^~^xda:. 

Jo ^ Jo 



Now, if w be an integer, the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2m y 
then 

«r IP 

sin'"*irtfe = sin'"*"*a?^;r. 

Jo 2m Jo 

Similarly, 

IT IT 

[^ 2m — s f 2^ . 

sm^"'-^xdx = -\ sm^'^-*xdx; 

Jo 2m-2jo 

and by successive application of the formula, we get 



I 



2.4.6.... 2m 2 
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(2). Suppose the index odd, and represented hj 2m + i, 
then 



vr 



Jo 2m + iJo 



llenoe, it is easily seen that 



f 



IT 

2.._ _ 2.4.6.... 2171 



3 . 5 . 7 . . . .(2m+ i) 



Again, it is evident from (31), Art. 32, that 



iy...f.... 



and consequently (5) and (6) hold when 00s x is substituted 
for sin x. 

ir 

CI . 
94. InTestlgatloii of Bin***xoos^xdx. 

Jo 

From Art. 55, when m and n are positive, we have 



IT 



f 2 w — I r^ 

sin'^ajcos^irdir = 8in'"iccos'*~*a:(fe, 

Jo W + Wjo 



IT 



and sin*"a?cos**rr(/a; = sin*""'a;cos**ir(&, 

Jo W + ^Uo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 



♦ The result in this case follows also immediately from Art. 92, by making 
cos^ j; = z\ for this substitutioD. transforms the integral into ' 

1 

( I — 2)"» z ^ dz. 
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For, writing 2m-\- i instead of m, we have 

IT W 

r2 , 2m (^ . 
gm2m+i yg ^jQgn xdx = sin***"^ X COS* X dx. 
2W +n + I lo 

Hence 



IT 



sin'^"*"a?C0B*ire& 

Ic 



JO 



IT 

2m (2m- 2) .... 2 f 2* . ^ - 

r^ r ; r SlliX CO^XOX 

+ n+ i)(2m-f-n- i) • . . . (n+3) Jo 



(2W 

2.4.6 ... (2W) 



(n+ i)(» + 3) . . . (w + 2m+ i)* 
In like manner, 



(7) 



IT 



f 2 211 — I f 2 

sin^^a?cos"*iC(&= — ; r 8in'^*"a?oo8^***'a;(ip. 

Jo 2(w + w)Jo 



Hence 



» IT 

f * • 2m ^ ^ I . 3 . 5 . . . (2W - 1) n . 2« , 

I siDr^xooB^xdx= ^^—f ) ^ sm^^xax 

Jo (2W+2) . . . (2r/J+2«)Jo 

^ I .3.5. ..(2n- l) . I .3.5. ..{2m- l) TT ,gv 

2.4.6 (2m+2w)"2' 

in which m and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
dndble to one or other of the preceding forms. 

For example, on making x = tan 0, we get 

2.4,6... (2»-2) 2 



0(1 + a^)" 



I 

ra 'Jl 

Similarly, by a? = a sin 0, ^ (a' - x^) ' dx transforms into 

tr 
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m 



In like manner I {zax - x^) * dx^ 



on maMng x = a (i ~ oos 0), becomes 



IT 



Jo 

The expressions for these integrals, when m and n are 
fractional in form, wiU. be given in a subsequent Article. 



Examples. 



• (I" 



sm^xcoB*xdj:. 



I, I 81 

Jo 



sin^^rcos^o;^. 



IT 



Ant, 



>» 



Jo 

(1 z^^dx 

6. I . >, 
J V^ I - «•- 3 . 5 . 7 . . . (2« + I) 

7. Deduce Wallis^s value for t by aid of the two preceding definite integrals. 



3 


.5.7 . 11 




5 


. 10 . 20 . 


30.40 




9 


. 19 . 29 , 


39.49 




I 


.2.3.. 


(m — 


I) 


n 


. (»+i). 


. . (» + «»■ 


-0 


2 . 


4.6... 


(2«) 




3. 


5.7. . • 


(2«+ j)' 




I . 


3-5 .• . 


(2» - I) 


IT 


2 . 


4.6... 


2n 


. * 

2 


2 . 


4. . 6 . . . 


2» 





8. 



.CO a^^-p 



>. I • 

Jo (fl + *a:2)» 

when fi is an <dd integer. 

9. [ ii?{2ax-x'^'^dx. 
J o 



Ant, 



2 . 4 . 6 ...(«- I) I 

3 . 5 » 7 . . . • » \/^^i 
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^ 95* Talue of I er^af^ dx, when n is a positlTe integer. 

In Art. 63 we have seen that 

Again, the expression — vanishes when a: = o, and also 
when a? = 00 (DifP. Calo., Art. 94, Ex. 2), 

Hence er^af^dx^n c'^oif-^dx. (10) 

Jo Jo 

Consequently c"*a^ <& = i . 2 . 3 . . . n. (11) 

Jo 

Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a? = as we get 

J^r--s"rfz = -^, , (12) 

in which a is supposed to be positive. 

Again, to find oif^ (iog xY dx ; let x = e*"% and the in- 
tegral becomes 

Jo ^ ^ {7n-v if^' 

Since log a? = - log f - ], this result may be written in the 
form 



1.4"^;)" '^'■TST^"- C^) 
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The definite integral er^af^'^dx is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of «, it is denoted by the symbol r(«), and is styled the 
GFamma-Funotion. 

It follows from (lo) that 

r{n + i) = nr[n), (14) 

Also, when n is an integer we have 

r{n + i) = I . 2 . 3 .. .fi. (15) 

Again, when x is less than unity, we have 

I 



I -■ X 



= I + X + x'^ ■¥ a^ + &o; 



J 



logiT = I log a? ( I -^x + a^+ , .,)dx 



II \ tt' 



= -li + p+->+---)=-6» 



(by a well-known result in Trigonometry). 
In like manner we get 



[ 



^ log X dx TT* 



.0 I +^ 12 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this Chapter. 



* The integral I a;"»"^ (i - xY'^ dXy considered in Art. 92, is sometimes caUed 
Jo 

the First Eulerian Integral ; we shall show subsequently how it can be ex- 
pressed in terms of Gamma-Functions. 



J 
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EZAHPLES. 

An», I . 2 . 3 ... ft. 



I . 2 ... ft 



,. j;{iog(i))"<fe. 

f' log* J, »* 

f> <fo (log «)'"-* , ,r I I T 

*' ],-^d '-'-J-- •{*'•-') [' + ^+p;+- -J- 



4 



96. JJ^w a»(? V he both functions of rp, and if v preserve the 
same sign while x mriesfram Xq to X, then we shall have 



rX rx 

I uvdx - U \ vdXf 

J '0 J -Co 



where U is some quantity comprised between the greatest and the 
least values of u, between the assigned limits. 

For, let A and B be the greatest and the least values of 
t/9 and we shall have, when v is positive, 

Av > uv > Bv ; 
when V is negative, 

Av <uv < Bv, 

Consequently, for all values of x between x^ and X the 
expression uvdx lies between ^t^efo; and Bvdxy and accord- 
ingly, if the sign of v does not change between the limits, 

I uvdx lies between A I vdx and B \ vdxj 

JXq Jxq J Xq 

which establishes the theorem proposed. 
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Cor. If f[x) h^ finite and continuous for all values of x 
between the finite limits Xq and X, then the integral 

f[x)dx 



will also have a finite value. 

For, let A be the greatest value of f[x\ and B the least, 

then f[x)dx evidently lies between the quantities 

ex tx 

A dx and B\ dx; 



"0 

rX 



f[x) dx> B{X-x^) and < ^ (i - Xq). 

97. Taylor's Theorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor's series. 

For, if in the equation 

/(X + A)^/(Z)= f{x)dx 
we assume a? =« X + A - 2, we get cfe = - dzy and also 

f{x)dx = \ f{X-{-h-z)dz; 

J X J0 

.-. /(X + h) -/(X) = p/(X + h-z)dz. 
Again, integrating by parts, we have 
{/(X + h-z) dz = s/(X+A-g) + J s/"(X + A - z)d%. 
Ilence, substituting the limits, we have 

1^ /'(X + h-z)dz^ V(X) + (* 2/"(X + A - «) <&. 
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In like manner, 

f s/'(X + A - z)dz ^-f\X + h-z) + [-r\X'\rh-z)dz, 
which gives 

and 80 on. 

Accordingly, we have finally 

/(X+A) =/(X) +^/(X) + :^/'{X) +. . . + r^/("-'K^) 



H.[/(»)(X.A-.)f^^. (16) 



This is Taylor's well-known expansion * 

98. Remainder in Taylor's Theorem expressed 
as a Definite Integral. — ^Let JRn represent the remainder 
after n terms in Taylor's series, then by the preceding Article 
we have 

i?„=|V)(Z+A-s)g^. (17) 

There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
For, by Art. 96, we have 

Joi.2.3...(w-i) i.2...n 

where U lies between the greatest and least values which 
/'(")(X + h - z) assumes while z varies between o and h. 



* The student will observe that it is essential for the validity of this proof 
(Art. 90), that the successive derived functions, /'(^)f/"(^)f ^*f should be 
finite and continuous for all values of x between the limits X and X + h* 
Compare Articles 54 and 75, J)if, Cole, 
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Hence, as in Art. 75, DiflE. CaJc. (since any value of z between 
o and h may be represented by (i - 0) A, where > o and < i ) ; 
we have 

Bn /(«)(X+0A) 

I • 2 • • • #v 

where is some quantity between the limits zero and unity. 

99. Bernoulli's Series. — If we apply the method of 
integration by parts to the expression /(a?) (fo we get 

J f{x) dx = xf{x) - I xf{x)dx ; 
.-. f f(x) dx = Xf{X) - f f{x) xdx. 

Jo JO 

In like manner, 

JO 1.2 JO 1.2 

Jo '^ ^ ^ I .2 1.2.3-^^^ Jo "^ ^^1.2.3' 

and so on. 

Hence, we get finally 

r/(^K^=^/(X)- -^/(X) +_^/'(x)-&c.... (18) 



Compare Art 66, Diff . Calc, where the result was obtained 
directly from Taylor's expansion. 

100. Exceptional Cases in Definite Integrals* — 

In the foregoing discussion of definite integrals we have sup- 

Eosed that the function f{x)y imder the sign of integration, 
as a finite value for all values of x between the limite. We 
have also supposed that the limits are finite. We purpose now 
to give a short discussion of the exceptional cases.* They may 

* The complete inyestigatioii of definite integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to 
M. Moigno's Calcul Integral, as also to those of M. Serret and M. Bertrand. 
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} be classed as follows: — (i). When /(a?) becomes infinite at 
one of the limits of integration. (2), When /(a?) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral /{x)dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function /(a;) in each particular case. 
The following investigation will be foui^d to comprise the 
cases which usually arise. 

10 1. Ca«e in ^rlileli/(a;) becomes inflnite at one of 
Hie Idmite. — Suppose that f{x) is finite for all values of x 
between cco and X, but that it becomes infinite when x^ X. 

The case that most commonly arises is where /(a;) is of 

the form jY'^~\n> ^ which yfj(x) is finite for all values 

between the linuts, and n is a positive index. 

Let a be assumed so that ;//(ar) preserves the same sign 
between the limits a and X; then 

}fj[x)dx [^ \lj{x)dx C^ yfj{x)dx 



{^ ylj[x)dx _ f^ ^lj{x)dx f 



"0 ^ ' 



(X - x)' 



The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(i). Let n < ly and also let A and £ be the greatest 
and least values of \Ij{x) between the limits a and X : then, 
by Art. 96, the integral 

I /Ir x.> lies between A 7= — r- and£ ,-^ ^ , . 

Moreover, since n < i, we have evidently 

dx (X-aV-^ 



i; 



(X - a?)« I - n 



and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > I, and, as before, suppose A and B the 
greatest and least values of \Ij{x) between a and X; then. 

/I X, lies between A j= r- and B ,-= r-. 

]a{X-xY }a{X-xY Ja(J-a?)* 

Again, we have 

dx I 



1 



{X-a?)« (n- i)(X~a?)'^^' 



Now 7= r—T becomes infinite when a? = X but has a 

(X - a?)**-* 

finite value when x = a\ consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When n = I, t=— — r = - log (X - x). This becomes 

infinite when a? = X ; and consequently in this case also the 
proposed integral becomes infinite. 

The investigation when f[x) becomes infinite for x- Xq 
follows from the preceding by interchanging the limits. 

102. Ca«e ^rbere f{x) becomes infinite between 
tbe Iiimlts. — Suppose f{x) becomes infinite when x - a, 
where a lies between the limits x^ and X; then since 

f /{x)dx = \/{x)dx + I /(x)dx, 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

life) 

Hence, if we suppose /{x) = . ^ ^.^ , it follows, as in 

(x-a) 

the last Article, that f{x)dx has a finite or an infinite 

value according as n is kss or not less than unity. 

The case in which /(a?) becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example^ if 

/(«i) =» 00, /(«2) = c», . . . /(a«) = 00, 
where Oj, 02 . . . ^n lie between the limits X and Xq ; then 

I f{x)div=\^f{x)dx-¥\ ^f{x)dx-¥&o.-\-\ f(x)dx, 

each of which can be treated separately, 

103. Ca«e of Inflnite Idmits. — Suppose the superior 

limit X to be infinite, and, as in the preceding discussion, let 

^L(x) 
f{x) he of the form . > ^ , where \p{x) is finite for all values 

(x - a) 

oix. 

As before, we have 

I f{x)dx^\ f{x)dx + \f{x)dx. 

JXq JXq J a 

The integral between the finite limits Xq and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let w > I, and let A be the greatest value of \p{x) 
between the limits a and 00, then 

. ,^ is less than A 7 r-. 

Bnt f^ ^ ^ 1 r I I 1 

Ja (iP - a)» n - I L(a - fl)**-^ (Z - a)»-0* 

The latter term becomes evanescent when X= 00 : accord- 
ingly in this case the proposed integral has a finite value. 

In like manner it is easily seen that if n be no^ greater than 
unity, the definite integral 



i: 



dx 

(x - «)*• 

[Oa] 



F 
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has an infinite value ; and oonsequenUy 

\lj{x)dx 



1. 



{x - ay 



is also infinite, provided ^(^) does not become evanesoent for 
infinite values of x. 

Henoe, the definite integral 



f 



\i/{x) dx 
{x - a)" 



has, in general, a finite or an infinite value according as n is 
greateror not greater than unity : \f/{x) being supposed finite, 
and Xq being greater than a. 

If X become - oo, a similar investigation is applicable; for 
on changing x into - x^ we have 



/(a?)(& = - f{-x)dx^ 



in which the superior limit becomes oo . 

104. Principal and Cfeneral Talues of aBellnlte 
Integral. — We shall conclude this discussion with a short 
account of Cauchy's* method of investigation. 

Suppose /(a;) to be infinite when x = a^ where a lies be- 
tween the limits Xq and X ; then the integral f{x)dxi3Te' 
garded as the limit towards which the sum 



f(x)dx^ f{x)dx 



approaches when c becomes evanescent ; /a and v being any 
arbitrary constants. 



* TUs and the four following Articles liaye been taken, with some modificao 
tions, from Moigno's Cdlcul Integral, 
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This value depends on the nature off{x), and maybe 
finite and determinate, or infinite, or indeterminate. 

If we suppose /i = v, the limiting value of the preceding 

sum is called the principal value of the proposed integral ; 

whfle that given above is called its general vidue. 

rx ^ 

For example, let us consider the integral I — . 
Here f ^ = M [ T^. r^l. 

Also, making x^-Zy 

— is log! — ]; while 

its general value is log f — ) + logf- j. The latter expres- 
sion is perfectly arbitrary and indeterminate. 
Again, let us take -j. 

As before, — = limit -r + • -f • 

Tj i. (^ dx I 1 , f ■'*• dx I I 

•^^* 3- = T^; and — = ; 

j^ or v£ X j^Q af /Lie Xo 

/. _ = liinit 1+ 1- 1- 1 . 

Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner^ 

Henoe the general value of the integral is infinite, while 
its principal value is l(±-^,). 

It may be observed that the principal value of 

J^^-iB equal to J^^^. 

This holds also whenever /{x) is a function of an odd 
order: i.e. when/(- x) = -f{x). 
For we have 

r f{x)dx=^'f[x)ds + (' f{x)dx. 

J^o Jo J-^0 

But r f{x)dx^'^ f{--x)dx^['f{-x)dx^ 

J-*o J^o Jo 

.-. p f{x)da> = ['" [f{x) +/( -x)\dx. (19) 

j-\ Jo 

Accordingly, if/(- a?) = -/(a?), we get 



J-<ro 



' f{x) dx = O. 



Again, 
have 



/(a?) dx== 2\ f{x) dx. 
J^A Jo 



105. Slnpilar Definite Integral. — The difference 
between the general and the principal value of the integral 
considered at the commencement of the preceding Article is 
represented by 

/(a?) dxy 

Ja-¥vt 

in which /(a) = 00, and c is evanescent. 
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Suoh an integral is called by Cauchy a singular definite 
integral^ in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate, 

1 06. Infinite Idmito. — ^If the superior limit be infinite, 

X 

egard f{x) dx as the limit of f{x) dx, when c becomes 



we r ^ 
evanescent. 



Also f{x) dx = limit of ^f{^) dx when c is evanescent. 



^« 



In the latter case the value of the definite integral when 
/ti = V isy as before, called the principal value of 



\\A^)dx. 



In this we assume that /(a;) does not become infinite for 
any real value of x, 

107. Example. — Suppose v,. \ to be a rational algebraic 

fraction, in which /(a?) is at least two degrees lower in re than 
F{x)y and suppose all the roots of F{x) = o to be imaginary, 
it is required to find the value of 



i 



-.W)"^' 



f(x) 
From the foregoing conditions it follows that —7-7 cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



f 






when c vaniBhes. 
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To find tiuB value, suppose 'Qr\ decomposed by the me- 
thod of partial fractions, and let 

A'Sy^i - A + Sy^ 

ana 



X- a - Jy^- I x- a + h*/- i 
he the fractions corresponding to the pair of conjugate roots 

a + Jy^- I and a - 6y^- i, of F{^ = o ; 
then the corresponding quadratic fraction is the sum of 

A - By/'^ . -4 + B^/~\ 

and 



X 



- a - b^y^i x-a + by/" i 



2 A (a? - a) + iBb 



{x - of + 6» • 



z 

, : r; — n = 2w^ when s Tanishes. 

X 

V' 2A(x -a)dx iju' (t - avtY + yvV ] 

*'■ J .J. (*• - a)' + 6' " ^^ lv» (i + aj««)' + 6V'«'J 



= 2 A log -, when « = o. 
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X 

-T f^ [2A{x-'a) + 2B]dx .t /u\ 

Now, suppose jP(a?) to be of the degree 2« in a?, and let the 
values of A and JS, corresponding to the n pairs of imaginary 
roots, be denoted by -4i, -4a, . . . -4n, and -Bi, -B2, . . . 5n, re- 
spectively ; then we have 



X 



+ 27r(-Bi + JBa + . . . + -Bn). 

Again, since /(a?) is of the degree 2» - 2 at most, we have 

Ai-\- A2+ » . . + An = o. 

For, if we clear the equation 

/(a?) ^ 2Ai(X'-ai) + 2Bibi 2An{X'an) + 2Bnbn 

F{x) (x^a,Y-^b,^ + . . . + [x^anf^hn' 

from fractions, the coefficient of ^'*~^ at the right-hand side is 
evidently 

2 (^1 + ^3 + . . . + ^n) ; 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 



J 



^,«te = 2w{B, + 5, + . . . + JB,). (21) 



♦ It may "be observed that when f{x) is but one degree lower than Fix). 

V, . dx is stiU of the form given in (21). 
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We proceed to apply this result to an important example. 

1 08. ITalae of r- wben m and n are PosltlTe 

Jo i+a?*** 

Integers, and n > m. 

Let o be a root of a?*** + i = o, and, by Art. 37, we have 

Again, by the theory of equations, a is of the form 

(2k + Ott / — . (2k + i)7r 

cos ^ ^— + y- I sin ^^ '—9 

2n 2n 

in which k is either zero or a positive integer less than n ; 

.-. a'"**^ = oos(2A + i)0 + \/^i sin {2k + i)0, 

2n 

Hence B = — ■—• ; and accordingly we have 

2n 

5i + JBj + . . . + JBn = — (sin d + sin 3d + . . . + sin (2n - 1)0} . 

2n 

To find this sum, let 

S*=sind + sin3d + . . . +sin(2n- i)0; 
then 

2i8sin 6=^2 sin'0+ 2 sin sin 3d 4- ...+ 2 sin Osin (2n - i)9 
= I- cos 20+ cos 20 -cos 40+ . . . + cos(2n- 2) 0- cos 2n0 

IT 

= i-oos2w0=2sin'»0 = 2sin'(2m+ i) - = 2 ; 

2 

' sin0 ^^ (2fn + iJTT - 

2n 



/ ' 

\ ^ -V- ^ / 



^ 
*% 

\ * 



/ 
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Aooordingly, we have 



I 



,• I +2?''* . (2W+ l)7r 

in 
Hence, by (19), 

r* a?^dx _ I f * i»*"*(3fe _ IT I 

Joi H-aj*" " 2j^i+aj'~"" In . (2W+ i)7r' ^^^^ 

2n 

We now proceed to consider the analogoius integral 

-^, where m and n, as before, are positive integers, 

and n > m. 

log. IiiTestlgatloii of L -'^—^dx. 

We commence by showing that 

dx 



I 



ol -^ 



= O. 



This is easily seen as follows : 

r dx f^ dx C'^ dx 
Joi-a?* ""Joi -iP* Jii -ii?'* 

Now, transform the latter integral, by maMng 2; = -, and 

s 

we get 

r dx __ r dz n dz n &? 

Jii-a^"Jii-«'" Joi -«'" Joi-^' 



f dx 
.'. 5=0. 



Again, proceeding to the integral 

a^^dx 



i 



, I - «'"' 
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we observe that i + a? and i - a? are the only real factors of 
I - a^^y and that the corresponding partial quadratic firaotion 
in the decomposition of 

IS 



I -«*• w(i - s^y 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 



1 



= 2n[Bi + ^2 + . . . + Bn.xjj 



- «^» 



-.1 - a? 

where £1, £a, . . . Bn^i have the same signification as beforel 
Again, since the roots of a^** - i = o are of the form 

kw ' J — . kir 
cos — ± a/- I sm — , 
n n 

it follows, as in Art. 108, that 

51 + -B2 + . . . + 5i»-i = — [sin20 + sin4d + .. . + sin2(w- 1)8], 

2n 

^ (2m + i)7r , - 

where = ^ —9 as before. 

2n 

Proceeding as in the former case, it is easily seen that 

sin 20 + 8in40+ . . . + sin2(n - i)0 

oosO -cos(2w- i)0 ,2m+ I 

= r-^r -^ = cot ,ir. 

2 sm 2n 



a^^dx IT ,2m-¥ I 

= - cot 

_, I ^ a?*** n 2n 



Hence - — — = -cot ""_ " ir; 



r a^'^dx IT , 2m+ I , . 

.-. T- = — cot — - — IT. (23) 

JqI -a;'" 2n 2n 
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Again, if we transform {22) and (23) by making x^^ = 2 



, 2m + I , 

and a = , we get 

2n ® 



= -T , = IT cot flir. (24) 

Jo I + 2 smaTT Joi - s 

The conditions imposed on m and n reqnire that a shonld 
be positive and less than unity. 

MoreoTer, since the results in (24) hold for all integer 
values of m and n, provided n > m^ we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we ^oceed to add a few. 

For example, on making w = 2* in (24), we get 

f* du an r ^^ J. 
£ = ; I i = air cot air. 

Joi+tt« sinair Joi-f*o 

If - = r, these become 

r = , = = - cot -, (25) 



rsm 
r 



where r is positive and greater than unity. 
Again 



JoTT^''Jor+ 



af^dx 



1 1 + a?*' 



Now, if in the latter integral we make a; = -, we get 

2 



r af'dx _ r z^dz ^ p dir^dx 
Jii+aj'" Jil +2»"Joi +«*' 

Joi +;c' Jo I +3?" ^ ^ 
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Moreoyer, from {22)^ when n is less than unity, we have 



2 
Aooordingly 



J fl? + ar* a? WIT 



2 008 — 

2 



In like manner, it is easily seen that 



i 



^ af^ - ar^ dx TT , nir ,. 

— = — tan — . (29) 

X - ar^ X 2 2 ' 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by maMng x = (T^ and 
nir = ff, and we get 

We add a few examples for illustration. 



EXAICPLSS. 
1. I 7. AfU* 



MB IT 



f~ dx 

5- J.TTn?- 



" 4' 



4. I Usi'^BdBf where n lies between + i and - i. „ '^ . 



2 cos — 

2 
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-—--—--, where fi > m. Ana, -—. 

2#f COS 

2n 
a & 

^ p (,a»+^»)(^ + ^fcr) ^^ 2 COS-COS - 



ro ^* + #-»* *' cos a + COB 6* 

/• I dx, ,, . 

Jo eir*-r»* cosa+cos^ 

It should he ohsenred, that in these we must haye a \ b <t, 

8. Hence, when d < x, prove that 



- v_ ^ («' + /')cos- 

I QQI& axax = " . ^ . , 

Jo 0ir*4.r*r* ^« + 2 cos * -f r« 



f 



cos a:rftr = 



sin axax=i- 



eff^ e-v ^ + 2 cos J + r« 

r __. 

Jo «»• + tf""^* 2 ^ + 2 COS * + r« 

dz, 

1 -« 



1 £a_ jT^ Y 

-4«J. T cot «T . 

1 -« o 



III. DiflRerentlation of Definite Integrals. — It is 

plain from Art. 86 that the method of differentiation under 
the sign of integration applies to definite as well as to in- 
definite integrals, provided the limits of integration are 
independent of the quantity with respect to which we dif- 
ferentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e. 
let 

u = 0(;r, ajdxj 

J a 

where a and b are independent of a. 

du * 

To find — let £iu denote the change in u arising from the 
da 

change ^a ixi a; then, since the limits are unaltered, 
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Au = [^{^9 a -^ Aa) - ^(a?, a)jflfe; 



Aa la Aa 



■i 

Hence, on passing to the limit,* we have 

eft* ^ r> dj, (a?, a) ^^ 
da }a da 

Also, if we differentiate n times in succession^ we ob- 
viously have 

d^u _^ p ^*0(iP, a) 



ei^o" « rfa** 



e£27. 



The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by DIITerentlatloii* — If 

the equation 



1 



00 

e-^dx^- 

Q a 



be differentiated n times with respect to a, we get 

» 

I . 2 .3 . . .n 



1; 



ixfe-'^'^dx = 



a«+^ 



as in Art. 95. 

Again, from the equation 



r* dx _ IT I 

J aJ* + a 2 ai' 



we get, after n differentiations with respect to a, 

dx _ IT 1 . 3 . 5 ...(211 - i) I 
(ir» + a)"*^ "22.4.6... 2» a"*i ' 

which agrees with Art. 94. 



f. 



* For exceptions to this general result the student is referred to Bertrand's 
Cahul Integral f-^, ill. 
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Again, if we take o and oo for limits in the integrals (23) 
and (24) of Art. 2 1, we get 



1, 



e^ammxdx 



a^^-m^^ Jo 



e"^sin^w?efo = 



m 



a' + w* 



. (31) 



Now, differentiate each of these n times with respeot to a^ 
and we get 



e'~^ixf*QOBmxdx= I- iY[t\ l-z — 
Jo ' \daj \a^ + 



m' 



1; 



_ lw.cos(» + l)0 
^a^sinm^efo=LL^ilLl)^ 



(32) 



where w = a tan 0. (See Ex. 17, 18, Diff. Oalo., pp. 58, 59.) 
Next, from (24) we have ^ 

I = IT cot air. 

Jo I-a? 

Accordingly, if we differentiate with respect to ay we have 

Jo I -a? sin'flTT* 



Again, if the equation 



y^'^dy^^ 
hx 



be transformed, by making y= 7-5 it evidently gives 

a T ox 



j 



af^^dx 



(a + Ja?)*^* naJ"' 

[10] 
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Now, diflEerentiating with respect to at, we have 



1, 



OD 



cif^^dx 



{a + bxY^^ n{n + i)a^l^' 

If we proceed to differentiate m - i times with regard to 
AT, we have 



f, 



00 



af^^dx 1 . 2 . 3 . . . (w-i) 



{a + Sa?)*""" w . (n + i)(« + 2) . . . (n + w - i) * a»» J"' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
We shall illustrate this statement by one or two examples. 
Ex. I. To find 



J. 



'^log(i + sin a cosir) 

dx, I 



cos^ 



Denote the definite integral by u^ and differentiate with 
respect to a ; then 

du f"" Qo^adx ,- A , «v 

= ; = TT (by Art. 18). 

da J I + sm o cos a? ^ •^ ' . 

Hence, we get 

'"" dx loff (i + sin a cosa?) 



cos a; 



No constant is added since the integral evidently vanishes 
along with a. 



" c"'^^ sin ma? 



Ex. 2. w = dx, 

Jo ■^ . 

In this case 

-- = e'^ cos mxdx- -7 1 ; 

rfm Jo a + m 

,', u = a\ -z , = tan-M — ). 

]a^-\-m^ \aj 

No constant is added since tt vanishes with m. 



Case where the Limits are Variabk. 
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Ex. 3. Next suppose 



log(i + flV) 



Here 



Jo I ■*- b'^X 

r* 2a3i?dx 

"Jo (I ^a'^){i^¥x') 

^ iff* 2adx r* zadx 

^^^^'LJo rT6v""Jo TT^\ 



da 
da 



a 



a^-h^\b 



I TT = 



TT 



b{a + b) ' 



.•. w = 7- r = T log (a + i) + const. 

6 J a + 6 ° ^ ' 

To determine the constant : let a = o, and we obviously 
have « = o. 



IT 



Consequently, the constant is - r log 6; 



i 



X 



log(i + a^ix?) 



^ = J^"8(^*) 



The method adopted in this Article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and b are functions of • 
the quantity with respect to which we differentiate. 

114. Dilferentlatlon wbere the liimito are ITa- 
riaMe. — Let the indefinite integral of the expression 
^(a?, a)dx be denoted by F{Xf a) ; then, by Art. 91, we have 

w = ^(a?, a) (fo? = F{by a) - F[a^ a) ; 



du d . F{by a) 



db 



db 

[10 a] 



0(6, a), 
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, du dF(a, a) ^ / V 
^^ ^= 5^ = -*(«'«)• 

Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 



rfo Jo 



d^{Xya) dudb du da 

da db da da da 



By repeating this process, the values of ^, ^, &c., can 

be obtained, if required. 

115. Integratton under the Mgn of Integratton. — 

Eeturning to the equation 



u 



0(a?, a)dXf 



where the limits are independent of a, it is obvious, as in 
Art. 85, that 



uda =1 0(^9 a) (fa dXf 



provided a be taken between the same limits in both cases. 
If we denote the limits of a by ao and ai, we get 

uda = 0(*^9 o)da dXf 

Joo JaLJao -J 

0(ar, a)dx\da= ^{xy a) da \dx. (34) 



or 



This result is easily written in the form 

•6 pa^ 



0(0?, a)efoci?a= ^{x, a)dadx. (35) 

J ao J<> Ja J ao 
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These expressions are called double definite integrals^ as in- 
Tolving BuooessiYe integrations with respect to two variablee, 
taken between limits. 

* 

It may be observed that the expression 



0(^9 o)dxda 



J aQja 



is here taken as an abbreviation of 



fit 



^{xy a)dx 



day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits oo and oi. 
The principle* established above may be otherwise stated, 
thus : In the determination of the integral of the expression 

^{x, ajdxda 

between the respective limits Xq, a?i, and a©, oi, we map effect the 
integrations in either order^ provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

1 1 6. Applieatlons of Integration under the Sign /. 

Ex. I. From the equation 



\r 



-■ dx = -^- 



a 

we get 

'^ ''"^ [^^da . fax 



Jo J a, ' 



"^ da dx = 



^^_ = log 



w 



♦ It sholild be noted that this principle fails whenever ^(«, o), or either of 
its integrals with respect to a, or to Xj becomes infinite for any values of x and a 
contained between l£e limits of integration. The student will find that the 
examples here given are exempt from such failure. 



150 



Definite Integrals. 



Hence 



1 /Wl,-1 



,-1 



^'■'-^°-:^=iog(^). 



log a? 



a, 



Again, if we make a? « «"* in this equation, we get 



I 



OD 



>s 



i:rz.!z:rf,=iogf?o). 



.Ol. 



Ex. 2. We have already seen that 



Henoe 



i 



ao 



e'*^ cos mxdx = 



a 



a* + m^' 



/.ao 




J 



e"^^a cos mxdx 



"]««' + « 



= -log 



w^' 



oi^ + m^^ 



.On + m 



•< > 



or 



Jo 



iP _ g-ao« 



iT 



ooamxdx = - loa: -^;; 

2 ^ Voo' + m' 



Ex. 3. Again, from the equation 



/• X 



e"^ sin mxdx = 



m 



we get 



Jo Ja„ 



c"«*sin mxdadx = 



a» 


+ w^' 




in 


mda 


• 


a* + m- 


> 



-i 



* ^-ao^J _ g-«i« 



.-1 / Ol 



iT 



sin mxdx = tan-^( ^ ] - tan'^ (^\ 

ml \mj 



Compare Ex. 2, Art. 113. 

If we make a© = o and ai = 00 in the latter result, we 
obtain 



1 



dx = -. 

B X 2 



Value of I e-^^dx. 
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Ex. 4. To find the yalue of 



i 



e^^dx. 



Denoting the proposed integral by k^ and subfitituting 
ax for a?, we obviously have 



Jo 



)oe& =5 ke'^^. 



Hence 



But 






^adadx= k 



e'-'da = *-. 



)oc?a = — 



2 I + X 



■i y 



Hence 



2joI+iC' 4 

r* 

^*^*rfir = A; = - v^tT. 
Jo 2 



(36) 



This definite integral is of considerable importance, and 
several others are readily deduced from it. 
117. For example, to find 



Here 



(A) t. = |] 

— = - 2 f " 
da Jo 









e "fl 



a 



Again, let z = -, and we get 

X 
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.-. -r- = - 2M ; henoe u = C!r^. 
da 



To determine C7, let a = o^ and, by the preceding example, 



f^beoomes 



Consequently 



i: 



r""v^ = ^6-'«. (37) 



Again, to find 

(B) u = r*"*"cos ihxdx. 

Here 

-77 = - 2 I e"^'*"eos ihxxdx. 

But, integrating by parts, we have 

f w.»*a • 1 . <?"***" sin 2 J;i? 26r_^,- . - 
c'** * sm 2bxxdx = r + -r er^' COB 20xax: 

c"^'**sin zbxxdx = — e-"'*" cos 2tedSp. 
-0 a*Jo 



2 C' 



Hence 



rfw_^ 2bu du ^ zhdb 



h 

Hence u= Ce »'; 

Also, when J = o, w becomes ^!- — ; 

2a 



- *■ 



.-. f ^•"cos2&rt& = ^c"«\ (38) 

Jo 2a 



•i 

i 



f 
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Again, if we differentiate n times, with respect to a, the 
equation 

Jo 2v^a 

and afterwards make a = i, we get 

(O) f'r-Vdir = Ii±lAili^A y-. 

Jo . . 2 

Next, to find 

We obvionslj have 



2 



r* r 
• 2 



f ae-*(»'")*i=— ^; 
Jo 1 + ar 

r COS f^'^ £^ 

a ^-«'(^+**) COS mxdxda = r-. 

lo I + a*^ 



But, by (38), we have 



2 I e"*"*'oo8 m;rd!r = "^ — e"^ ' 



CI 



y-f" _a-^ , f* COB ma:dx 
^ Jo Jo i+ar' 



Henoe, by (37), we have 



Again, differentiating with respect to «n, we obtain 

r* xsinmxdx ir ^ , 

J— = —er^. (40) 

J I + a:' 2 ^^ ' 
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Examples. 



'■ I 



g-M + 0-a9 



ev* — trw» 



xdx. 



I a 
Ana, -sec'-. 
4 » 



. 

2 I + jc ;r 

when a > o and < i . 

1 s" + 5-» - 2 £?« 






logs 



„ iog^tan^j, 

„ log(-T^^). 
" \8in oir/ 



jt. 



n 

!"% dx 
log (i + cos fl COSJ) . 
COS « 



„ ir^ra-er^j. 



f sf'logza.: 

'• Jo ~TT^ 



!* sinogifg 
tf**^ ~~trf^ 





sm — 

»» 2 


l> 


4 5'**' 

* cos' — 

2 




I tf« - r 


>> 


4«»+ 1 



1 1 8. The values of some important definite integrals can 
be easily deduced from formula (31), Art. 32. 
For example,* to find 



IT 

f*log(Bme)rfe. 

I 



Here 



log (sin d) dO = log (cos 0) dO. 



Hence, denoting either integral by «, we have 



2u = I {log (sin 0) + log (cos 0) ) dO 



* These examples are taken from a Paper, signed "II. G.," in the Cambridge 
Mathematical Journal^ Vol. 3. 



Theorem ofFmllani. 
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log (sin 2S)dQ - -log 2. 



Again, if 2 = 20, we have 



fa I fir 

log (sin 2e)de = - log (sin z)di 

Jo 2 J 

IT 

I ri if"" 

= - log (sin 2)rfs + - log(sin2)rf2; 

2 J 2 I ir 



but, since sin (tt - s) = sin 2, 



IT 

log (sin z)dz = T log (sin z) dz. 



Consequently 



ir 



\ log (sin 2d)d9 = f ' log (sin e)d9 ; 

Jo Jo 

IT 

.-. f'log(smfl)rfd = --log(2). 

Jo 2 

Again, to find 

['01og(sine)rf0. 
J 



f fl log (sin 0)de = [ ' {tt - 0) log (sin 9)de ; 
.-. [' fllog (sin e)d9 = - ["log (sin e)de = - - log (2) 

Jo . 2 J 2 

119. Theorem of Fmllanl. — To prove that 



(41) 



1 



00 



♦W^^ = ,(o),„,(?|. 
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Let u = ^^ — ^^ dz ; substitute ax for «, and we get 

Jo s 



-I 



a^{ax) - 0(0) 



dx. 



X 

If we substitute h ior a, we get 

A 



^ f>»(H-»(o)^ 

Jo 0? 



% h 



•■•l:*^-j:*^-*(o)i:?=*(»)>°«!- (4=) 



& 



Hence r*MzlMrf,_f*M^ = ^(o)log(*\ (43) 



a 



If we suppose ^ = oo, we get 



^ ^ ^ ^ ^^ = «(o) log ( - , (44) 

Jo X \aj 



h 



provided ^ — - dx - o when A = oo. 



h X 



For example, let ^(x) = cos^, and, since the integral 



i; 



h 

* cos bx _ 
ax 



X 

a 



evidently vanishes when A = oc, we have 

cos fliP - COS Jo? , , b 

JO 



f COS fliP - COS Jo? - - b 

dx = log -. 

Ia X ° a 






Theorem ofFruUani. 
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Fmllani's theorem plainly fails when ^{ax) tends to a 
definite limit when x becomes infinitely great. The f ormnlsd 
can be exhibited, however, in this case in a simple shape, as 
was shown by Mr. E. B. Elliott.* 

For, in (42) let A = a6, and it becomes 



1; 



^{ax)dx 



X 



(b(bx)dx , V , fb\ 
^^ ' = 6io) log - ]. 



(45) 



Again, if 0( 00) denote the definite value to which ^(o^) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute ^(00) instead of ji{bx) in the 
integral 



h 



^{bx) 



a 



dx\ 



in which case it becomes 



^(oo)|^__=^(oo)logM. 



^ X 
a 



On making this substitution in (43), we get 

i;^^^^^^^={*(oo)-*(o)jiog(?). (46) 

For example, let <^{ax) = iosr^iax) then we have ^(o) = o, 



TT 



and 0(00) = -. 
^ 2 

Accordingly we have 
tan~^aaj - tan" 






X 



-^-\i3-'M^- 



* Educational Times, 1875. The student will find some remarkable exten- 
uons of the formnlaB, given above, to Multiple Definite Inte|ral8, by Mr. Elliott, 
in the Froeeedinga of the London Mathematical Society, 1876, 1877. Also by- 
Mr. Lendesdoif, in the same Journal, 1878. 
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iig a. Remainder in liai^ange's Series. — ^We next 
proceed to show tkat the remainder in Lagrange's series 
(Diff. Oalc, Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. Popoff uOomptea Rendus^ 1861, pp. 795-8). 

The followinfi; proof, which at the same time affords a 
demonstration of the series, of a simple character, is due to 
M. Zolotarefi : — 

Let z^ X + yf^{z) \ and consider the definite integral 

Sn = [y^{u) +x - u)^F\u)du. 

Differentiating this with respect to Xy we get, by (33), 
Art. 114, 

'^^nB..,-rH{x)\^F'{x). (47) 

If in this we make n = i, we get 

but s„ = F(z) - F{x) ; 

.■.F{z) = F{x)+y,^{z)F'ix) + ^. (48) 

In like manner, making n = 2, we have 





2Si = y 


^[,^{x)]^ F{x) + 


dSi 

m 

dx ' 


dsi 
dx 


y' d 

I .2dx 


[<^{x)YF(x) 


+ - 
I 



I d^S2 



I . 2 dx^' 
Substituting in (48) it becomes 

F{z)=Fix).^^i>ix)Fix).J^^l[[m^F{x)] H- ^/^. 
Again, 
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St 



y" d 



2 r 



' ' 1 .2 da^ I . 2 . xda^ 



[^{x)YF{x) 



+ 



I d^8z 

1.2.3 ^' 



rla 



€t^^8n-i 



I ^/ d^-^ 



I .2 . , .n-i daf^^ 



Hence we get finally 



I , 2 . , ,n d^' 



'-\^^{x)YF(x)\^ 



d^'B. 



+ 



1.2 . . . n daS^ ' 



d 



F{z)^F{x)^\<^{x)F(x)^-l-^^- 



^{^)vn^) 



+ &C. 



+ 



^ 2,_n {£) r t^ *M + ^ - u-YF{u) du. (49) 

Consequently the remainder in Lagrange's series is always 
represented by a definite integral. 

We next proceed to consider a general class of Definite 
Integrals first introduced into analysis by Euler. 
y<^ 120. C^ainma Functloiis. — It may be observed that 
tnere is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple ; nor in which 
the results arrived at are of greater elegance and interest. 
It would be manifestly impossible in the limits of an 
elementary treatise to give more than a sketch of the results 
arrived at. At the same time the Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties. "With such an outline 
we propose to conclude this Chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integrcd, viz.. 



1: 



x'^-^{i - x)'^^dxy 



is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation -B(m, n). 
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Thus, we have by definition 

} 

e-''a^'^dx-=T{p). 



(50) 



The constants m, n, are supposed positive in all cases. 
It is evident that tho result in equation (14), Art. 95, still 
holds when p is of fractional form. 
Hence, we have in all cases 

r(i?+ i)-pr{p). (51) 

This may be regarded as the fundamental property of 
Gtonma Functions, and by aid of it the Calculations of all 
such functions can be reduced to those for which the para- 
meter jp is comprised between any two consecutive integers. 
For tlus purpose the values of r{p)y or rather of log r{p\ 
have been tabulated by Legendre* to 1 2 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma Functions. 

It may be remarked that we have 

r(i)=i, r(o)=oo, r(-i?)=oo, 

p being any integer. For negative values of p which are 
not integer the function has a fiaite value. 

Again, if we substitute zx instead of a, where 2 is a con- 
stant with respect to ir, we obviously have 



[ 



e-^.,fo=i^. (5,) 



See TraiiS det Fonctumt ElUptiquei, Tome 2, Int. Euler, chap. 16. 



Expresmn for B (m, n) . 
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With respeot to the First Eulerian Integral, we have 
already seen (Art. 92) that 

af^'^{i - xY^^dx = mf^^ (i - x)^^dx\ 

.', B{m^ n) - B[n^ m). 

Henoe, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute -^— for a?, we get 



i; 



aJ^-^(i - xY'^dx = 



u (1 +y) 



m+« 



Henoe 



r IT 

J. (1 + 



y) 



m-Hi 



= 5(w, »). 



(53) 



We now proceed to express B (m, n) in terms of Gamma 
Functions. 

121. To prove tliat 

„, . r(»») r(w) 

Prom equation (52) we have 



r(m) = 



^aar gw ^m-i ^^^ 



Hence 



r {m) e^ s«-i = f e-* (^+*) s«+'»-^ ««•-> dx ; 

^ ' [ll.f 



af^'^dx. 
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But, if s (i + iP; = y, we get 

Jo (l+;2;)"^lo (i +a?)~^ 



af^-^dx 



.'. r(m) r(n) = r(m + n) | , . 

^ ^ ^ ^ ^ ^ Jo (l +«) 

Accordingly, by (53), we have 

^ ' ^ r(»n-n) 
Again, if w = i - w, we get, by (24), 

r(n) r(i - w) = = -: — 

^ '^ ^ ^ Jo I +a? sinw! 
If in this w = -, we get 



iin^^ 



(54) 



«ir 



.■*1!.) 



r(i) . •;. 



This agrees with (36), for if we make a?* = «, we get 



/*• 



» 



e-^"c^;r = - 



2 .0 



t'~*s"iefe = 



r(i 



(56) 



Again, if we suppose in the double integral 

X and y extended to all positive values, subject to the Condi- 
tion that X + y \a not greater than unity ; then, integrating 
with respect to y, between the limits o and i - a?, the 
integral becomes 



- x'^'-^i -xYdx = - ~^ — ^ ~, by (54) ; 

wjo ^ n r(m + n+i) -^ ^^^' 

^1 «-i^ ^ r(w)r(n) 

^ ^ r(w + n+i)' 



(57) 



in which x and y are always positive, and subject to the con- 
dition x + y < I. 
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122. By aid of the relation in (54) a number of definite 
integrals are reducible to Gamma Fiinotions. 
Fox instance, we have 






Jo (I + yT^ J (I + y)^**" ^ Ji (I + y)«**«' 



I 



Now, substituting - for ^ in the last integral, we get 

X 



Ji(i + y)"**""Jo (i+a?)«^' 
Hence 



J 



Next, if we make ii? = ~^, we get 



Jo(i+a')"^ Jo(«y + 



j 



This result may also be written as follows : 



1 



I - - 



i^2jf^ _ r(m) r(n) 
0(1 +a:)»^ r(m + ti)' ^^^^ 

ay 



r y«>-^efy r(m) r(n) 

* J («y + J)*^*" ^"•fi'* r(w + n)' ^^^^ 

Again,* let a? = sin^0, and we get 

r a;"-' ( 1 - ar)»-' (te = 2 [ ' sin*"-' 6 oos'""' e^fO ; 



Bin*— e 008'-' erffl = ^^"f^ ^^% (60) 

2 r(m +n) ^ ' 



sbP-' e oo8«-' 0<ffl = ^7 W. (60 



* These results may be regarded as genervJizalions of the f ormulfle giyen in 
Arts. 93, 94, lo wWch the student can readily see that they are reduciUe when 
the indices are integers. 



^ 



^ . 
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If we make g' = i, we get 



pBin'^' ede=^ yi ,. (62) 

Jo 2 ^f p + I \ 



r 

Again, hip <= ^ in (61) it becomes 



Jo 2^^lo 



Let 20 = 2, and we have 



I siii^*20rf0 = - sin^^stfe = Bin^^zcfe 

Jo 2 Jo Jo 



V IT 



' T 



m 



H„. r@r(£±i).^rw. 

If we substitute 2m for^, this becomes 

\/7r 



1 

j: 



(64) 



r(m)r(m^i)=^r(2m). (63) 

Again, make y = tan'0 in (59), and we get 

'^ sin^*»-^eco8'^^0c^fl _ r{m) T{n) 
(fl sin^e + ^> eos'e)*"^ " 2fl"» 6»r(w + w)* 

123. To find the ¥alae* of 

n being any integer. 

* This important theorem is due to Euler, by whom, as already noticed, the 
Qamma Functions were first inyestigated. 



raiueofr[^)r(^)r(^]...r("-'^ ' ^^ 



jiJ \nj \nj \ n 



Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 






. TT . 27r . 37r . (n - i)?r 

sm — sin — sin — ... sin -^ -— 

n n n n 

To calculate this expression, we have by the theory of 
equations 

1 - a?' 



=1 I - 2X008--^ x^ I -2a?cos — +a;* ... i -2a?oos^ ^+jr* 

n l\ n J \ n 



Making successively in this, x = i, and x = - i, and re- 
placing the first member by its true value w, we get 

/ . nVf . 27rY / . («-i)7rV 

n = [2 sm— 2sm — |...2sm -^ — ] , 

\ 2nJ \ 211 J \ 2n J 

( irVf 27rY f (n- i)7rV 

W = 2 cos 2 COS — ... 2 cos — , 

\ 211J \ 2nJ \ 2n J 

whence, multiplying and extracting the square root, 

„ , . TT . 27r . (n - i)7r 

n = 2""*sin — sin — . . . sm -^^ — . 

n n n 

Hence, it follows that 



.«/ \nJ \ n 



n-1 
2~ 



r(^)r(,)...r(--:^) = i^. (65) 
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124. To find the iralnes of 

e^'' COS bxaf*'^ dx, and e"^* sin bx x^^ dx. 

If in (52) a - 6-v/- i be substituted* for z the equation 
becomes 



Let a = {a' + i*)* 00s 0, then J = (a* + fi'^)* sin 9, and the 
preceding result becomes 

^''(cos bx + -v/- I sin bx)x^''^dx 



(cos + V- I sin fl) 



m 



= — ^—^ (cos w0 + ^/^' I sin mO). 
(a' + b^y 

Hence, equating real and imaginary parts, we have 
r*'^cos bxaf^'^ dx = ^— ^ cos wO 

e"**sin bxa^'^dx = ^^-^ sin mO | 



> , (66) 



in which = tan"^[ - V 



IT 

If we make a = o, becomes -, and these formulae become 

2 



* For a rigorous proof of the yalidity of this transforznatioii the student is 
referred to Serrett's Gate, Int., p. 194. 
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J» i" 2 ' 

>. (67) 

/.0> T-|/\ '^ \ I / 

sin 6a?a;*»-^ dx = —5^ sin — 

Jo ^"* 2 

It may be observed that these latter integrals oan be ar- 
rived at in another manner, as follows : — 
i Prom (52) we have 

r {n) — ^ = e~** aj"~* cos 62 dx ; 

S Jo 

„ , . f * COS 62 cfe I * f * -* T « 1 T , 

.'. r(n) ;; — = e""* COS 62 a^*'*aSra2. 

Jo S Jo Jo 

But, by (32), we have 



1 



e-^ cos J2 efe ~ 



6» + aj»' 



*'■ Jo i^^ "T^oJo ft' + ir' 



JH-l 



IT 



^ ^ 2 COS — ) oy (27), 



in which n must be positive and < i. 
In like manner we find 



OD • 



sm bz dz b*^"^ ir 



j 

Jo * 



'^'^ r(n) . WTT 

^ ^ 2 sm — 
2 



The results in (67) follow from these by aid of the relation 
contained in equation (55). 



2. 



168 Definite Integrals. 

EZAHPLBS. 

I. I (xf^ii-si^ydx. Ana. , \ n , 

fi a4»-i(i , x)^^dx T{m)T{n) 

Jo (* -I- «)"•*" ' " a«(i+a)"»r(m+«)* 

3. Prove that 

Jo(i - ic*)* Jo(i + aj4)j ay^a' 
, L r(»+ i)cos(n^) 

4. J^ coB[b^)dz. „ jr-^-^- 

5' \ / 9) " 



« /r i\ 



'• r 

Jo 



ax. 



IT 



>» 



123. IVamerical Calculalion of Oamma Func- 
tions. — The following Table gives the values of log r(j>), 
to six decimal places, for all values of p between i and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = r(2) = i, and 
that for all values of jt? between i and 2, r(jo) is positive and 
less than unity ; and hence the values of log V (p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion, in 
an elementary Treatise. 



Log r{p). 



( 


1 
P 

I.OO 


1 

1 


1 

9750 


2 ! 8 


4 


5 ; 6 


7 
8263 


! 8 

1 


9 




9500 


9251 


9003 


8755 


8509 


8017 


7773 


1 


I.OI 


9.997529 


7285 


7043 


6801 


6560 


6320 


6080 


5841 


5602 


5365 




1.02 


5128 


4892 


4656 


4421 


4187 


3953 


3721 


3489 


3257 


3026 




1.03 


2796 


2567 


2338 


2110 


1883 


1656 


1430 


1205 


0981 


0775 




1.04 


0533 


0311 


0089 


9868 


9647 


9427 


9208 


8989 


S772 


8554 




1.05 


9.988338 


8122 


7907 


7692 


7478 


7265 


7052 


6841 


6629 


6419 




1.06 


6209 


6000 


579* 


5583 


5378 


5169 


4963 


4758 


4553 


4349 




1.07 


4145 


3943 


3741 


3539 


3338 


3138 


2939 


2740 


2541 


2344 




1.08 


2147 


1951 


1755 


1560 


1365 


1172 


0978 


078O 


0594 


0403 


1 


1.09 


0212 


0022 


9833 


9644 


9456 


9269 


9082 


8900 


8710 


8525 




I.IO 


9.978341 


8157 


7974 


7791 


7610 


7428 


7248 


7068 


6888 


6709 




I. II 


6531 


6354 


'6177 


6000 


5825 


5650 


5475 


5301 


5128 


4955 




I.I2 


4783 


4612 


4441 1 4271 


4101 


3932 


3764 


3596 


3429 


3262 




113 


3096 


2931 


2766 


2602 


2438 
0835 


2275 


2113 


^951 


1790 


1629 




I.I4 


1469 


1309 


1 150 


0992 


0677 


0521 


0365 


0210 


0055 ' 




I.I5 


9.969901 


9747 


9594 


9442 


9290 


9139 ; 8988 


8838 


8688 


8539 




1. 16 


8390 


8243 


8096 


7949 ! 7803 


7658 ! 7513 


7369 


7225 


7082 




I.I7 


6939 


6797 


6655 1 6514 6374 


6234 ; 6095 


5957 


5818 


5681 ; 




I.18 


5544 


5408 


5272 j 5137 ; 5002 


4868 


4734 


4001 


4469 


4337 




1. 19 


4205 


407s 


3944 


3815 


3686 


3557 


3429 


3302 


3175 


3048 


' 1.20 


2922 


2797 


2672 


2548 


2425 


2302 


2179 


2057 


1936 


1815 


1 I.2I 


1695 


1575 


1456 


1337 


1219 


IIOI 


0984 


0867 


0751 


0636 


1 1.22 

1 


0521 


0407 


0293 0180 


0067 


9955 


9843 


9732 


9621 


95" 


! 1.23 


9.959401 


9292 


9184 9076 
8128 [ 8025 


8968 


8861 


8755 


8649 


8544- 


8439 




1.24 


8335 


8231 


7923 


7821 


7720 


7620 


7520 


7420 




1-25 


7321 


7223 


7125 7027 


6930 


6834 


6738 


6642 


6547 


6453 




1.26 


6359 


6267 


6173 , 6081 


5989 


5898 


5807 


5716 


5627 


5537 ' 




1.27 


5449 


5360 


5273 5185 


5099 


5013 


4927 


4842 


4757 


4673 




1.28 


4589 


4506 


4423 
3624 


4341 


4259 


4178 


4097 


4017 


3938 


3858 




1.29 


3780 


3702 


3547 


3470 


3394 


3318 


3243 


3168 


3094 




1.30 


3020 


2947 


2874 


2802 


2730 


2659 


2588 


2518 


2448 


2379 




I-3I 


2310 


2242 
1585 


2174 


2106 


2040 


1973 


1907 


1842 


1777 


1712 1 




1.32 


1648 


1522 


1459 
086 r 


1397 


1336 


1275 


1214 


"54 


1094 ' 




1-33 


1035 


0977 


0918 


0803 


0747 


0690 


.0634 


0579 


0524 




1.34 


0470 


0416 


0362 


0309 


0257 


0205 


0153 


0102 


0051 


0001 




1-35 


9.949951 


9902 


9853 


9805 


9757 


9710 


9663 


9617 


9571 


9525 




1.36 


9480 


9435 


9391 


9348 


9304 


9262 


9219 


9178 


9^6 


9095 




1-37 


9054 


9015 


8975 


8936 


8898 


8859 


8822 


8785 


8748 


8711 




1.38 


8676 


8640 


8605 


8571 


8537 


8503 


8470 


8437 


8405 


8373 




1-39 


8342 


8311 


8280 


8250 


8221 


8192 


8163 


8135 


8107 


8080 




1.40 


8053 


8026 


8000 


7975 


7950 


7925 


7901 


7877 


7854 


7831 




1.41 


7808 


7786 


7765 


7744 


7723 


7703 


7683 


7664 


7645 


7626 , 




1.42 


7608 


7590 


7573 


7556 


7540 


7524 


7509 


7494 


7479 


7465 




1.43 


7451 


7438 


7425 


7413 


7401 


7389 


7378 


7368 


7357 


7348 




1.44 


7338 


7329 


7321 


7312 


7305 


7298 


7291 


7284 


7278 


7273 ; 




1-45 


7262 


7263 


7259 


7255 


7251 


7248 


7246 


7244 


7242 


7241 




1.46 


7240 


7239 


7239 


7240 


7240 


7242 


7243 


7245 
7289 


7248 


7251 i 




1.47 


7254 


7258 


7262 


7266 


7271 


7277 


7282 


7295 


7302 i 




1.48 


7310 


7317 


7326 


7334 


7343 


7353 


7363 


7373 


7384 


7395 j 




1.49 


7407 


7419 


7431 7444 7457 


7471 


7485 


7499 


7514 


7529 
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Logr(^). 



p 





1 


2 


3 4 5 6 


7 


8 


9 


1.50 


9-947545 1 75^1 


7577 


7594 


7612 


7629 7647 


7666 


7685 


7704 


I.5I 


7724 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 


1.52 


7943 


7967 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1.53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


8437 


8468 


1-54 


8500 


8532 


8564 


8597 


8630 


8664 


8()98 


8732 


8767 


8802 


1-55 


8837 


8873 


8910 


8946 


8983 


9021 


9059 


9097 


9135 


9174 


1.56 


9214 


9254 


9294 


9334 


9375 


9417 


9458 


9500 


9543 


9586 


^•57 


9629 


9672 


9716 


8761 


9806 


9851 


9896 


9942 


9989 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


0472 


0522 


1-59 


0573 


0624 


0676 


.0728 


0780 


0833 


0886 


0939 


0993 


1047 


1.60 


1 102 


1 157 


1212 


1268 


1324 


1380 


1437 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 


2209 


1.62 


22^1 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2780 


2845 


1.63 


291 1 


2977 


3043 


3110 


3177 


3244 
3938 


3312 


3380 


3449 


3517 


1.64 


3587 


3656 


3726 


3797 


3867 


4010 


4081 


4154 


4226 


1.65 


4299 


4372 


4446 


4519 


4594 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


§^71 


5740 


1.67 


5830 


591 1 


5991 


6072 


6154 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8l22 


8211 


8301 j 

1 


1,70 


8391 


8482 


8573 


8664 


8756 


8848 


8941 


9034 


9127 


9220 , 


1.71 


9314 


9409 


9502 


9598 


9693 


.9788 


9884 


9980 


0077 


0174 ; 


1.72 


9.960271 


0369 


0467 


0565 


0664 


0763 


0862 


0961 


1061 


1 162 ! 


1-73 


1262 


1363 


1464 
2496 


1566 


1668 


1770 


1873 


1976 


2079 


2t83 : 


1.74 


2287 


2391 


2601 


2706 


2812 


2918 


3024 


3131 


3238 


1.75 


3345 


3453 


3561 


3669 


3778 


3887 


3996 


4105 


4215 


4326 


1.76 


4436 


4547 


4659 


4770 


4882 


4994 
6135 


5107 


5220 


5333 


5447 


1.77 


5561 


5675 


5789 


5904 


6019 


6251 


6367 


6484 


6600 


1.78 


6718 


6835 


6953 


7071 


7189 


7308 


7427 


7547 


7666 


7787 


1.79 


7907 


8023 


8149 


8270 


8392 


8514 


8636 


8759 


8882 


9005 


1.80 


9129 


9253 


9377 


9501 


9626 


9751 


9877 


0008 


0129 


0255 


1.81 


9.970383 


0509 


0637 


0765 


0893 


102 1 


1 150 


1279 


1408 


1538 1 


1.82 


1668 


1798 


1929 


2060 


2191 


2322 


2454 


2586 


2719 


2852 


1.83 


2985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 


1.84 


4333 


4470 


4606 


4744 


4881 
6273 


5019 


5157 


5295 


5434 
6838 


5573 


1.85 


5712 


5852 


5992 


6132 


6414 


6555 


6697 


6980 


1.86 


Z^?3 


7266 


7408 


7552 


7696 


7840 


7984 


8128 


8273 


8419 


1.87 


8564 


8710 


8856 


9002 


9149 


9296 


9443 


9591 


9739 


9887 


1.88 


9.980036 


9184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


4316 


4474 


1.91 


4631 


4789 


4947 


5105 


5264 


5423 


5582 


5742 


5902 


6062 1 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 


75'7 


7680 j 


I '93 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


8996 


9161 


9327 ! 


1.94 


9494 


9660 


9827 


9995 


6162 


0330 


0498 


0666 


0835 


1004 


1.95 


9.991173 


1343 


1512 


1683 


1853 


2024 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3746 


3920 


4094 


4269 


4443 


1.97 


4618 


4794 


4969 


5145 


5321 


5498 


5<>74 


5851 


6029 


6206 


1.98 


6384 


6562 


6740 


6919 


7098 


7277 


7457 


7<>37 


7817 


7997 


1.99 


8178 8359 


8540 8722 


8903 


9085 


9268 


9450 


9633 


9816 
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ExiJEPLES. 

oy^a — a? ^ 

2. If /(*) =/(« + a?) for all values of a?, prove that 

Ina fa 

f{x)dx = n f{x)dx, 
Jo 

wHeie 9t is an integer. 



J A/aj. - a^ 



•2 rfa? 



Jia?v «' - I 3 

Jo 

6. (' ' '^ 

J«(i+ar)V'l + 24?- 



ir 



IT 



4 V 2 



{* rfj: IT 

— ; — 7 1, flkj - *2 being positive. „ , 



8. Prove that 



f<£r IP 

Sn*FT7i*" "TT^^ where A = 2 (v^a(? + *). 



■• i:f 



tf + 2*a?« + ca^ 2v/flA 
dx 



10. I — 
Jo I + 



+ COB COS x' 

dx 



COS 9 COS a; 



II 



• i 



2^ dx 



"• fi 



a' sin* a: + i' cos^a; 

TT 

dx 



(a2 8in2a?+*2cos8a-)« 



Ans. 


IT 

sind* 




a 


») 


sind' 




IT 


>> 


lab' 




ir(«« + *-) 


99 


4^3 ^3 
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1*1 dx 
7==r, « > *. 



»> 



15 



■! 



P dx 



i> 






„ »a^ 



oi. ^, , f Bin ffa; COS *a; _ » _. . , 

17. Snow that l dx = -, or o, according as a > Qr< d; and 

Jo ^ 2 



IT 



that when a = & the value of the integral is -. 

4 






IT 



19. r tan*a?<fo. „ 2\^^~'i)' 

r-j r- >» - + tan-i--^. 

2T. If every infinitesimal element of the side e of any triangle be divided 
by its distance from the opposite angle C, and the sum taken, show that its 
value is 



log I cot — cot — j . 



22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of the vertex is a circle. 



IT 



!a cos^O sinOrfd . I tan~'« 



'2 cos^g 6inO</0 \/i + <» log {e + \/i + e^) 

34« I — 7-====-. ), 



(2 cos'd 
a/i + 



-/i + e^cos'd ^'^^ 2«» 
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25. Deduce the expansions for sin x and cos x from BemouUi's series. 

26. Show that the integral 

I a:"(logir)"»<& 
Jo 

can be immediately evaluated by the method of Art. 1 1 1, when m is an integer* 
f • tasr^{ax)dx ^ », / x 



x{i + «•) 
28. Find the value of 



(log (I - la cos X + a') (i^, 




distinguishing between the cases where a is > or < i. 

Ans. a < I, its value is o. 
,y a > I, its value is 2ir log 0. 

29. If / (x) can be expanded in a series of the form 

oo + ''I cos^t; + 02 cos 22; + . . . + an cos mo; + . . . , 

show that any coefficient after oo can be exhibited in the form of a definite 
integraL 



2 fir 
Ans. «„ = — I f{x)coBnxdx. 

IT Jo 



30. Find the analogous theorem when /(a;) can be expanded in a series of 
sines of multiples of x ; and apply the method to prove the relation 



(sm 22? , sin 32? \ 

am a? + «c« j • 
as/' 



when X lies between ± v. 
31. Prove the relation 






32. Express the definite integral 

C2 do 

Joa/i -K»sin«d 

in the form of a series, k being < i. 



-~-:(-e)'-'*(H)'-*(r7^)*-*-)- 
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f» log( i 4 COB g COS a?) <f a; ^„. W'^^ ^A 

Jo COfl« 2 \ 4 / 



33 



<»2-d» 



xe-^coBbxdx, where a> o. „ . , ^ -r 



36. f'log(o'oofl«tf+/9»8m«tf)rftf. „ IT log 



o + iS 



IT 

Jo \a - 6 Bin tf / sin r \«/ 



^ dlr 



Jo ,- 



■• f; 



' dx 



39- 1 i- 

•'"(I-*-)" 

)«* coBrxdx 

I — 2a cos « + 



a«' 





IT 


»> 


3 




IT 


>> 


n Bin — 
n 




ira' 


>» 


I-a»- 



4 1 . Find the sum of the series 

n n n n 

«2 VT2 "'' «« + 2* "*■ n* + 3* "^ " " "^ 2n«" 

"when » is increased indefinitely. 

This is evidently represented by the definite integral 



JO* 



dx TC 

or= -. 



+ « 



8> 



42. Find the limit of the sum 



I I I 

+ .+ . + . . . + 



when » = 00. -4n#. — . 

2 
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43. Prove that 

IT ff 

!T , fnlm - I) CJ , 
COS"* Of COS tuc dx = —5 5^ 1 coe«-' xco&nxax; 
«i>-«* Jo 

and hence, deduce the values of the integrals 

l' cos2»»*a: cos(2n+ i)xdx, and I cob'"**^ « cos 2fM? rfr, 
wlien m and n are integers. 



44. I log(i - 2a cos © + a«) cos n$ dB, when a* < i. 
•Jo 



Ans. . 

n 



® --.<r2 



45. I cos — dx. ,, I. 

. C^log{l+x), ir 



47. Prove the fdlowing equation : 

f»r rf6 I fir , ^ , 

(i~2acosd+«*)»» (i-a'j^-Uo 

48. Prove the more general equation 

Iff sin"*0(fO _ I f»f 8in«0£fd 

(I -2aco8e + a«)« ~ (i - a«)«»-»*-i J o (i - 2a cos e + ««)^+*-** 

in which m -I- I is positive. 



( 1~6 ) 



CHAPTER Til. 



AREAS OF PLAXE CUltVES. 



1 1 6. Areas of Carves. — The Bimplest method of regarding 
the area ot a curve is to suppose it referred to rectangular 
axes of co-ordiBates ; then, the area included between the 
curve, the asis of x, and the two ordinatea corresponding to the 
values To and Xi of x, is represented by the defiiiite integral 



yd Jr. 



For, let the area in question be represented by the spaoe 
AB VT, and suppose B V divided into n equal intervals, and 

the corresponding ordinates drawn, ■ ^ 

as in the aecompanyiDg figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire area ji5 FT is 
less than the sum of the rectangles 
represented "bypMNQ, and greater 
than the sum of the rectangles 1 
PMNg ; but the diCEerenoe be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (since the rectangles have equal 
bases) the rectangle under MN and the difference between 
T'F'and AB. Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MN {TV - AB) also becomes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
game time. 
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If now the co-ordinates of P be denoted by x and y, and MIf 
by Aa?, it follows that the area ABVT is the limiting value* 
of 2(y ^x) when the increment dkX becomes infinitely small ; 

or area ABVT = ydx ; where a?i « OVyXo^ OB. 

It should be observed that this result requires that y 
continue finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
cut the axis of Xy the preceding definite integral represents 
the difference of the areas at opposite sides of the a:ds of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sinuil ydxy 



where a> represents the angle between the axes. 

In applying these formulae the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y =f{x) be this equation, the area is represented by 



\^f{x)dx, 



taken between suitable limits. 

Conversely, the value of any definite integral, such as 



i 



f{x)dx, 

msLj be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y =/(^)' 

* This demonstratioii is substantially that given by Newton (see Frineipia, 
Lib. I., Sect, i., Lemma 2) ; and is the geometrical representation of the result 
establidied in Art. 90. 

The modification in the proof when the elements of ^F are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
■Arts. 38, 39, J)if. Caie. 

[18] 
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On account of this property the process of integration was 
called, by Newton and the early writers on the Calculus, 
the method of quadratures. 

Again, it is plain that the area between the curve, the 
axis of y, and two ordinates to that axis, is represented by 



^ S JiP^y, 



taken between the proper limits : the co-ordinate axes being 
supposed rectangulajr. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

-^•^ 127. The Circle. — Taking the equation of a circle in 
the form 

iff^ •¥ y^ = a^y we get y = y^a^ - a;% 

and the area is represented by 

taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure^ Let 
X = a cos 0, then the area in ques- 
tion plainly is represented by 

a- ' mi^QdQ ~ '-- (a - sin a cds a) ; where a = z DO A. 

This result is also evident from geometry ; for the area 
DPAE is the dijBEerence between DP AC and DCE^ or is 



a\4^ '^"^ 



« V. 




Fig. 2. 



a^a a^mia cos a 



The area of the quadrant ACB is got by making a = - ; 

and accordingly is — : hence the entire area of the circle 
is Tra*. 
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X 128. Tlie Klllpse. — From the equation of the ellipse 

Q^ y^ , b . 

^ + -^,= 1, wegety= -y^^TT^, 

and the element of area is 

~ V i^ - x'dx; 
} 
but this is - times the area of the corresponding element of 

the circle whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

of the circle. This is also evident from geometry. 
The area of the entire ellipse is irah. 
Again, if the equation of an ellipse be given in the form 

ttC 

Ax^ + By^ = Cy its area is evidfotly 

^ A.B 

As an application of oblique axes, let it be proposed 

io find the area of the segment 

of an ellipse cut off by any chord 

Draw the diameter AA\ con- 
jugate to the chord, and BB' 
parallel to it. Then, C being 
the centre, let 

CA'^a, CF^h\ACB'^w, 

and the equation of the ellipse is -^r + ttt = i ; henco the area 

a 

DA' If is represented by 

2 - sin w I va"^ - a^dx = a'b' sin w (a - sin a cos a), 

a J CE 

CE 
where cos a = r^rj^ 

Again, a' b' sin w = ab^ by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in (juestion is 

ab{a - sin a cos a). 
[18 a] 
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ThiB lesult can also be deduced immediately from the 
dide hj the method of orthogonal projection. 

It may be obeerved that if we denote the area of an eUiptio 
sector/ measured from the axis major to a point whose co- 
ordinates are x^ y^ hy 8, we may write 

X 28 y . 28 . 

- = cos -7-= COS a, T = sm—T- = sma. 
a ab b ab 

^129. The Parabola. — ^Taking the 
equation of the parabola in the form 

^ = /»?, we get y = \/px. 
Hence the area of the portion APN is 

'J 3 3 

Gonseqnentljy the area of the seg- 
ment PJlPj out off by a chord perpen- 
dicular to the axis, is f of the rectangle 
PMM'P". 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally^ let the equation of the curve be y = aa^, 
where n is positive. 




Kg 4. 



Here 



ydx = a 



af^dx = + const. 

n + I 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

, or — ^. 

» + I n + I 

Hence, the area is in a constant ratio to the rectangle 

under the co-ordinates. A corresponding result holds for 

oblique axes. The discussion, when n is negative, is left to 

the student. 

Example. 

Express the area of a segment of a parabola cut off by any focal chord in 
terms of /, the length of the chord, and py the parameter of the parabola. 



I 



The Hyperbola. 



• / 



lai 



130. The Hyperbola. — The siinplest form of /the 
equation of a hyperbola is where the asymptotes are taken 
for 00-ordinate axes : in this case its equation is of the form 

Hence, denoting the angle between the asymptotes by in, 
the area between the curve and an asymptote is denoted by 



c* sinw — , or c^ sinw log f ~ J, 



where Xi and x^ are the abscisssB of the limiting points. 
If the curve* be referred to its axes, its equation is 



a^ V. ' 



and the element of area ydx beconies 

- Vix^ - a^dx. 
a 

Hence the area is represented by 

- \/x^ - a^dx. 
a] 

taken between proper limits. 

Again, ^x^ - a^dx = ^ - a* , 

J J y?^^- ' J v/aj» - a* 

Also, integrating by parts, we have 

a/ot* - a^dx = X ^x^ - a' - — . 




Adding, and dividing by 2, we get 

XV (x? - a' a* 



j y^' - a' 



dx = 



-?1 



dx 



\/cc^ - a^ 
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Aooordingljy if we suppose the area counted from the 
summit Ay we have 

^Piyr = A :r y^TTi? - ^ log f^±^^E?) 

za ^ 2 ^\ a J 

2 2 ^\a bj 
Again, since the triangle CPN = ^xy^ii follows that 

sector ACP = ~ log (- + |Y 

For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon's Conies^ Art. 395. 

130(a). Hyperbolic Sine and Cosine. — If 8 repre- 
sent the sector ACPy the final. eq^uation of the preceding 
Article becomes v 

+ rh='Sf, (i) 






Which nxay also be written 

- + tL = />» 

^ Zv ' 

a 
introducing a single letter v to denote the quantity 

Hence, by the equation of the hyperbola, we get 

X V 

a 

Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolic cosine and hyperbolic 
sine of v^ and for brevity writing them cosh «?, and sinh t?, 

e*' + e"*' = 2 coshr, e^ - e"*' = 2 sinhr, (2) 

the co-ordinates of any point on the curve are 

X - . 28 y . ^ . , 2/S 

- = cosh V = cosh -7, -- = smh v = smh — r. 
a ah b ah 



The Catenary. 
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We might have treated the matter differently by intro- 
ducing the angle defined by the equation a? = a sec ^, and 
therefore y = b tan 6 (for the geometric meaning of this 
transformation, see Salmon's Conies^ Art. 232); whence (i) 
may be written* 

-7 = «? = loff tan I - + — 
ah ^ \4 2 

and we see that the hyperbolic cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle. Also, since 

sinh V I.I cosh v 

sin0 = — z — , cos = -^ — r— , cot = -r-^ — , coseo 6 = -;— = — , 

cosh V cosh V ^ smh v ^ smh r 

we can obviously extend the names of the other trigono metri cal 

functions likewise. Again, putting in (2) for r, uv - i, or 
iuy they become, by Art. 8, 

cos u = cosh «w, i sin u = sinh iu. 

131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived 
at from elementary mechanics, as fol- A^ 
lows : — 

Let V be the lowest point on the 
curve; then any portion VP of the 
string must be in equilibrium under 
the action of the tensions at its ex- 
tremities, and its own weight, TF. 

Let A be the tension at F; T that 
at P, which acts along PR, the tangent at P; lPRM = 0. 
Then, by the property of the triangle of force, we have 

W:A^PM:RM\ , 

.'. W = A tan0. 




Fig. 6. 



♦ VHien <p is related to v by this equation, <p is what Professor Cayley 
{Elliptie Fttnetionsy p. 56) calls the gudermannian of v, after Professor Guder- 
maim, and writes the inverse equation <f> — gdv. 
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Again, if 8 "be the length of VF, and a that of the portion 
of the strmg whose weight is A, we have, since the string is 
uniform^ 



8 



Tr=A'; 

a 

.*• 8 = a tan ^. 

This is the intrinsic equation of the catenary. 
Calc, Art. 242 (a).) 

Its equation in Cartesian co- . 
ordinates can be easily arrived at. ^ 

For, on the vertical through V 
take VO = rt, and draw OX in the 
horizontal direction, and assume 
OX and OF as axes of co-ordi- 
nates. Let 



then 



PN=y, ON^x, 
dy 



dx 



= tan 0, 
dy 



Fig. 7- 



dx 



(Diff. 




dy dy ds _ sin iji dx ^ a 
* ' dip ds d(p cos'0' d^ cos^' 

Hence y = a sec 0, x = a log (sec + tan ^). (3) 

No constant is added to either integral, since i/ = a, and 
0? «= o, when = 0. 

SVom the latter equation we get 



also 



sec + tan (^ = <f; 



sec - tan ^ = 



sec + tan ^ 



= e «. 



Hence, we have 

2 sec = e^ + e **, 2 tan = ^ - e^. 
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Consequently, 

y--\^^e-j (4) 



a " 



Also fi = - ( ^ - « *» . (5) 



2 



In the notation of last Article these equations may be 
written 

- = cosh - and - = sinh -. 
a a a a 

Again, if NL be drawn perpendicular to the tangent at 
P, we have 

NL = PJV'cos ; .-. NL = a, (6) 

Also PL = NL tan0 ; .-. PL =^8^ PV. (7) 

The area of any portion VPNO, is 

-| fc« + /^jcf^= -fe^-/«] = fl(y'-a')i. (8) 

Accordingly, the area FPiVO is double that of the triangle 
PNL. 

Examples. 

1. To find the area of the oyal of the parabola of the third degree with a 
double point 

cy2= (a;-«)(a;- *)V 
The area in question is represented by ^ 



y- I (* — a?) V a? — adx. 




Fig. 8, 



Let x^a-^, and we easily find the area* to be -^ -j- . 

3- 5«* 

2. Find the whole area of the curve a*y* = ar' {la - x). Ans. ira^ 

3. Find the whole area between the cissoid a^ ^ y^{a- x) and its asymptote. 

* The student will find little difficulty in proving that this area is — — 

times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate axes. 
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Since x —a = oia the equation of the asymptote, the area in question is re- 
presented by 



I 



o(«-^)' 



Let X = a an^dj and this becomes 



IT 
2 



"lo^ 



2aM Bixi^e dS: 



hence the area in question is ^ vd^. 

4. Find the area of the loop of the curve 
a3y2 = x*{b + x). 

This curve has been considered in Art. 262, Diff. /^ 

Calc. Its form is exhibited in tiie annexed figure ; and / 
the area of the loop is plainly 



2 fo 

1 I , ^V* + 



a^ '-& 



xdx. 



Let i + a; = z^, and it is easily seen that the area 
in question is represented by 




Pig. 9. 



3.5-7.«' 

5. Find the area between the witch of Agnesi 

jFy2 = 4fl2(2a-.a:) 
and its asymptote. Ans, 4^0!^. 

132. In finding the whole area of a closed curve, such as 
that represented in the figure, we 
suppose lines, PM, QN^ &c., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = ^2, P^M = yi, the 
elementary area PQQ^P^ is repre- 
sented by (^2 - !/\) dxy and the en- 
tire* area by 

OB' 

(^2 -l/i)dx; 




roB' 
JOB 



MN 



B'X 



Fig. 10. 



in which OB, OB" are the limiting values of x. 

* This form still holds when the axis of x intersects the curve, for the ordi- 
nates below that axis have a negative sign, and {1/2 — yi) dx will still represent 
the element of the area between two parallel ordinates. 
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For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

aa^ + 2hxy + hy^ + 2gx + zfy + c = o. 
Here, solving for y, we easily find 

2^2 - yi = I y {//•- - ah) x' + 2 (hf- bg)x^p - be. 

Also, the limiting values of a; are the roots of the quadratio 
expression under the radical sign. 

Accordingly, denoting these roots by a and j3, and observ- 
ing that A' - ab is negative for an ellipse, the entire area is 
represented by 

2y^b~ni^'{^ .- — — - — ^ 

7 ^ (x - ix){p - x)d.r. 

To find this, assume a? - a = (j3 - a) sin'^O ; 
then /3 - :z; = (j3 - a) cos^tf, 

and we get 



f 



y{x-a)(](i -x) dx ^ 2{(i^ay ^ sin^e cos'^ dO 

a Jo 

= I (/3 - ay. 



Again, 0-a) =4. (^^ - h^ 

4b(af^ + hff^ + ch^ - 2/^A - abc) 
" {ab^Uf ^ ' 

Hence the area of the ellipse is represented by 

7r(«/^ + bg^ + ch^ - 2fgh - ahc) 
Jab - hy ' 

This result can be verified without diflBculty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coeflScients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by J yda-, 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from -4 to -4' 
along the upper portion of the curve, the corresponding part 
of the integral j ydx represents the area APABB, Again, 
in returning from A to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
of J y (3^ is also negative (assuming that the curve does not 
intersect the axis of x)y and represents the area A'P'ABBj 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral /yrflr, taken 
for all pbints on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — T?ie area of any closed curve is represented by 



\ 



dx - 



taken through the entire perimeter of the curvCy the element of the 

curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 

double point. If the curve cut itself, so as to form two loops, 

f dx 
it is easily seen that \ y'-^ds, when taken round the entire 

perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

133. in many cases, instead of determining y in terms of 
X, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a? = a sin 0, we 
get y = J cos 0, and ydx becomes ab cos^0 d<py the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 




Let X = a sin'0, then y = b cos^0, and ydx becomes 

^ab sin-0 gos^ <pd<p : 



The Cycloid. 
hence the entire area of the curve is represented by 

1 2ab 8m'0 cos* (pdtp = - nab, 

Jo o 

Examples. 
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I. Find the whole aiea of the eyolute of the ellipse 






Ant. 



Zab • 



2. Find the whole area of the curye 

a 

?\ 2«*1 



2.4.6 2 (wi + n + I) 

'><'i34. The €yelol^ — In the cycloid, we have (Di£F. 
Ualc, Art. 272), 

a? = a (0 - sin 0), y = a (i - cos 0) ; 
.'. Jye^o? = a^ [ (i - cos QydQ = 4a' kin* -rffl. 

Taking between o and ir, we get 37ra* for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 




It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA, To determine 
this, l^t points P and P' be taken on the semicircle such that 
arc BP = arc DP' : draw MPp and M'Pp' perpendicula:' to 
BJ), Take MN and M'N' of equal length, and draw JSq 
and iV^'/, also perpendicular to BD : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc PP, and P^?' 
e arc PP' : .*. Pp + P^^ ^ semicircle = na. 
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Now, if the interval JfZV be regarded as indefinitely small, 
the sum of the elementary areas PpqQ and P^p'q'Q; is equal 
to the rectangle under MN and the sum of Pp and P^p\ or to 
na X MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ira multiplied by the sum of 
the elements MN, taken from B to the centre C, i.e. equal to ira*. 

Consequently the whole area of the cycloid is Sira^y as 
before. 

The area of a prolate^ or curtate^cycloid can be obtained 
in like manner. 

X135. Areas in Polar Co-ordinates. — Suppose the 
curve APB to be referred to polar co-ordinates, being the 
pole, and let OP, OQ^ OiJ represent consecutive radii veotores, 
and PLy QM, arcs of circles described with as centre. Then 
the area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 

r^dd 
tary area OPQ = area OPL = ; 

r and being the polar co-ordi- 
nates of P. 

Hence the sectorial area A OB 
is represented by Fig. 12. 

where a and /3 are the values of corresponding to the linait- 
ing points A and B. 

136. Area of Pedals of Ellipse and Hyperbola*— 

For example, let it be proposed to find the area of the locus 
of the foot of the perpendicular from the centre on a tangent 
to an ellipse. 

Writing the equation of the ellipse in the form— , + — = i, 

the equation of (ho locus in question is obviously 

r- = a"cos-0 + J' sin'^O. 
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Hence its area is 

— Qos^OdO + — sm^OdO = + sinflcos 0. 

2 J 2] 4 4 

The entire area of tlie locus is 

- (a- + b^). 

The equation of the corresponding locus for the hyperbola 
is 

r^ = c^ cos'0 - b^ sin^O. 

In finding its area, since r must be real, we must have 
a"cos^0 - b^ sin' fl positive : accordingly, the limits for fl are o 

andtan'^T. 



Integrating between these limits, and multiplying by 4, 
we get for the entire area 

ab + (c^ - b^\ tan"* 7. 

b 

In this case, if we had at once integrated between © = o 

and = 27r, we should have found for the area (a^ - b^) -. 

2 

This anomaly would arise from our having integrated 

through an interval for which r* is negative, and for which, 

therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 

respect to any origin will be given in a subsequent Article. 

Examples. 

1 . Show that the entire area of the Lemniscate 

r^ = al^coaze * • 

isa^. ' .. • 

2. In the hyperholic spiral • 

re = a, 

prove that the area bounded by any two radii yectores is proportional to the 
dilPerence between their lengths. 

3. Find the area of a loop of the curve 

n 
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4. Find tlie area of the loop of tihe Folium of Deacartes, whose eqiiatiQa is 

«• + y* = 3flary, 
Tranflfonning to polar co-ordinates, we have 

30 CO0 9 sin 9 



r = 



ain'a + coB^a' 



Again, the limiting Taluea of 9 are o and - ; 



Area gg^p sm^dcoB^ede 



Let tan 9 = m, and this expression becomes 

9a* f* u^du __ 3a' 
TJo (i+«»)»'"T* 

5. To find the area of the Lima9on 

r = a cos 9 + i. . 

Here we must distinguish between two cases. 

(i). Let b> a. In this case the curve consists of one loop, and its area is 



if" (a cos9 + byde= (b^ + Mt. 



When & = a, the curre becomes a Cardioid, and the area 

(2). Let b^ < a. The curye in this case 
has two loops, as in the figure (see DifP. 
Gale, Art. 269), the outer loop coiiespond- 
ingto 

r = a cos 9 + ^, 
tiie inner to 

r = a cos 9 - i. 

To find the area of the inner loop, we 
take 9 between the limits o and a, where 



3»»' 



= 008"^ (- j ; and the entire area is 
{a COS 0~b)^d$ 
= I (a« cos«9 - 2ab cos 9 + *') de 





a 



I 
f 




Fig. 13. 



a + -- sm a cos a — 2ab sin a 

2 



\b 1 



-f ^ 
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It 18 easily seen that the sum of the areas of the two loops is obtained by in- 
tegrating between the limits o and 2ir, and accordingly is 



d*"). 



as in the former case. 




137. Area of a Closed Ciunre by Polar Co-ordi- 
nates. — In finding the whole area of a closed curve by 
polar co-ordinates we distinguish between two oases. When 
the origin O is outside, we sup- 
pose tangents OT^ OT'y drawn 
from 0, and vectors OTy OQ, &o., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the 'element of area 
PjP^Q is the difference between 
the areas POQ, and pOq ; or, in 
the hmit, is \ (n* - r}) ddy where 
0P = r^,Op = r,. 

Hence, the expression 

i!{ri''-rj')de, Fig. 14. 

taken between the limits corresponding to the tangents OT 
and 0T% represents the entire included area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by •J-/(ri* 4 r2*)rfO, taken between the limits 
= 0^ and = TT. 

We shall illustrate these results by applying them to the 
circle 

r' - 2rc cos 6 -f c* = a'. 

If the origin be outside, we have c>a, and n + ra = 20 cos 0, 
and riTa = c* - a* ; #•♦ ri- r2 = 2 y^a* - 0' sin* 0. 

Hence {ti^ - rt^jdO = 4c cos Oy^a* - c^ sin'OrfO; and the 

limiting values of are ± sin~^-. 

Hence the whole area is 



rin-i? 



20 



\ cose^/a'-c'sin'Orfe. 

[18] 



194 Areas of Plane Curves. 

Let c sin = a sin 0, and this integral transforms into 



20? * oos'^rf^ = ira*. 



i; 



Again, if the origin be inside, we have c <a^ and 

- (Vi + r^) = a' + c* cos zB ; 

.•: ['(n' + r^') dd = ['(a* + (?» cos 26) dO = ira'- 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the spiral of Arclumedes. 

138. Tbe Spiral of Areliiniedes. — The equation of 
this curve is r = aft, 
and its form, for 
positive* values of 0, 
is represented in 
the accompanving 
figure, in which 
is the pole and OA 
the line from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q, iJ,&c. : 
then, if OP=r, and 
zPO-4=0, we have, 
from the equation 
of the curve, ^^S* '5- 

OP = «0, OQ = a{e + 27r), OB^a{e + 47r), &c. 




* It should be noted tHat when negative values of are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA. 
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Hence PQ = QR = &o., = 2aTr = c (suppose) ; i. e. the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = n, OR = r, = n + c, and the area between 
the two corresponding branches is 

- \(r^^ - n') dd = c [ridd + -[dd. 

Now, suppose MN and mn represent the limiting lines, 
and let f^ and a be the corresponding values of ; then the 
area nNMm will be equal to 

c ^aede + -^d9 = ^-^{^ - a) {aa + flja + c) 

^Ufi-a){OM-^OnY (9) 

If /3 - a = TT, this gives for the area of the portion 
between two consecutive branches QE^^ and RFJR^y inter- 
cepted by any right line i2i2' drawn through the pole, 

-RQ.QKy i.e. half the area of the ellipse whose semi-axes 

are RQ and RfQ. 

139. Another Expression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ab repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move round any closed boundary, the included 

area is in aU cases represented by - r^dOy taken round the 

entire boundary, whatever be its form ; the elementary angle 
dO being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions X - roo&O, y = r sin 0, we get 

X cos'0 ar 

Hence f^d9 = xdy - ydx ; 

[13 a] 
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and the aiea swept out hy tihe ndius Yedbar is r epresented by 
thei] 



i J («fy - f/dx). 



taken between suitable limits ; a result wbich can also be 
easilj axrived at geometricallj. 

140. Area of Elliptic Seeter. 
rem. — ^It is of importanoe in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius yector of an elUpse. 
This can be arriyed at by inte- 
gration from the polar equation 
of the curve; it is, however, a' 
more easHy obtained geometri- 
cally. 




N A 



Tig. 16. 



For, if the ordinate PIf be produced to meet the auxiliary 
circle in Q, we have 



BxeeLAFP = - x area AFQ = -{ACQ - CFQ) 



ab 



{u - e sinw), 



(10) 



where ti = z^(7Q. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For (Fig. 1 7), let QFP re- 
present the sector, and let 
FPc.p.FQ^PyPQ^S; then, 
denoting by u and u^ the eccen- 
tric angles corresponding to ji^ 
P and Q, the area of the sector 
QJ!P,by (10), is represented by 




JT J£ ir A. 



Fig. 17. 



— jti - t«' - «(Bint« -sinf»')L 
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We proceed to show that this resnlt can be written in 
the form 

nh 

— {^ - ^' - (sin^ - sin0')j. (ii) 

where and ^' are given by the equations 

. d» I fpTyTs . 6' I /p + p'-8 

Bin^ = -J — , fiin^ = -J' — ^ • 

2 zy a 2 2y a 

iPor, assume that ^ and 0' are determined by the equations 

w - t/ = - ^', e (sin « - sin w') = sin ^ - sin^^ (a) 

The latter gives 

.«-t*' fl + t/ .0-0' + 0' 

esin cos = sin-^^ — ^ oos-^- — -. 

2 2 2 2 

or by the former, e cos = cos - — ^. 

2 2 

Again, since the co-ordinates of P and Q are a cos tc, 
i fiin u, and a cos t/, 6 sin ti', respectively, we have 

8* = a*(cosw - cosw')' + J'(8in« - sinw')* 
= 4sm* a'sm* + 6' cos' 

2 \ 2 2 

= 4flr sm' [ I ■- e' cos' J 

«'20""0 .20 + 

2 2 ' 

/. 8 = 2flsin^ — ^ sin ^ — — = «(cos0' - cos0). (J) 

Again, from the ellipse, we have 

p = fl (i - e cos w), /o' = a (i - e cos t*'), 

/. p\ a ^ 2a - a^ (cos w + cos wj = 2a- 2^^ cos cos 

2 2 

^la-- 2acos^ — ^ cos^ — - = 2a-a(coB0 + cos^'). (c) 
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Henoe, adding and subtracting {h) and {c)^ we get 

- — ' = 2 (i - COS ^) = 4 sin* -, 

- — = 2 (i - cos ) = 4 sin* — , 

which proves the theorem in qnestion. 

Consequently, the area* of any focal sector of an ellipse can 
be expressed in terms of the focal distances of its extremities^ of 
the chord which joins them^ and of the axes of the curve. 

141. We next proceed to an elementary principle whidi 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the 
equation 

Kl- f ) - " 

is ab times the area of the corresponding portion of the curve 

F{x,y)^c. 
This result is obvious, for the former equation is trans* 

X ti \. 

formed into the latter, by the assumption - = i»', r = y ; and 
hence ydx becomes ab'^dx ; 

.'. ydx = ab ^dx\ 

the integrals being taken through corresponding limits — a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + ?r = i 



* This remarkable result is an extension, by Lambert (in his treatise entitled : 
Inaiffniores orbita eometarum propVtetateSy published in 1761), of the correspond- 
ing formula for a parabola given by Euler in Miscell. Berolin^ 1743. It 
furnishes an expression for the time of describing any arc of a planet's orbit, in 
tenns of its chord, the distances of its extremities from the sun, and tlie major 
axis of the orbit ; neglecting the disturbing action of the other bodies of tha 
solar system. 



\ 
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redaoes to that of the drole ; and the area of the hyperbola 






to that of the equilateral hyperbola si^ - y^ ^ i. 

Again, let it be proposed to find the area of the eurye 



\a^ by 






The transformed equation is 






or, in polai oo-ordinates, 



. a*ooe*e 6»siii'0 
r* = — = — + 



f m 



% 



But the whole area of this (Art. 136) is - f — + — ). 
Consequently the whole area of the proposed ourye is 

It may be remarked that the equations 

represent similar curves, and their corresponding linear 
dimensions are as a : i. Consequently the areas of similar 
onrves are as the squares of their dimensions ; as is also 
obvious from geometry. 

142. Area of a Pedal Carre. — If from any point 
perpendiculars be drawn to the tangents to any curve, the 









200 Areas of Plane Curves. 

loons of their feet is a new ourre, called the pedal of the 
original (Diff. Oalo., Art. 187). ^' „ 

If p and w be the polar co- 
ordinates of If J the foot of the 
perpendicular from the origin 0, ^y 
then the polar element of area of 
the locus described by iV is plainly ^j 

- — , and the sectorial area of any 

portion isaccordinglyrepresentedby 




ijyrfw, 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre* 
sented by NTN' in the figure. 

Hence Si = S + SiVTiV^' = /8 + - [piV^'^^i. (12) 

Again, by the preceding, 



"■W 



Accordingly, by addition, 

2iSi = 5 + i [oP^di^. (13) 

It is easily seen that equation (12-) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 

on the normal at P : and hence -PN^dia represents the ele- 
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ment of area of the loons described by the foot of this perpen- 

dicular, i.e. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area of 



TT 



the pedal of the evolute of an ellipse is - (a - ft)', the centre 

being origin. 

143. Area of Pedal of CSllipse for any Origin. — 

Suppose to be the pedal 
origin, and OM, OM' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CN /| 
the perpendicular from the 
centre C\ let OM = p^^ OM' 
= i?2, CN^p,OC=c, lOCA 
= a, lACN = i»i\ then 

Fig. 19. 
Px = MD - OD =p - CCOS (a> - a), 

Pi=p + CQOs{u} - a). 

Again, the whole area of the pedal is 




j^ 



+ p2^) dw 



-fV 



+ c' cos' (w - a) ) du) 



{'p^dio + 0' j " 



TT 



^d(o + 0' cos' (w - a) rf(i> = - (a' + 6' + c'). (14) 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC, 

If the origin lie outside the ellipse, the pedal consists 
of two loops intersecting at and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Steiner'8 Tbeorem on Areas of Pedal Carves. 
Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A' the area 
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of its pedal with respect to another origin (X ; then, if p and 
p' be the lengths of the perpendiculars from and (X on a 
tangent to the curve, we have 

Also, adopting the notation of the last article, 

p' =p - c COS {io - a) - p -' X cos w - y sin w ; 

where Xy y represent the co-ordinates of (X with respect to 
rectangular axes drawn through 0. Hence we get 

A' - A ^ -\ (a;cos(i> + ysinw)*rfai 

2 Jo 

-a: pooBwdu) - y\ pemtodo). 

r2ir r2jr r2ir 

But ooa^wdw- rr, Bm^todta^Tr, I sina)C0S(ii(fa>sO. 

Jo Jo " Jo 

r2ir p» 

Also, for a given curve, p coscu e/oi and p sina>e/a> are 

Jo . J** 

constants when is given. Denoting their values by g and 
h, we have 

^'-^ = ^(^ + 2^') -^ir-%. (15) 

This equation shows that if be fixed, the locm of the 
origin (/, for which the area of the pedal of a closed curve is 
eonstanty is a circle* The centre of this circle is the same, 
whatever be the given area, and aU the circles got by varying 
the pedal area are concentric. 

* It can be seen, without difficulty, from the demonstration given aboye, 
that when the curve is not closed, the locus of the origin for pedals of equal area 
is a conic: a tiieorem due to Prof. Baabe, of Zurich. See CrelWa Journal, 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
Transactiotu of the Eoyal Society, 1863, ^ which he has investigated the corre- 
sponding relations connecting the volumes of the pedals of surfaces. 
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If the origin be supposed taken at the centre of this 
circle, the constants g and h will disappear ; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle, whose radius is a, is the circle itself. For 
any other origin the pedal is a lima9on ; hence the whole 

area of a limacon is 7r( a* + — ), as found in Ari;. 136, Ex. 5. 

145. Areas of Roulettes on ReetHinear Bases* 

The connexion between the areas of roulettes and of pedals 
is contained in a very elegant theorem,* also due to Steiner, 
which may be stated as follows : — 

When a closed curve rolls on a right linCy the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




Fig 20. 

position of the rolling curve, and P the corresponding point 
of contact. Let (/ represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 



• See CrelUa Journal, vol. xjjL The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in the next Chapter. 

By the area of a roulette we understand the area between the roulette, the 
base, and the normals drawn at the extremities of one segment of the roulette. 
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a point on the curve such that PQ = PQ' ; then Q is the point 
which coincides with Q' in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by rfw, we have OPO' = rfoi, 
since we may regard the curve as turning round P at the in- 
stant (Diff. Calc, Art. 275). 

Moreover, QQ^ ultimately is infinitely small in comparison 
with QP, and consequently the elementary area OP^O is 
ultimately the sum of the areas POO and QC/Py neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, If OP = r, we have POO^ = , and area QO^P 

= QOP in the Umit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area (8) of the rolling curve. Conse- 
quently the entire area of the roulette described by is 

8 + ^jr'duK 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
radius of the circle and its circumference ; i.e. is iira^ ; denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is iira^ + rra', or 37ra' ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
dinary cycloid is the same as that of the cardioid : and the 
area of a prolate or curtate cycloid the same as that of a 
lima9on. 
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Agaiii) if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right linCy the area of the roulette described hy its 
focus in a complete revolution is double the area of the auoctliari; 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. C^eneral Case of Area of Roulette. — If the 
curve, instead of rolling on a right line, roll on another 
curve, it is easily seen that the method of proof given in the 
last article still holds ; provided we take, instead of cfw, the 
sum -of the angles of contingence of the two curves at the 
point P. 

Hence the element of area OPff is in this case 

- OP^di. (i + ^\ or i Ordio (i + ^\ 
2 \ dw J 2 \ p J 

where p and p' are the radii of curvature at P of the rolling 
and fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution, is represented by 

If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

S + jr'du,. 

In this case the area generated is four times that of the 
corresponding pedal ; a result which appears at once geome- 
trically by drawing a figure. 
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Examples. 

I. If ^ be the area of a loop of the curve r*» = a"* cosmO, and Ai the area 
of its pedal with respect to the polar origin, prove that 



- (■ * ")- 



It is easily seen, as in Diff. Calc, Art. 190, that the angle between the radius 
vector and the perpendicular on the tangent is m$ ; and .*. »=' (m + i)d 
Hence, by Art. 142, 

2Ai = Ai- *!^ Sr^e = (m + 2) A. 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A' be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa-{-£b= 2(a+ b)A'. 

where B is the area of the rolling circle* 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to tiie next. 

147. Holdltcb's Tbeorem.* — If a line OC of a given 
length move with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, by any given point P 
situated on the moving line. 

Let CP = c, PC = e\ and suppose (^1, yO, (a?, y), and 
(aj2, 1/2) to be the co-ordinates of the points C, P, and C, re- 
spectively, with referenee to any rectangular axes. 




Pig. 21. 



* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, imder the name of "Petrarch," in the Lady's 
and Gentleman's Diary for the year 1 858. The first proof given above is due to 
Mr. Woolhouse, and contains his extension of Mr. Holditcb's theorem. 



EoldUcVs Theorem. 207 

Then, if be the angle made by CC with the axis of y^ 
we have evidently 

a?i = a: - c sin 0, yi = y - c cos 0, 

a?2 = ^ + c' sin 0, y^-y -^ c' cos 0. 
Hence we have 

-yxdxi = ye^iT - c cos0((fo + y^0) + c'coa^OdO ; 
y2rf^3 = ydx + c' cos {dx + yfl?0) + c'^ oos'0e?0. 

Multiplying the fonner equation by c', and the latter by c, 
and adding, we get 

(fyidxi + cy^dxi = (c + c') y da; + (c + c') cc' cos' 0d0 ; 

.'. c' jyidxi + cjy^dxz = {c + c')jydx + {c + c')cc jcos^OdO. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (C?), 
(C), (P), the areas of the curves described by the points 
(7, C\ and P, respectively, we shall have (since in this case 
the angle revolves through zir) 

c'{C) + c(C70 = (c + c')(P) + TT (c + c')ce\ 

This determines the area (P) in terms of the areas ( (7), 
((?') and of the segments c, c^ 

When the extremities (7, C move on the same identical 
curve we have [C) = (C'), and hence {C) - (P) = ircc'. 

Consequently, if a chord of given length move inside any 
closed curvcy having a tracing point P at the distances c and 
c' from its endsy the area comprised between the two curves is 
equal to ircd. 

More generally, if the extremities (7, C move on curves 
of equal area, we have, as before, 

(C) - (P) = ^«J'. (17) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then ((7) = o, (C) = o, and 
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.*. (P) = - ifcc'. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. 

Again, if the rod returns to its original position after 
n revolutions, the limits for become o and 2nir, and equa- 
tion (i 6) becomes 

If (C) = (C")» ttis gives 

(0) - (P) = nircc'. (19) 

If the line oscillate back to its former position, without 
making a revolution, we have n = o, and (19) becomes 

(C) = (P). 

Hence, in this case, if two points describe curves of equal 
area, then any point on the line joining these points describes 
a curve of the same area. 

The theorem in (16) can also be proved simply in another 
manner, as follows : — 

Let denote the point of intersection of the moving line 
CC with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OF = r. Adopting the 
same notation as before, let (0) represent the area of the en- 
velope, and it is easily seen that 

(C) - (0) = i T\0Gfm^\ r {p - r)»rffl, 

Jo Jo 

Jo Jo 



(P) -(0) = i[(0P)'rf9 = iprffl; 



hence 

■aw 



f{C) +c{C')-{o+c'){P) '-il' [c'{c-ry+c{<f+ry-{e+(rjf»]de 

« <JC' (C + C') IT, 



as before. 
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* 

A remarkable extension of Holditoh's theorem was given 
by Mr. E. B. Elliott, in the Messenger of Mathematics^ 
February, 1878. 

Mr. Elliott supposed the length of the moying line C'C to 
vary, but that it is in all positions divided in the constant 
ratio m : n in a point P. 

Then, if C travel round the perimeter of any closed area 
{C)f and C move simultaneously round another area ((?'), the 
two motions being quite independent and subject to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will b*avel simultaneously round the 
perimeter of another closed area (P). 

Adopting the same notation as before, we have 

{m-\rn)x = mxi + Wir2, {m'\-n)y = myi + ny% ; 
.'. {m + fCfydx = {myi + ny^{mdxi + ndx^ 

= m^yidxi + n^yzdxi + mn {yzdxi + yidx^ 

= [m'[-n){myidxi-\^ny%dX'^ -fnn[y2-y^d{x%-Xi). 

Integrating for a complete circuit, and dividing by (^ + n), 
we have 

(«» + «)(P)=»»(C) +«(C') -^j(y,- yOrfC''^- '«'.)• (20) 

This result is stated as follows by Mr. Elliott : — 
Through any fixed point in the plane of a closed area 8 
let radii vectores be drawn to all points in its perimeter, and let 
chords AB, parallel and equal to the radii vectores, be placed 
with one extremity A in each case in the perimeter of a closed 
area {A)y and the other B on that of another (£); then, if 
the points A^ P, travel respectively all roimd the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them ; and, if 

[14] 
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(C) represent the area described by a point always dividing BA 
in the constant ratio m : n, then the areas {A)j {B), {C)f {8) 
ore connected by the following relation : 

mM)-f«(J) __mn 
^ ' m + n (w + w)* ^ ' ^ ' 

This follows immediately from (20) by altering the nota- 
tion. 

Areas described in opposite directions of rotation must be 
taken with opposite signs. 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr. Elliott's 

Japer ; as also to Mr. Leudesdorf 's papers in the <%ame 
oumal. 

147 ((7). Kempe^ Theorem^ — We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
making one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and the locusy in 
the moving plane, 0/ points which describe equal areas is a circle ; 
and by varying the area we get a system of concentric circles tov 
loci. 

This result can be readily de- 
duced from Holditch's theorem, for 
if we suppose ^, -B, (7, to be three 
points which generate equal areas ; it 
can easily be seen that any fourth 
point, D, which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CD intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; ^** **' 

and n the number of revolutions made before AB returns 
to its original position : then "we have, by (19), denoting by 



* Measevffer of MathwMtieSf July, 1878. 
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((7) the common area described by each of the points 
A, B, C, D, 

and, by same theorem, 

(C)-(P) = nn'CP.P2); 

hence 

AP.PJB= CP.PD; 

consequently A, B, C, D, lie on the circumference of the 
same circle. 

Again, let be the centre of this circle, and join OP and 
OAy tibien the preceding equation gives 

(C)-(P) = W7r(04'- OP"). 

Hence all points which describe an area equal to that of 
(P) lie on a circle, having for centre, and OP for radius, 
which establishes the second part of the theorem. 

For the eflEect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if A be the common distance between 
the ordinates, and if 

t/o, Ph y^y &0., Vn, 

represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

[14 a] 
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Hence tlie rule : add together the halves of the extreme 
ordinates, and the tthole of the intermediate ordinates, and 
multiply the result by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are y^, yi, ^2 ; let y = a + /3a? + 7a?* be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate y^ then we 
have 

yo = a-' (ih + yh^j yi = a^ ^2 = + fih + 7A*. 
Again, the area between the first and third ordinate is 

{a-h fix -\- ')a^)dx - 2hla + y —\ 

But yo + 2/2 = 2yi + 2yh^ : hence the area in question is 



h( 
IP 



+ 4^1 + ^2 

Now, if we suppose the number of intervals n to be even^ 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

- {yo+y»+4(yi + y3+&0.+y„_i) + 2(y2 + y4 + &0. +y„.3)}. 

Hence the rule : add together the first and last ordinateSy 
twice every second intermediate ordinate^ and four times each 
remaining ordinate ; and multiply by one^third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolse of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let yo,yi,y2, y^ 
be four equidistant ordinates, and for convenience assume 



4 
J 
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the origin midway between yi and p2 ; then if the equation 
of the parabolic onrve be 

y = a-{- (ix + ya^ -{- 8ar^, 

and the common interval on the axis of x be denoted by 2/?, 
we have 

yo = a - 3/3A + gyh^ - 2jW, 
yi = a - ]3A + yh^ - U\ 

ya = a + j3A + 7^^ + 8A', 

3/3 = + 3j3A + 97A' + 27?/^. 

Hence y© + ya = 2 (a + 97A'), yi + 2/2 = 2 (a + 7*^). 

Again, the parabolic area between yo and y^ is 

rzh 

{a + [ix-\- yx^ + Sx^)dx = 3h{2a + 67 A'). 

J-3A 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

V (2^0 + ^3 + 3(^1 + ^2))- 
4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* — Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by fths of the 
common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equi<Ustant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 

* This and the preceding are commonly called '* Simpson's rules " for cal- 
culating areas ; they were however previously noticed hy Newton (see Opuscula, 
Method. Diff.'i Prop. 6, scholium) as a particular application of the method of 
interpolation. By taking seven equidistant ordinates, Mr. Weddle {Camb, and 
Dub. Math. Jour.y 1854), ohtained the following simple and important rule for 
finding the area: — To five times the sum of the even ordinates add the middle ordi- 
nate and all the odd ordinates, multiply the sum by three-tenths of the common 
interval J and the product will be the required area, approximately. The proof, 
which is too long for insertion here, will he foimd in Mr. Weddle's memoir : 
and also, with applications, in Boole's Calculus of Finite Itifferences. The student 
is referred to Bertrand's Calc. Int., I. i, ch. xii., fur more general and accurate 
methods of approximation hy Cotes and Gauss. 
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ourvilinear area, the methods given above are applicable to 
the approximate determination of any such inte^al. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances 
have been introduced for the purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Planimeters. The simplest and most elegant 
is that of Professor Amsler of Schaifhausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre roimd which the instrument turns ; and a wheel 
ifl fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point S has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of it& 
position on the moving arm ; i.e. is the same as if the wheel 
be supposed placed at the joint. 

To prove this, suppose P to represent the point on th& 
arm at which the centre of the 
revolving wheel is situated. Let 
A'B" represent a new position of 
AB very near to ABy and P' the 
corresponding position of the 
point P. Draw PiV perpendicular 
to -4'jB' ; then PN represents the 
length registered by the wheel 
while the arm moves from AB to 
the infinitely near position A'B^. 

Next, draw AN perpendicular, 
and AL parallel, to A'B', 

Let PN^ d8\ AN' = ds, AP = c, 
PAL = dti,; then PN=' PL +AN\ 
or fl?s' = ds + c d(p. 




Kg. a3* 



Amaler's Planimeter. 
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Now, if we suppose AB after a complete circuit of the 
curve to return to its original position, we have obviously 
2 {dif) = o ; and therefore S {dn) = 2 (c/v), i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes drawn through C, and l^t AC = a^ AB - h^ 
L ACX = ; and suppose ^ the angle wliich BA produced 
makes with the axis of x ; then we shall have 

a? = a cos 6 + J cos ^, y = a sin + 6 sin 0. 

Hence xdy - ydx = a^dO + JV^ + ab cos (fl - 0) fl?(9 + ^). 

Also ds^ AN' = ^^' sin^-4'iVr ^adO cos (fl - 1^). 

But + ^ = 26 - (e - ^) ; 

.*. aJcos(0 - 0)rf(O + 0) 

= 2ar-6 cos(0 - ff)dB - a6 cos(fl - 0) fl?(0 - 0) 

= 2/>(a?5 - aJ cos (0 - 0) d{d - 0). 

Consequently 

irfl?y - ydx^cfdO + 6*c/0 + 2Jc& - ah cos(fl -iji)d{0- 0). 

But, by Art. 139, the area traced out by 5 in a complete 
revolution is represented by -J- {xdy- ydx) taken around the 

entire curve. 

Also, since AC and AB return to their original positions, 
the integrals of the terms a'rffr, 6*fl?0 and nbcos(0 -(p) d(9- 0) 
disappear ; and hence the area in question is equal to bS, where 
8 denotes the entire length registered by the revolving wheel. 

On account of the importance of the principle of this in- 
strument, the following proof, for b 
which I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let C, -4, ^represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose E to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CP and B8 
perpendicular to AB, 




Fig. 24. 
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Let 



AC^a, AB^h, AR^l, BC-^^r. 



Now, if the instrument be rotated about C through an 
angle without altering the angle CABj it is easily seen 
that the circumference of the roller is rotated through an aro 
represented by 

Again, if the instrument be rotated about S through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through JB, 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let X/i, X'/x' be the two adjacent 
circles described vrith C as centre, and 
suppose aa and /3)3' two adjacent non- 
rolling curves, such as just stated : and 
suppose the tracing point B to move 
round the indefinitely small area aafi(i : then the aro through 
which the roller has turned is represented by 




Fig. 25- 



(- 



fl' + b^ - r^^ 



2b 



^^'(^-^'^'''^r^'^' 



se 



rSrSe 

— z-^ = area oi 



aa'fi'fi 



since a|3 = r 88 ; and Sr = aa sin /3. 

Now suppose the instrument works correctly for the area 
XX Va, then it will work correctly for the area XX'/3'/3 ; for, 
start from a to X, X', a\ then the area aXXa' must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a' to /3', /3, a, then, by what has been just 
proved, the area a'|373a will he added. Hence the instrument 
will work correctly for the strip XX'/i'/x* 

Again, suppose the instrument works correctly for the 
area X/ip, then it will work correctly for XV/> > for suppose 
we stwii from X to /o, /i, and back to X : then start from A to 
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/i, f/j X and A ; the wo joumeyB from X to fi and /x to X 
will neutralize each other, and it follows that if the instrument 
works correctly for the area X/u/o, it will work correctly for 
the area X'/x'p • hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Flanimeter, 
with another mode of demonstration, in a communication by 
Mr. P. J. Bramwell, C.E., to the British Association. — See 
Beport, 1872, pp. 401-412. 
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EXAICPLSS. 

I. Find Hie wHoIe area between the cuire 

and its asymptotes. Am, 2vab, 

a. Find the whole area of the cuire 



3. Find the whole area of the cuzre 

^ ©■* (I)'- 



8a* 



4 



4. Find the whole area included between the folium of Descartes 
and its asymptote. Am. ^~. 



5. In the logarithmic curve ^ « ff*, prove that the area between the axis of 
X and any two ordinates is proportional to the difference between tbe ordinates. 

6. Find the area of a loop of the curve 

ira^ 
r = a 00s nd, Ans. — • 

f» 

7. Find the area of a loop of the curve 

r = acosfiO + dsinnO. „ (tf» + i*) -. 

The equation of the curve may be written in the form 

r = \/a^ + ^ cos (wd + a), 

where tan a = ; and consequently its area can be found from the preceding 

pie. 

8. Find the area of a loop of the curve 

r^ s= a' cos »0 + ^ sin n9. Am. ~ , 
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9. Find the area of the tractriz. 

The characteristic property of the tractrix is that the intercept on a tang^t 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendicular 

to the axis, we have, F being ^^ 

any point on the curve 

FT^a^ FN=y, 







Fig. 26. 



.-. ydx == - \/a* - y^dy. 

Hence the element of the area of 
the tractrix is equal to that of 
a circle of radius a. 

It follows immediately that the whole area betwetn the four infinite branches 
of the tractrix is equal to ta'. This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve, 
without a previous determination of its equation. 

If the equation of tlie tractrix be required, it can be derived from its differ- 
ential equation 



rfa?ss- 



\/a2 - y'*'dy 



from which we get 



X + v a* - y« r= a log 



a'\'*y 0^ — y- 



That the equation of the tractrix depends on logarithms was noticed by 
Newton. Bee his Second Epistie to Oldenburg (Oct. 1676). This was, I 
bdieve, the first example of the deteiinination of the equation of a curve by 
integration ; or, what at the time was called the inverse method of tangents, 

10. If each focal radius vector of an ellipse be produced a constant length c^ 
show that the area between the curve so formed and the ellipse is ice {2b + c)j 
b being the semi-axis minor of the ellipse. 

11. Find the area of a loop of the curve r** = a» cosntf. 



Ans. 



'\/r \2 n) 



12. If a right line carrying three tracing points A^ S, C, move in any manner 
in a plane, returning to its original position after making a complete revolution ; 
and if {A)y {B)y (C) represent the entiro areas of the closed curves described by 
the points A, B, (7, respectively, prove that 

BC X {A) + CAx{B)+ABx{C)Jf'ir.AB. BC, CA ^ o, 

in which the lines AB, BC, &o., are taken with their proper signs ; i.e., 
AB^-' BAy &c. 
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13. A, 3f Cf Df are four points rigidly comiected together, and moving in 
any way in a plane ; if they describe closed curves, of areas {A), (jB), (C), (2)), 
respectively ; and if a;, y, z, be the areolar co-ordinates of D referred to the 
triangle AJBC^ prove that 

where t is the length of the tangent from D to the circle circumscribed to the 
triangle ^^C Mr. JjevLddB^qiif Meaaenffer of MathematieSf 1878. 

This follows immediately : for let P be the point of intersection of the lines 
AB and CZ>, then, by (18), we get a relation between (A), (5), and (P^ ; and 
also between ((7), (i>), and (P). If P be eliminated between these equations we 
get the required result. 

14* Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A, P, C, J), taken respectively 
as pedal origin. Mr. Leudesdorf, 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 



:i 



prdr 



\/r2- 



«2 



16. A chord of constant length (c) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents. 

Arts, — . 

2 

17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 



r« = 



a^b^ 



*2+(a^+i2)tan«e' 
and that the whole area of the locus is 



18. Apply the three methods of approximation of Art. 148 to the calculation 

f^ dx I 
, adopting — as the commop 

interval in each case. An8. (i), .693669. (2), .693266. (3), .693224. 

The revalue of the integral being log 2, or .693147, to the same number 
of decimal places. 

1 9. Prove that the sectorial area bounded by two focal vectors r and r' of a 
parabola is represented by 

where c is the chord of the arc, and a the semiparameter of the parabola. 
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20. Show that the whole area of the inyerse of the ellipse — + t^ = i is- 

a* Ir 

represented by 

where a, fi, are the co-ordinates of the origin of inversion, and A; is the radius of 
the circle of inversion. 

21. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

g(2 cos 2$ 4- I) 
2 cos * 

Hence show that the entire area of the loop of the curve is 3^ v 3 

4 

23. is a point within a closed oval curve, P any point on the curve, QP(^ 
a straight line drawn in a given direction such that QP ^ PQf = PO ; prove that 
as P moves roiuid the curve, Q, Q', trace out two closed loops the sum of whose 
areas is twice the area of the original curve. Camb, Trip, Exam,, 1S74. 

24. Prove that the area of the pedal of the cardioid r = a (i - cos 0) taken 
with respect to an internal point at the distance e from the pole is 

^ (Stft - 2ac + 2<J»). {Ibid,, 1876.) 

o 

25. The co-ordinates of a point are expressed as follows : 

find the equation of the curve described by the point, and the area of the portion 
of the plane inclosed thereby. 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

y. 150. Jjengtih of Carves referred to Reetanipnlar Axes. 

The usual mode of considering the length of a curve is by 
treating it as the limit of a polygon ^hen each of its sides is 
infinitely small. If the curve be referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 

(xy y) azid (i»+ dxy y-k-dy) isx/ch^^^ dy\ aiid, consequently, if 
« repf esent the length of the cBrve measured from a fixed 

point on it, we shall have ds = ^dx'^ + dy^, or, integrating, 



taken between suitable limits. 

dv 

The value of — in terms of x is to be got from the equa- 
tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y be taken for the independent variable 
we shall have 



«=J Ji +(37.).^^- 



/dxV 

\dyj 



Again, when x and y are given functions of a single va- 
riable 6, we have 



8 = 



"fJMDV^- 



In each case the form of the equation of the curve deter- 
mines which of these formulae should be employed. 



'^ 



The Catenai^y. 
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Tlie onrves whose lengths can be obtained in finite tenns 

(oompaxe Art. 2) are very limited in number. We proceed to 

consider some 01 the simplest cases. 

X 151. Tbe Parabola. — ^Writing the equation of the 

die t/ 
parabola in the form y^ = 2mx. we get -— = — . 

^ ay m 



Hence 






■vm^dy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y ior a?, 
and m^ for - a\ 

Thus we have 



s = 



y\/y 



^/? 



2m 2 ® \ m 



i»^ 



(2) 



the arc being measured from the vertex of the curve. 

^ 152. Tbe Catenary. — The equation of the catenary 

(Art. 131), is 



Hence 






* ' '':)'-;(«-'-"^' 




Fig. 27. 



dx \ doi^ 
If « be measured from the vertex F, we have 



«e;^ = -(e«-e*i + const. 



ai *- --\ 



the same result as already arrived at in Art. 131. 

Again, since PL = P F, and NL is constant, it follows that 
the catenary is the evolute of the tractrix (see Ex. 9, p. 219). 
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y 153. Aemi-cabical Parabola. — The equation of this 
curve is of the form ay' = a^. ^ 

h -I ?! . • ^ = :^/^?Y ~ - /" ??Y. 

a^' ' ' dx 2 \a) * dx \ ^a) * 

oa?\i - 8a/ oa?\* 
i+— flfc= — i+~ + const. 
40/ 27V 4«/ ' 

If the arc be measured from the vertex, we get 



8 



=?,l(-5)'-!- 



The semi-cubical parabola is the first curve whose length 
was determined. This result was discovered by William 
Neil, in 1660. 

, 154. Rectlflcatloii of KTolotes. — It may be noted 
that the rectification of the semi-cubical parabola is an 
immediate consequence of its being the evolute of the ordinary 

{)arabola (see Diff. Gale, Art. 239). In like manner the 
ength of any curve can be found if it be the evolute of a 
known curve, from the property that any portion of the bxq 
of the evolute is the difference between the two corresponding 
radii of curvature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

{ax)\ + {hy)% = {a' - b% 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 

and making x - a sin'^, we get f/ = (i cos'^, and 

efe = {dx^ + rfy')i = 3 sin ^ cos^(a' sin'0 + /3' cos'^)*rf^ 
3(a*sinV + |5^cos'0)i 



2(a'-/i?) 



d{a^ sin'^ + /3' cos'0). 
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Hence 

B = ^ ^-^5 ^ + const. 

If the arc be measured from the point x = o^y ^^^ we 
get the constant 

. -/3' «„^ . (a'8in'» + /3^ooBV)*-3» 

If a = /3, the expression for da becomes 3a sin ^ cos^e^ ; 
hence we get 8 = - a sin^^, the arc being measured from the 
same point as above. 

Examples. 
I. Find the lengtii of the logarithmic cunre y = mc. 

Here logy = jplQea + log«; .•.— = -, where 3= ^ — . 

dy y log a 

J y J (»» + *»)» J y(»» + «»»)» 

2* Find the length of the traotriz. 

Here, by definition (see fig. a6), we ha^e PTs= a ; 

. ^««^ y -» da a 

.'. BinPTi^r = -, hence -- « - -; 
a' dy y 

.«. * as - a I ^ «= - a log y + const. 

If the arcbe measured from the rertez A, we get 

arc ^P=! a log f-J. 

3. Find in what oatoes the ourveB represented by a^y^ a x!"*^ are rectifiable. 
Here we haye 

f ( tm-^n\^ /x\ 
a 



ri»] 
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SaMitutixig b for —-, and making i + do; » = s', this becomeB 



I7»6 J \ b ) 



z^dz. 



This expression is immediately integiiable when — is a positive integer. 

2ffl 

Hence, if — = r, we see that curves of the form af/^ = a^^ are rectifiable. 
' 2mfc * ' 

Again, if — be a negative integer, the expression under the integral sign 

becomes rational, and can accordingly be integrated. This leads to the form 
j/ir — «aj«r-i. Accordingly, aU. curves comprised in the equation ay^ = a?"**^ are 
rectifiable, m being any integer. (Compare Art. 62). 

> 155. Tlie Ellipse. — The sunplest expression for the arc 
of an ellipse is obtained by taking ;z? = a sin 0, whence 

y = J cos ^, and da = {a^ cos*^ + b^ sin'0)i rf^ ; 

.-. 5 = (a* cos'^ + J* sin*^)*rf0. 
It is often more convenient to write this in the form 



s = a (i -^ e* sin^0)ic?0, (3) 

e being the eccentrioiiy of the ellipse. 

It may be observed that ^ is the complement of the eccen^ 
trie angle belonging to the point {xy y). 

The length of an elliptic quadrant is represented by the 
definite integral 

a\ [i - e^ 8in*^)irf0. 

We postpone the further consideration of elliptic arcs 'to 
a subsequent part of the Chapter. 
^/i56. Rectiflcatioii in Polar Co-ordinates. — ^If the 

curve be referred to polar co-ordinates we plainly have (DiflE. 
Calc, Art. i8o) d&^ =dr^ •{■ t^dO^ ; hence we get 



5 = 



y^,%Jd9, or«=|(,+!^)V (4) 
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For example, the length of the spiral of ArohimedeSy r =^ a9y 
is given by the equation 



s 



= - (r* + a2)i dr. 



Comparing this with the formula (2) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pol6, is equal to that of a parabola measured from its 
vertex. 

ExAlfPLBS. 

1. Cardioid, r = a(i + cos $), 

Her© -7- = — a sin tf, and hence 
,d0 

6 

* = a / { (I + COB a)* + sajo?epd0 = 2a / cos - eftf = 4a sin - + constant. 

Z ' z 

The constant becomes zero if we measure s from the point for which 9 = o. 

2. Logarithmic spiral, r = a^. 

Here, i£ b = z , we get 

' log a' 



= i ; .'. 8=\ (i + ^)ldr = (i + i2)J (n - ro). 



— 

dr jro 



Accordingly, the lenglh of any arc is proportional to the difference between 
the yectors of its^extremities j a result wMch also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 



r^si a*>* cos m9. 

'rdB 



dr 
T&ldng the logarithmic differentials, we get — jj = - tan f»a ; 



ds 
.'. —r- = secmd. 
rde 



i-i 



f , «"' 

Hence «sa 1 (cosf»0) dd. 

Or, wilting ^ for mdy 

a r *»"' 

This is readily integrated when — is an integer (see Art. 56). 

[15 a] 
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Whateyer betlie Talue of m, we can express the complete length of a loop of 
the cunre in Gamma Functions. For if we integrate hetween o and -, we ob- 

2 

Tumsly get the length of half the loop. 

Hence the length of the loop (Art. 122) is 






a 
m 



157. Fommla of Iiegendre on Rectlflcatioii. — 

Another f onnula* of considerable utility in rectification fol- 
lows immediately from the result obtained in Art. 192, Diff. 
Calo. For, if this result be written in the form 

, =Py we get 5 - ^ = jpdto. (5) 

Consequently, the total increment ola-t between any two 
points on a curve is equal to jpdw taken between the same 
two points. 

For example, in the parabola we have p = , and 

COSoi 



hence 

S-'t 



a — — = a log tanf - + - ) + const. 
Jcosw ° \4 2/ 



If we measure the arc from the vertex of the carve, and 

dt) 
observe that ^ = x^> ti^is gives 

a sina> 
a = - 



COS' (II 



7— + fl log tan - f- ~ J. 



The student can without difficulty identify this result with 
that given in Art. 151. 



* This theorem is due to Legendre. See Traitk des Fonetiont EU^OiqueSf 
tome ii.| p. 588. 
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It should be observed that when the curve is closed, its 
whole length is, in general, represented by 



r 



pdui. 



Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve, when we. are given its equation 
in terms of ^ and en. 

For, if j9 =/(cii) we have 



% 



= £ + \pd^ =/H + j/M rfcu, 



(6) 



taken between suitable limits. 

158. Application to Kllipse. Fa|pmuil*9 Tbeorem. 

In the ellipse we have 

p^ - c? cos'w + V sin'(i>. 

Hence, measuring the arc 
from the vertex -4, and observ- 
ing that in this case PiV is to be 
taken with a negative sign, we 
have 




Fig. a8. 



arc AP + TN = (a* cos* w + V sin* w)i rfw. 



where a = lACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex B^ the arc is represented by 



1 



(a* COB*0 + 6' sin*0)irf0. 



Consequently, if we make L BCQ = a = z. ACIf, and draw 
QJf perpendicular to the axis major meeting the curve inP', 
we shall have 

arc JBP' = axe -4P + PJV^ 



or, taking away the common arc PP^^ 

BP-AP = Pi\r. 



(7) 
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This remarkable result is known as Fagnani's Theorem*, 
and shows that we can in an indefinite number of ways find 
two aros of an ellipse whose difference is expressible by a right 
line. 

We add a few properties oonneoting the points P and P' 
in this construction. 

Examples. 

1. If i^t y) and {x\ y') be the co-ordinates of P and P\ respeotiYely; prove 
the following : — 

(i). FN^ , (2). FN= P'-y', (3). CN. CN' = CA . CB, 

(4). CP* + CZT* = C^2+ C5»= (7P^+ CNK 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiazes. 

This takes place when P and P' coincide ; in which case CN= vab, and 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's poiat, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi-axes of the ellipse. 

4. If the lines PiV and P'N' be produced to meet, show that they iutenect 
on tiie conf ocal hyperbola which passes through the points of intersection of tiie 
tangents to tiie ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani's point. 

* Fagnani, Giomale de* Letter ati d^ Italia, 17 16, reprinted in his Froduzioni 
Matematiehey 1750. It may be noted that if we integrate the equation of Art. 
116, Diff, Cale.y taking the angle C as obtuse, and adopting zero for the lowest 
limit in each integral, we obtain 

f« .6 

V' I - k^ sin?ada + 1 ^ i — k^ wo^b db 

~ j -y/ 1 - A® wD^ede + A;^ sin a sin d sin (;, 

where h is defined by the equation sin (7 = ^ sia r, and a, d, are connected by 
the relation 



cos 



=s cos COS J-sinasinJ\/i — k* sin'^. 



This equation furnishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fone. EUip. , tome i., ch. 9. 
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The eqiiatioa of FN is 



«8iii0 + yco8 = \/a< sin*© + ** cos^tf, 
•nd that of P'iV" is 



j; cos 9 ^Bin0 
+ . = I. 



If we eliminate 0, we get 



a b ' 



(8) 



which represents the hyperbola in question. 

159. Tlie Hyperbola. — In the hjrperbola we hare 

p^ = a'oos*a> - J' sin' 01. 

Hence, measuring the arc from the vertex A of the curve, 
we find, since cu is measured below the axis, 

PN- AP = ["(a'cos'o - J'sin»w)irfai, 

where o = z ACN, 

As we proceed along the hyperbola 
the perpendicular p dimmiehes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of cu in this 

case becomes tan~^ y> ^^ follows that the 



difference between the asymptote and 

the infinite hyperboUc arc, measured 

from the vertex, is represented by the 

definite integral 




I, 



. a 

tan-1- 




(a' cos' 01 - 6'sin*o>)irfoi. 
Examples. 



1. If a> ^, proye that 

/(a + 6cos^)U^ 

is represented by an elliptic arc, and that the semiaxes of the ellipse are the 
greatest and least values of (a + ^ cos ^}i. 

2. liaKhf prove that 

/(a + hcoBipYd^ 

is represented by the difference between a right line and a hypeibolic arc. 
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1 60. Iianden's Theorem on a Hyperbottc Are. — 

We next proceed to establish an important theorem, due to 
Landen ;* namely, that any arc of a hyperbola can be eocpr eased 
in terms of the arcs of two ellipses. 

This can be easily seen as follows: — ^In any triangle, 
adopting the usual notation, we have 

c « aoosB + Jcos-4. 

Now, representing by C the external angle at the vertex 
C, we have C ^ A-^-B^ and henoe 

cdC = (« cos-B + 6 oos-4) dA + {a cos JB + b oos-4) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 



\cdC = \a 



QosBdA + 
or 



b ooB AdB + 2a siujS + const.. 



Wo" + 6' + 2abooQ CdC= l/a^-'b'wi^A dA^-Wb" - a*sin*5 dB 

+ 2a sin jS + const. (9) 

Now, if we suppose a > J, v^a'- J'^sin*^ dA represents 
(Art. 155) the arc of an ellipse, of axis major la and eocen- 

tricity -. Also L/ft' - a^%vD?BdB represents (Art. 159) the 
difference between a right line and the arc of a hyperbola, 
whose axis major is b and eccentricity 7. 

Again, ^/a^ + &^ + zab cos (7 = J (a - &)'sin*-+ {a + by oo^—y 

^ ^ ^ 



* Landen, Philosophical TransactioMf 1775 ; also, Mathematical Ifetnoirs, 
1780. 
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and consequently the integral 



1 



V^a' + i* + 2aboo&CdC 



represents an arc of the ellipse whose semiaxes are a ■{■ b and 
a- b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the Umiting values of A, £ and 
C are connected by the relations 

amiB = bsinAy and C = A-^ B, 

Again, if we suppose the angled to inofease from o to ir, 
the external angle C will increase at the same time from 
o to TT, while B will commence by increasing from o to a, 

and afterwards dinniTiiRh from a to o I where a = sin~^- j. 

Moreover, in the latter stage & cos ^ is negative, and dB also 
negative, consequently the term b cos AdBia positive through- 
out the entire integration ; and the total value of 

v^ft* - a^sm^BdB is represented by 2 ^/b^-a^Bin^BdB. 

C 
Hence, substituting ^ for — , and integrating between the 

limits indicated, we get, after dividing by 2, 



2 




{{a + 6)*sin> + (a - bfoo^^]^d(^ 



ir 



= ?{a^ - 6^ ^in^A)HA + [{V - a? sin*5)i dB. (10) 

Jo Jo 

Accordingly, the difference between the length of the asy^np^ 
tote and of the infinite arc of a hyperbola is equal to the differ^ 
ence between two elliptic quadrants. This result is also due to 
Landen. 

We next proceed to two important theorems, which may 
be regarded as extensions of Fagnani's theorem. 
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i6i. Tbeorem* of Dr. CfraTes. — If from any point 
P on the exterior of two eonfocal ellipses, tangents PT and 
PT be drawn to the in- 
terior, then the difference 
(Pr+ Pr - TT) between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
Q8 and Q8' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PN and 




Fig. 30. 



QN' \ then, since the conies are eonfocal, we have 

L PQN^ L QPN'\ .-. PN' = QN^ 
Also, PT^TR + BJfr-^ TE + BS+ SNr'TS+SN 

In like manner 

pr = PN' + s'Q - rs' ; 
.-. PT + pr = Q8+ Q8' + T/S - rs\ 

or PT + pr - Tr = Q/S + Q8' - S8\ 

Hence, PT + PT' - TT' does not change in passing to 
the consecutive point Q ; which proves that PT + PT' - TT' 
has a constant value. 



* This elegant theorem was arriyed at by Dr. Grrayes, now Bishop of Limerick, 
for the more general case of spherical conies, from the reciprocal theorem, yiz. : — 
If two spherical conies haye the same cyclic arcs, then any arc touching the 
inner will cut from the outer a segment of constant area. (See Grayes* transla- 
tion of Ghasles on Cones and Spherical Conies, p. 77, Dublin, 1841.) 

It should be remarked that the theorems of tins and of the following articloi 
were inyestigated independently by M. Ghasles. The student will find in the 
Comptes Rendusy 1 843, 1 844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of eonfocal conies, as also 
to the addition of elliptic functions of the first species. 
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This value can be readily expressed by taking the point 
at £^y one of the extremities 
of the minor axis of the 
exterior ellipse. Let D be 
the point of contact of the 
tangent drawn from jB', and 
drop DMj and DN perpen- 
dicular to CA and CB, 
respectively. 

Let CA = a, CB = b, 
CA^dy CS^=b\ e the eccen- 
tricity of interior ellipse. 
Then, by Art. 155, the length of arc 




Fig. 31, 



where 



BD^a^{i -e'sin^ifi?^, 



cos a 



Again, 



CB ~ CB^ CS b" 



BI^ = B^IP + DN"^ = (Z)' - 6 cosa)^- + a* sin*a 



-('•-r)'-(--?=)= 



hence 



cC 



ED - TiV^"" -b^^a! sina. 



Consequently we have 

SB - JBD = a' sin a - a ["(i - ^ sinV)M0, 

Hence, in general, 

PT + FT - rr = 20!' sin a - 2a [* (i - e^ ^\v^^)^d^, 



(II) 



where 



« = oos-> (^,). 



r. 
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Fig. 3a. 



The analogotis theorem, due to Professor Mac CuUagh, 
may be stated as follows : — 

162. Theorem.— If tangents FT, PT be drawn to an 
ellipse from any point on a con- 
fooal hyperbola, then the differ- 
ence of the tangents is equal to 
the difference of the arcs Tfand 

Er. 

The proof isleft to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confooal 
hyperbola, provided that the tan- 
gents both touch the saiue branch 
of the hyperbola; as can be seen 
without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference between the length of the 
asymptote and of the infinite branch of 
a hyperbola can be expressed in terms 
of an arc of the hyperbola. 

For, let the tangent at A meet 
the asymptote in 2), and suppose a 
oonfocal ellipse drawn through D. 
Then, regarding DT as a tangent to 
the hyperbola, it follows, oy the 
theorem just established, that the 
difference between DT and KT is 
equal to the difference between JOA 
and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT is equal to 
DA -{-DC -2 KA . Consequently the 
required difference is expressible in 
terms of given lines and of the hyperbolic arc AK. 

* I am indebted to Dr. Ingrain for this application of Professor M'Cullagh's 
theorem. 




Fig. 33- 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

1 63 . Tlte Umaytin. — From the equation of the lima9on^ 

r = fl cos 8 + J, we get -1^ = - a sin 0, 

and hence 

e& = (a* + b^ + lah cos G)^dO ; 

.-. s= fj(a + &)'cos'^|+ (fl-J)*sin'|j*efe. 

Accordingly, the rectification of the lima9on depends on 
that of the ellipse whose semiaxes are a + i and a-h. 

164. Tlte Epitrocboid and Hypotrochoid. — The 

epitrochoid is represented by the equations (see Diff. Calc.^ 
Art. 284) 

a? = (a + ft) cos - c cos —J — 0, 



y = (a + 6) sin 8 ~ c sin — r-r 0, 



Hence 



dy , r\ { /» ^ ^ + ft/») 

J-(a + J)joose-3008-j-«J. 
Squaring and adding we get 

W -\- c^ - 2bc cos -T-{ dO, 
Hence, substituting — - for 0, we get 

8 = ii^L*) f {(J + cf sin^0 + (6 - c)' cos'0)irf0. 



a + b 
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Consequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. 

The corresponding form for the hypotroohoid is obtained 
by ohanging the sign of b. 

165. Steiner's Theorem on Rectification off 
Roulettes. — If any curve roll on a right line, the length 
of the arc of the roulette described by any point is equal 
to that of the corresponding arc of the pedal, taken with, 
respect to the generating point as origin. 

For (see fig. 20, Art. 145), the element Offoi the roulette 
is equal to OPdo). 

Again, to find the element of the pedal. Since the angles 
at N and N^ are right, the 
quadrilateral NN^TO is inscri- 
bable in a circle, and consequently 
NN' = OT sin NON\ But, in 
the >limit, NN^ becomes the ele- 
ment of the pedal, and OTbecomes r^ 
OP : hence the element of pedal 
is OPdio ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the Fig. 34. 

roulette; .*. &o. 

We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the limajon. Again, if 
an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and cfo', of the roulette, 
and of the corresponding pedal are connected by the relation 

ds = ds\ I + -, 

In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima9ons, which 
agrees with the results established already. 
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1 66. OTal of Descartes. — We next proceed to the 
rectification of the Ovals of Descartes, some properties of 
which CTirves we have given in chapter xx., Diff. Calc. 

The curve is de- 
fined as the locus of 
a point whose dis- 
tances, r and /,from 
two fixed points are 
connected by the 
equation 

mr + 1/ = dy 

where /, m, d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr + Ir = nc, (12) 

where c is the dis- 
tance between the 
fixed points. 




Fig. 35. 



The polar equation of the curve is easily got. For, let F 
and Fi be the fixed points, and L FiFP = 0, then we have 

/2 = ^2 + ^2 _ 2rc cos ; 
also from (12), 

/2/2 = (^fic _ rnrYy 

hence the polar equation of the locus is readily seen to be 



r^ _ 



zrc 



mn - P cos 



+ c^ 



n'-P 



= o. 



(13) 



For simplicity we shall write this in the form 

r^ - 2rQ, + (7= o. (14) 

Solving this equation for r, we get 

r = Q±A/i2*-(7, oiFPi = Q + a/Q'-C?, JFP = O - v/q* - C. 

It can be seen without difficulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we gQt from (14), by differentiatLon 

(r - Q)rfr = rO'rf©, where Q' = "3^ 5 



— = = — _ ; nence — t^ — . — . 

rdfi r-O ^a^-C ^^^ yo»- C 



Or da = Q^^QJ;;^l z^rffl + v/Q'-hQ^- Crfg, (15) 

the npper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs ia equal to 

2^/0^+0!^- CdOy or, 2v/a* + 2fl6 cos © + 6* - Crf©, 

(writing Q in the form a + 6 cos 0) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two correq)ondm^ arcs of the ovals can be repre- 
sented by the arc 01 an ellipse. This remarkable theorem is 
due to Mr. W. Eoberts (liouville, 1847, P- i95)« Some years 
after its publication it was shown by Professor Qenocohi 
(Tortolini, 1864, p. gy), that the arc* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle described through Fj F^ and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join PQandPiQ; then let z JFPQ = w, andPiPQ = w'; 

df* di 
and since m -r- + / -7- = o, we have / sin en' » m sin ai ; 
d% as 

.'. FQ:FiQ=^l:m. 



* For the proof of this theorem given in the text I am indebted to Mr. 
Panton. 
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Also, sinoe mr + // == ne ; and (by Ptolemy's theorem) 

we have 

FQ F,Q PQ 

I m n ' 

Henoe, denoting the oommon value of these fractions by 
u, we have 

FQ = fo, FiQ = muy PQ = nu. 

Again 

dr Q' v/q*-(7 

tan 01 = — T5 = — ^ ; .'. cos oi = 



Hence the first term in the expression for da in {15) is 
equal to 

QdO c mn- P QOsO .^ 

00s 01 m* - /' cos 01 

Again, let z JPJ'i = ^, z. PFiC = 0, 

and we have the two following relations between the angles 

s + 1^, /sinO+msin^^nsini/'. (16) 

Henoe 

d^- dO - d\f/y I oosOdO + mooQijidji =■ n ooB^pd^p ; 
.'. {mn - P cos 6)rf0 = »» (w + /cos0)rf0 - n (w + / cos ^)rfi/>, 



or 



fwn - /* cos ^^ n + / cos A , m + / cos iL . , , , 

d0 = m -d6-n -dxl. (17) 

coso> cos 01 cos 01 ^ ^ '/ 

Again, from the triangle FPQy we have 

r cos 01 = PQ + FQ cos ^ = (n + / cos 0)t^; 

... !LLi^ = ;; = yFTFT 

[16] 



2/n COS0. 

OOSoi f« ' ^ 
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In the same maimer it can be shown that 

r = -- -/ /^ + ^w + 2/m cos ^. 



cos 01 u 

Ilenoe we have 
cos 



= — „ — -„ x/l* + n' + 2ln cos 6 a6 



m 



ic r / — ~' 

— j2 v^^ + fw* + 2/;n cos i/zrfi/'. (i8) 



2 



Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and^ 
are connected by the relations given in (i6). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines {AB;CD), {ACj BD)y and {AD, JBC), 
respectively/ : a result also given by Signer Genocchi. First, 

with respect to the ellipse whose element is ^/o,^ + Q,'^ - C40y 
it is plain that its axes are the greatest and least values of 

2 a/q,^ + Q'* - (7, or of 2^a^ + J* + zab cos - C; but these 

are 2 a/ {a + by - and 2 ^/(a - by - C, which are plainly 
the same as the greatest and least values of PPi ; and, con- 
sequently, are AB and CD, 

Again, from the equation mr + 1/ = nc, we get 

mFB + l(FB + c) = nc; .-. FB = ^LZ^. 

In like manner, 

(n + /) c 



FC^ 



l+m 



Again, since we get the points on the outer oval by 
changing the sign of /, we have 



m-l m- 1 
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and, consequently, 



AB^^,, BC=^''' 



^^ 2mc{n + l) ^j)^2mc{n^l)^ 

but these are readily seen to be the values for the axes of the 
ellipses in (i8). 

It should be noted that if we substitute in (15) the values 
for a and b, the expression for the element ds becomes of the 
following symmetrical form : 



mc jr- — : , nc 



m^ -P ^ ^ m^-P ^ 

± —z — r, ^7}i^ + n* - 2mn cos 0d6. (19) 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Reetlficatloii of CurTes of Double CiirTatiire. 

If the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expression 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by (a?, y, z),{x+dx,y+di/,z + dz\ 
we get for the element of length, dsy the value 



da = */dd + dy^ + cfe*. 

The curve is commonly supposed to be determined by the 
intersection of two cylindric^ surfaces, whose equations are 
of the form 

/(^, y)=0, ^(ar, s)=0. 

From these equations, if -j- and — be determined, the formula 
of rectification is 

[16 a] 
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When 2 is taken as the independent yariabley this formula 
beoomes 



a 



'\HtXM'"-' 



the limits being in eaoh ease determined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 



Hence 



x-a oos(t j, ^ = a smf t). 



dx a . fz\ dy a fz\ 



.*. efe =1 I + 



jij e^s, ors = |^i+ j3J z; 



the arc being measured from the point in which the helix 
meets the plane of a^. 

This result can also be readily established geometrically. 

Examples. 
I. Find the lengtii of the cuinre whose eqiiations ore 






y=-' ^-60^- 



Here - j(i + J + |i)*^- = j(i + 5) ^ = ' "^ S '='^'' 

the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in ge- 
neral, whenever 

\di) "*(te' 

/ d^ dz^\h I dz\ 
wehave ('+^+57.) =('+SJ' 

and therefore dsssdx-^ dz, or « = jt + s 4- const. 
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Thus, if y =/(«) te one of the equations of a curve, we get -j- =/*(«), and 
hence, if a second equation be determined from the equation 

the length of the curve is represented by « -t- 2 + const. ; the value of the con- 
stant being determined by the conditions of the problem. 
For instance, if y = a sin«, we get/'(£) » a cos j;, and 

-— =— cos*af; .'. 5 = — (« + co8«sma;). 
dx % 4 ^ 

Hence the length of the curve, of intersection of the cylindrical surfaces 

a' 

y^asmx, 2 = — (j? + cos» sina?) 

is z + «; the length being measured from the origin. 

1. y = 2vaa; — a:, « = « A — . Arts, s = x -^ y - z. 

3. ^ = i> a; = - (^ + <f <»), the length being measured from the point 



of intersection of the curve with the plane of xy. 



^„...JiL±i!I' (,»_„.).. 
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Examples. 
I. Find the length of any arc of the catenary 

y = -\ea-{-e aj, 

and show that the area between the curve, the axis of x, and the ordinates at 
two points on the curre, is equal to a times the leng;th of the arc terminated by 
those points. 

If df 
J and hence find the length of a 

parabolic arc. 

fxdx 
— — may be represented by fin arc of 

a circle, and find the limiting yalnes of x for its possibility. 

f \a^-e^x' 

4. Show that the length of an elliptic arc is represented by ^ — 5 ^ dx^ 

where a is the semiazis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of ite eccentricity. 

6. Prove that the integral of 

a^dx 



can be represented by an arc of the ellipse whose semiaxes are a and j3. 

' 7. Show that the rectification of the sinusoid y = 6 sin ^ is the same as that 
of an ellipse. 

8. Prove that the whole length of the/r«^ negative pedal oi an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin ft0 is equal to that 
of an arc of the ellipse wose semiaxes are a and na, 

10. Tf, from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r^y and rd$ = dx, then l^e 
lengths of the corresponding arcs of the two curves are equal, and the area j ydx 
oi &e former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
lima9on r = a cos + 6 is equal to 86 : a being greater than b, 

12. Being given three points A, £, C on the circumference of an ellipse, 
show that we can always find, at either side of C, a fourth point 2) such that the 
difference between AB and CI) shall be equal to a right Une. 
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13. If a circle 1)6 described touching two tangents to an ellipse and also 
touching the elHpse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes RenduSj 1843). 

14. Proye that the entire length of any closed curve is represented by 

— taken round the entire curve ; p being the radius of curvature at any 
9 
point, and^ the length of the perpendicular from any fixed point on the tangent. 

c* -\- I ds c^* + I 

15. If ^y = be the equation of a curve, prove that —■ = -r , and 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art 125^ the whole length of 

t t 4 
a loop of the curve r = a cos - 6. 

5 
Here, by Ex. 3, Art. 156, the required length is 



5 /-^(f) /---(t) 



I? ft 

Hence, taking logarithms, and observing that -~ - 1.625, and -= 1. 125, we 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Diff. Calc. 

17. In. a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight Ime which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — Professor Crofton, Ilduc, Times y 
June, 1874. 

From (13) Art. 166, it follows, making n = m, that the equation of the 
lima^on, in this case, is 

^ cos (> - m* 
** "^ ^''' J^-m^ + ^ = o, 
which is of the form 

r» + 2r (a cos d - jS) + (a - iS)^ = o. 

Hence, by (13), the difference between two corresponding elementary arcs is 

OlW afi cos - dd. 

2 

Consequently, if ^1 and $2 be the values of d for the two transversals in 
question, we get the difference of the corresponding arcs 



=r S^/ afilam. sm— J . 



Also, it can be readily seen that the distance between the vertices of the 
lima9on is 4\/ ajS ; .*. &c. 
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i8. Show that the length of an arc of the ellipse -^ -(- ^ b i is represented 



bj the integral 



a2 



d9 



(a3co82tf + *^8in«d)* 



This result is easily seen, for we have ds s pd9, and p = --j- ; . *. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

«.,.( '1 

J (a«co8«fl-*»8m«d)' 

20. Hence prore that the integral 

Idx 
(a - A*»)*(a'-.*V)* 

is represented by an elliptic arc when ab' > bafj and by a hyperbolic arc when 
ab' < ba\ 

21. Prove that the differential of the arc of the curve found by cutting in 
the ratio n : i the normals to the cycloid 

p = a + bcoBU, X — au -^ b anu. 



<^(« + f»/ 



is <^ (^ + ***)' + 4««* sin* - ^f*- 

33. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it : find the sum 01 all the elementary quotients extended to the entire 
ellipse. Am, v. 

33. In the figure of Art. 158, if a = Z ACN\ and /3 = z JBCK, prove that 

tana tan/S 
a b 

34. Find the length, measured from the origin, of the curve 



x^ = a^{i - tf«). 



An$, 8 — a log ( ) — ^• 

° \a-xl 



25. Find the length, measured from 0=0, of the curve which is represented 
by the equations 

X = {2a~ b) sin <^ - (a — J) siii^<^, 

y a (2i — «) cos <^ - (A — a) cos'^. 

Ans, « = ^ (a + 6) ^ + f (a — d) sin ^ cos ^. 

36. Prove that the sides of a polygon of maximum perimeter inscribed in a 
conic are tangents to a confocal conic. — Chaslesj Comptes Heuduiy 1 845. 

27. To two arcs of an equilateral hyperbola, whose difference is rectifiable, 
correspond equal arcs of the lemniscate which is the pedal of the hyperbola. 
Ibid, 
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28. The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, form a quadrilateral, whose sides are tangents to the same circle. — 
Ibid. 

29. In an equilateral hyperbola proye that 

rds = ia*d {tan. 2$) y 

and hence show th&t{ rds taken between any two points on the curyels equal to 
the rectangle under the chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. "W. S. M*Cay. 

30. If 

be any point on a curve, show that the arc is the integral of 

(M. Serret 



^VTT^- 



What curve do the equations represent ? 

31. Through any point in a plane two conies of a confocal system can be 
drawn. If the distance between the foci be 21;, and the transverse semi-axes of 
these conies be /i, y, prove the following expression for any arc of a curve 



ds^ = (/i» - y") 1-^^. + -r^\' 



32. Prove that the following relation is satisfied by the fi and y of any point 
on a tangent to the ellipse for which fi has the value /ii : 

du dy 

' =0. 



33. The arc of the envelope of the right line :r sin a - y cos a =f(a) is the 
]nt4^ of if (a) +/"(a))<fa. (Hermite, Cours d' Analyse,) 

34. The arc of the curve in which y^ + a^x* — lax = o and z*-b'^:^ + tbx = o 
intersect, if a' = i + **, is 

V 2(a - b)dx 






*y z (2 — ax) (2 — bx) 



(Ibid). 



35. Show that the arc of the curve — + — = i depends on an integral of 



theioim 



f dz v^a- (i + jc)* + *-(i - 2)*, where A = - — 2. 



36. Show that rectification may, in general, be reduced to quadratures as 
follows : — 

Produce each ordinate of the curve to be rectified untQ the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the given curve. 

By this theorem Van Huraet rectified the semi-cubical parabola nearly simul- 
taneously with "Wm. Neil. 
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CHAPTER IX. 



VOLUMES AND SURFACES OF SOLIDS. 

1 68. Solids. — The Prism and Cylinder. — The most 
jrimple solid is the cube, which is accordingly the measure of 
all solids, as the square is that of all areas.^ Hence the 
finding the volume of a solid is called its cubature. Before 
proceeding to the application of the Integral Calculus to 
finding the volumes and surfaces of solids we propose to show- 
how, in certain cases, stich volumes and surfaces can be found 
from geometrical considerations. In the first place, the 
volume of a rectangular parallelepiped is measured by the 
continued product of the three adjacent edges ; and that of 
any parallelepiped by the area of a face multiplied by its 
distance from the opposite face. 

Again, the volume of a right prism is measured by the 
product of its altitude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABODE, 
multiplied by the altitude AA\ Again, 
since each lateral face, AB B!A! for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the priom, is equal to the rectangle 
under the altitude and the perimeter of 
the polygon which forms its base. 

This and the preceding result still hold 
in the limit, when the base, instead of a polygon, is a closed 
curve of any form, in which case the surface generated ia 
called a cylinder, JSence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V = Ah. 




Fig. 36. 
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Again, if S denote the superficial area of a cyKnder, 
bounded as before, and 8 the length of the curve which forms 
its base, we have S = 8h. 

169. The Pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called 2k pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes^ 

Again^ the pyramid whose base is one of the faces of a 

cube, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can be 

divided into six equal pyramids, one for each face. Hence, 

denoting the side of a cube by a, the volume of the pyramid 

^3 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-tbird of its height.* 



* This demonstration is taken from Clairaut's Eltmens de 6eom4trie, The 
student is supposed familiar with the more ancient proof, from the property that 
a triangular prism can be divided into three pyramids of equal yolume. 
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If the base of the pyramid be any closed curve, the solid 
flo formed is called a cone ; and we infer that the volume of a 
-cone k equal to one-third of the prodtict of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and tlier 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case each/o^;^ of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and haK the perpendicidar of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
•common to each face of the pyramid. ' 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
<5one ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
eiroular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, / the length of 
an edge, and r the radius of its base, wo have r = / sin a, and 
the surface of the cone is represented by itP sin a. 

If a right cone be divided by two planes ABCj DEF^ 
perpendicular to its axis, as in figure, the q 

part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 
easily expressed; for if OA = /, OD = l\ 
the required surface is tt sin a {P - /'*), /~-i? — \ 

or7r(^-r)(/+r)sina. ^ / \ 

Now, if the circular section LMN be ^ A- -^^ 

drawn bisecting the distance between /~ jT 

^jBOand D^jP, the circumference of the /. 

eircle LMN is tt (/ + /') sin a. Hence the -^^^ ^^ 

surface of the truncated cone is equal to b 

the rectangle under the edge AD and the Fig. 37. 

circumference of LMN its mean section. 

170. fi^urface and Yolume of a i»phere. — To find the 
superficial area of a sphere ; suppose a regular polygon in- 
scribed in a semicircle, and let the figure revolve around the 
diameter AB ; then each side of the polygon, PQ for 
example, will describe a truncated cone. 




Surface and Volume of a Sphere. 
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Now, from the centre C draw CD perpendicular to PQ, 
and construct, as in figure ; then, by the preceding Article^ 
the surface generated byPQ is 
equal to nr PQ . BI. 

Again, by similar triangles, 
we have DC:I)I=PQ: MN\ 
.'. PQ.DI^DC .MN. 

Accordingly, since the per- 
pendicular CD is of same length 
for each side of the polygon, the 
surface generated by the entire 
polygon in a complete revo- 




Fig. 38. 



IT 



lution is equal to 2ir CD . AB = ^v IP cos - ; where n repre- 



n 



sents the number of sides of the polygon, and 22 the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get ^nM^ for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc ^Q is equal to 2'jr . AC , AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
A^ = AB . ANy it follows that the area of the spherical cap 
generated by the arc ^Q is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi-^ 

plied by its surface, i. e. — M\ 
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EXAKFLES. 

1. If a sphere and its circiunscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

2. Proye that the Tolume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discoyered by Archimedes. 

171. Surfaces of JEevolatlon. — In the preoeding we 
have regarded a sphere as generated by the revolution of a 
circle around a diameter. In general, if any plane be sup- 
posed to revolve around a fixed line situated in it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, roi^d which the revolution takes place, is called 
the axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of a?, the 
area of the circle ffenerated by a point (a?, y) is plainly equal 
to TT^*, and the cylindrical plate standing on it, whose thick- 
ness is dx, is represented by try^dx. 

Hence, the element of volume of the surface of revolution 
is iry^dx^ and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and /3, is obviously 
represented by the definite integral 






in which the value of y in terms of x is to be got from the 
equation of the generating curve. 



V 



M 
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In like manner, the volume of ttie surface generated by 
the revolution of a curve around the axis of y is represented 
by TTJx^di/y taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 170; and hence the 
surface generated by ds in a complete revolution round the 
axis of iT is represented hj 2Tryd8; and accordingly the entire 
surface generated is represented by 



27r 



[y^, 



taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — Let a?' + y " = a^ be the equation of 
the generating circle ; then, substituting a* - x^ for j/'* we get 
for the volume 

F= TT (a^ - it'^)dx = nla^x 1+ const. 

If we take o and a as limits, we get for the volume of 

3 

the hemisphere ; /. the entire volume of the sphere is - — , 

as in Art. 170. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

7r (a' - ^)dx = TtJi^ya - -\ 

Again, to find the superficial area, we have 

/ dyN^, f x\ a 

d^= \i + 'j-Adx = [ I -v -z\dx =-dxi ,\ yds = adx* 
\ dxy \ f) y ' ^ 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae Xi and Xa is 



2lt 



adx = 2Tra{xi- x^\ 

Jxq 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

173. Right Cone. — If a denote, as before, the angle 
which the right line which generates a cone ma^es with its 
axis of revolution, we get y = a? tan a, taking the vertexofthe 
cone as origin, and the axis of revolution as that of ir^ooord- 
ingly, the element of volume is ir ian^ao^dx. / 

Hence, if h denote the height of the cone, we get its 
volume equal to 

irtan^a o^dx- — tan'a; 
Jo 3 

i.e. - X area of its base, as in Art. 169. 
3 . 
Again, to find its surface, we have ds = ^^adx\ 

.*. 2ir Jycsfe = 27r tana seca irefo = ttA' tana seca ; 

J 

which agrees with the result already obtained. 



Examples. 

1. The base of a cylinder is a circle whose area is equal to the sur&ce of a 
rohere of radius 5 ft. ; being given that the yolume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the neight 
of the cylinder. An», 64^ ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius, by a cone the angle 
of which is 1 200 ; find the radius of die sphere whose solid contents are equal to 

those of the sector. Ans. 5 vi* 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface' is equal to the sum of the areas of the cones. 

Ans. 2\/2i ft. 

174. Paraboloid of Revolation. — ^Writing the equa- 
tion of a parabola in the form 'f = imx^ we get for the 
volume of the solid generated by its revolution round the 
axis of ^ 

27rw j xdx = Trma? + const. = - y*a? + const. 
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Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (iCi, yi) is represented by - yiXi, i.e. is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

f v'X^ I 

yds = y ( I +^\ ^y = - (/ + m^)^ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

175- Splieroids of Revolntloii. — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called ^prolate spheroid. If it re- 
volve round the axis minor the surface is called an oblate 
spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

^ y^ 

-J +. 1^ = I as the equation of the curve, we get, on substitut- 



ingi'fi-^jfor^/', 



F= TT-j (a'* - aj*)tfo = — j-irf a' j + const. 

Eenoe the entire volume is — a^^ In like manner, the to- 

3 

A'tr 

lume of an oblate spheroid is obviously — ba^. 

176. Snrfoce of Spheroid. — In the case of a prolate 
spheroid we have 



fife = ( I + 






.'.yds^{f^l^"^dx^l^^^^^^^ 

[17] 



2d8 
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Hence, if Clf = a?,, CM = Xoy we get for /8, the zone gene- 
rated in a complete revo- 
lution by the arc PQ, 



^--.IJ-^h 



a 




Fig. 39- 



Now, if we take CD = - 

and construct an ellipse 
whose semiaxes are CD 
and CBy it is easily seen 
(Art. 129) that the elementary area between two consecutive 

ordinates of this ellipse is — f — - a?' j dx. Hence it follows 

that the area of the zone generated by the arc PQ is ir times 
the firea of the portion P1Q1Q2P2 of this ellipse. 

Again, if AJSi be the tangent at the vertex of the original 
elKpse, we see that the entire surface of the spheroid is 47r 
X the area BCAEi ; but this is seen, without difficulty, to be 



2.2 ah . 

zirlr + 27r — sm ^e. 
e 



(I) 



In like manner, we get for the surface /S generated by the 
revolution of an ellipse roimd its minor axis 

f f/ a*e'^ V 

/S = 2Tr xd^ = 27r [a^ + -JT- t/^j dt/ 






If this be integrated, as in Art. 151, we get, after some 
obvious reductions. 

If this be taken between the limits o and b, and doubled, we 
get for the entire surface of the ellipsoid 



2»«' + ^^l0g(i^^). 



(=) 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tt times the area of a corre- 
sponding portion of the hyperbola 



a?' a^e^y^ 



a 



2 



= I 



bonnded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 
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T. Find the yoluine of the suiface generated by the reyolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and y' L ? 

LB as co-ordinate axes, we have (see Di£f. 
Oalc, Art. 272) 

a; = a(^ ^ sin^), y = a(l + cos^), 

where L TCL = ^. 



Hence 

dV- icy^dx - ira3(i + cos ^fd^ ; 

.'.for the entire Yolnme F, we get 




Fig. 40. 



Jo 



Y = 2-Kc? !('"*■ ^^ ^)^^ = i6Ta* I co8« - d^ 



32x0^ I coB^Bde. making - = 9. 
Jo ° 2^ 



Hence 



r=5»'«'. 



/ 



2. Find the whole surface generated in the same case. 



Here 



S = 2v jyd:f = 4ira» f (i + cos^) co8|<?^; 



hence the entire surface is 



iir s 

cos' - d4> 
^ 
[17 a] 



64ira* 
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3. Find the Toliune and the iraiface of the solid generated by the zeyolotion 
of me tractiiz round its axis. 

(i). Here we have 

hence the yolume generated by 
the portion uiP is 



iy 3 

The Yolmne generated by the 



2ir 



entire tractrix is — o^. \^q^ half 

3 
the Tolume of the sphere whose 

radius is OA, 

(2), The surf ace generated by ^P is 




Fig. 41. 



2T 



I yds s 2ira I dy (see Ex. 2, Art. 154) 



= 2ira(« -y). 

Hence the entire surface generated is 2ira^ ; i. e. half the surface of the sphere 
of radius OA. 

4. Find the volume^ and also the surface, generated by the reyolation of the 
catenwy around the axis of jp. 



rated 



(i). Here the Tcdume of the solid gene- ^ 
id by VP is represented by 

J . 2a: 2r ^ 



n , 2x S.r. . 



« _ (y, + ax). 




where • = PF. 
(2). Again, since 



ifo = j/*« + r«)«fc»t^. 



wehaye 



2ir 



lyifiB-^ryad^, 



Fig. 4a. 
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2 

Oomseqiieiitly the suiface generated by PV in a complete revolution is - 

.- a 

X the Tolume generated ; i.e. = ir(y« + ax), 

5. In the same curve to find the surface generated by its revolution round 
the axis OV. 
Herei 

xi'dx. 



Again 



«=„[,* = , (x^^+,j 



Jo 



Also the value of 



I 



xa'adg 




is obtained by changing the sign of a in the last result. 
Hence 

!a SB XX 

xe»dx = a^-axe « — a'tf «; 


,«. 5=T|2tf2+ ax («•-«"« J - a*(«« +r«) I 

177. Annular Solids. — If a y 

closed curve, which is symmetrical 
with respect to a right line, be made 
to revolve round a parallel line, then 
the superficial area generated in 1^ 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
APBP' be any curve, symmetrical with respect to ABy and 
suppose OX to be the axis of revolution ; and draw PiV", QM 
two indefinitely near lines perpendicular to the axis. It is evi- 
dent that PQ = PQ\ Again, let PN^ y, P'iV^= /, PQ = P'Q' 
= fife, DN = h ; then the sum of the elementary zones described 
by PQ and P'Q' in a complete revolution is represented by 



r y"^^ 
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Fig. 43- 



27r (y + y') ds = 4776^5. 



"i 



» >•-. 
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Conseqaently the surface generated by the entire curve is 
zirbSy where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerated : viz., the volume generated is equal to the product 
of the area of the revolving curve into the circumference of 
the san?e circle as before. 

For the volume of this solid is plainly represented by 

or by TT {y-y'){y-\-f)dx = mhX {y-y')dx. 

But the area of the curve is represented by 

{y-y')da: 



1 



consequently, denoting this area by -4, and the volume by F, 
we have 

F= 2Trh X A. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression iirh x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 47r'aJ ; where a is the radius of the circle, and 6 the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is iiry^b. 

It would be easy to add other applications of these 
theorems. 

178. Cfnldin's* Theorems. — The results established in 
the preceding Article are but particular cases of two general 

♦ Guldin, Centrobaryiea, teu de eentro gravitatia triUm speeiemm quaniitatU 
eontinuay 1635. Guldin arriyed at his principle by induction from a smaUnum- * 

ber of elementary cases, but bis attempt at a general demonstration was an 
eminent failure. See Montucla Sist. des Math., tom. ii. p. 34. Montucla bas | 

shown, tom. ii. p. 92, that Guldin* s theorems can be estabHsbed from g^me- 
trical considerations, witliout recourse to the Calculus. 
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ppopositionsi usually called Ghildin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical ProblemSy 
p. 42, third Edition). They may be stated as follows : — 

(i). If a plane curve revolve round any external axi6, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve hy the 
length of the path deserihedy during the revolution, hy the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described hy the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
curve, Xy y, the co-ordinates of one of its points, Xy y, those 
of the centre of gravity of the curve ; then, from the defi- 
nition of these latter, we have 

^ S ' 

/. 2Try8 = 2Tr j ydSy 

i.e. the surface generated by revolution round the axis of oris 
equal to the product of Sy the length of the generating curve, 
into 2iry, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point Xy y. Also let Xy y be the co-ordinates 
of the centre of gravity of the area, then 

y = — ~ — = . — ^ (substituting dx dy for dA) •; 

JO. ^. 

.'. 2TryA=^ 2w llydxdy = Tr\y'^dx\ 

where the integral is supposed taken for every point round the 
perimeter of the curve : but, from Art. 171, thQ integral at 
the right-hand side represents the volume of the soKd gene- 
rated ; hence the proposition in question follows. 

For example, tho volume of the ring generated by the 
revolution of an ellipse aroimd any exterior line situated in 
its plane is at once 27r^a5c, where a and h are the semiaxes 
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of the ellipse, and c is the distance of its oentre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let 0be the circular 
measure of the angle of rotation, and in the former case we 
have 

Vys^Q^yds. 

But 9y is the length of the path described by the centre 
of gravity, and dlydsvA the area of the surface generated by 
the cu^'ve; .'. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Guldin's theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for tnis result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

These extensions of Guldin's theorems were given by 
Leibnitz {Ad. Erud, Lips., 1695). 

179. Expression for Tolume of any Solid. — The 
method given in Art. 1 7 1 of investigating the volume bounded 
by a surface of revolution can be readily extended to a solid 
bounded in any manner. For, if we suppose the volume 
divided into slices by a system of parallel planes, the entire 
volume may, as before, be regarded as the limit of the sum 
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of a mimber o£ infinitely thin cylindrical plates. Thus, if we 
Bappose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy ; then, if Az 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 

by 

/ Azdz^ 

taken between proper limits. 

The area Az is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a con:e 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that wo have 

Bz^ 

Az : B= z^ : h^. or Az = -tt J 

m 

B{^ I 

.*. F= T-j ^^dz ^ - B X h; as in Art. 169. 
^ Jo 3 

If the cutting planes be parallel to that of yz, the volume 
is denoted hy jAa;dx ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

180. Tolame of EUiptIc Paraboloid. — Let it be 

proposed to find the volume of the portion of the elliptic 
paraboloid 

- +^ = 2Z, 

P Q 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

x^ y^ . / — 

-- + — = 2Z, by Art. 128, is 2'irz^pq. 

Hence, denoting by c the distance of the boimding plane 
from the vertex of the surface, we have 



V = 2Tr\/pq\ zdz = trd^ ^yjjq. 
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This result admits of being exhibited in another form ; for if 
£ be the area of the elliptic section made by the bounding 
plane, we have 

B = lirc^^ypq. 

Hence F = J circumscribing cylinder, as in paraboloid of re- 
volution. 

i8i. Tbe smipsold. — Next, to find the volume of the 
ellipsoid 

a^ v' 2' 
a' ft* c^ 

The section of the surface at the distance z from the origin 
is the ellipse 

u ^ = I • 

a^ b' c'-* 

the area of this ellipse is 

Trf I --^jai, i.e. Az = irii --^jab. 

Hence, denoting the entire volume by F, we have 

F=27raJ| { I -^]dz =-Trabc. 



]'M 



182. Case of Oblique Axes. — ^It is sometimes more 
convenient to refer the surface to a system of obliquei axes. 
In this case, if, as before, we take the cutting planes parallel 
to that of xpf and if oi be the angle the axis of z makes with 
the plane of xt/^ the expression for the volume becomes 

smw j AadZy 

taken between proper limits, where Aa represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off hj any plane. 
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Suppose DEiyjE^ to represent the section made by the 
plane, and ABAB^ the parallel central section. Take OA^ 
OBy tibe axes of this section as axes of 
X and y respectively ; and the conju- 
gate diameter OC as axis of z. 

Then the equation of the surface 
is 

a^ y^ z^ 

where OA = a\ OB = J', OC = c\ ^'^' ^^^' 

It will now be convenient to transfer the origin to the 
point C", without altering the directions of the axes, when the 
equation of the surface becomes 

ar* y'^ 2z s^ 
The area -4, of the section, by Art. 128, is 

hence, denoting C'N by A, the volume cut oflE by the plane 
DEL^ is represented by 



ira'h'wiu>)^j^-j}jdz, 



or 

ira sin w —, % 

V 3^ 



But, by a well-known theorem,* we have 

a'6 V sin cu = abcy 

where a, d, c^ are the principal semiaxes of the surface. 

Hence the expression for the volume V in question be- 
comes 

r=.«5c(^,-|,); (4) 

* Salmon's Oeometrp of Three Dimensions, Art. 96. 
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or, jienoting ^^ by A, 

V^nahc^ii-^. (5) 

This result shows that the volume out off is constant for all 

sections for which k has the same value. Again, sinoe 

ON 

jr^, = I - A, the locus of -flTis a similar ellipsoid ; and we infer 

that if a plane cut a constant volume from an ellipsoid j the hcua 
of the centre of the section is a similar and similarly situated 
ellipsoid, 

183. Elliptic Paraboloid* — The corresponding results 
for the elliptic paraboloid can be deduced from the preceding 
by adopting the usual method of such derivation : viz., by 
taking 

a^=pCj W - qcy 

and afterwards making c infinite ; observing that in this case 

/» 
the ratio -? becomes unity. 

Making these substitutions in (4), it becomes 

F = TT ^/pqh^ f I — -^ J, or irh^ VlH^ since d' = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volume* of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an elliptic section by (3) is 

,^j2h }^\ irabc (ih W\ 
\c c^T csmwVc cV 



* For a more direct investigation the student is referred to a memoir** On 
some Properties of the Paraboloid/' Quarterly Journal of Mathematical June, 
1874, by rrofessor Allman. 
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On making the same substitutionsy this becomes for the 
paraboloid 

2ir ^pq 



h. 



smcu 



Now, if we suppose a cylinder to stand on this section, 
the Yolume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin co ; and, consequently, is 



2ir 



v^A% 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. i8o. 

Examples. 

I. Froye that the TQlume of the segment cut from a pazabolold by any plane 
is f thfl of that of the dicumscribing cone standing on the section inade by the 
pluie as base. 

3. A cylinder intersects the plane of a?y in an ellipse of semiazes OA = a, 
OB = b, and the plane of a;z in an ellipse of semiazes OA = a, OG ^e; the 
edges of the cylinder being parallel to BC ; find the yolume of the portion of the 
cylinder bounded by the three co-ordinate planes. Ans. i abe, 

3. The axes of two equal right cylinders intersect at right angles ; find the 
▼dume common to both. Ana. V'^y where a is the radius of either, cylinder. 
Tins surface is called a Groin. 

184. Tolume by Double Integration. — In the ap* 

plication of the preceding method of finding yolumes the 
area represented by Ax, instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the Yolume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area Ax lies in a plane parallel to that of ys, 
its value, as in Art. 126, may generally be represented by 
J zdy, taken between proper limits. Hence V may be repre- 
sented by 

or, adopting the usual notation, by 

llzdydiCy 
taken between limits determined by the data of the question. 
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The value of z is supposed given by a relation z =/(a?, .i/)y 
by means of the equation of the bounding surface ; hence 

jzdt/^jf{x,y)di/. 

In the determination of this integral we regard x as 
constant (since all the points in the area have the same 
value of x), and integrate with respect to y between its proper 
limits. 

Thus, if j/i and % denote the limiting values of y, the 
definite integral 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If a?i and ir© denote the limits of a?, Fmay be represented 
\yj the double integral 



I' 



f{x,y)dydx. 



We shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of xt/^ by a cylinder 
perpendicular to that plane, and 
also by any surface.* Let 
RPRQ represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ to be the 
section of the volume by a plane 
parallel to yz at the distance x 
from the origin. Let PL = ^i, 
QL = ^0, then the area PMNQ 
is represented by the integral 






zdy. 




Fig. 45. 



* The determination of a voliune of any f onn is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
plane of xy^ the required volume will become the difference between two 
cylinders, bounded by the upper and lower portions of the surface, respectively. 
See Bertrand, CaU, Int. § 447. 
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The values* of yi and yo in terms of x are obtained from 
the equation of the curve JRPJRfQ, 

Again, suppose P^iTNTQ! to represent the parallel section 
at the infinitesimal distance dx from PMNQ, then the 
elementary volume between PMNQ and P^M'N'Q' is repre- 
sented by 

dx zdy. 

Now, if iZr and JB'T' be tangents to the bounding curve, 
drawn perpendicular to the axis of a?, and if OT =-Xiy OT^Xqj 
the entire volume is represented by 



J a"o J Vo 



dydx. 



It should be observed that zdydx represents the volume 
of the parallelepiped whose height is z, and whose base is the 
infinitesimal rectangle having das and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every pqint within the area 
EPKQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to a?, and afterwards 
with respect to y, or vice-versd ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of ocZy or to 
that of yz. 

We shall illustrate the preceding by an example.f 

Suppose BPRQ to be tiie circle 

{x-ay+{y-by^B% 

and the bounding surface the hypetbolic paraboloid 

xy - cz\ 



* In our investigatioii we liaye assumed that the parallels intersect the 
curve in but two points each ; the general case is omiUed, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 

t This and the next example are taken from Cauchy*s Applieatumt Oiomi- 
triquet du Caieul Infinitesimal, p. 109. 
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then we have 

y.^h-^Bf-ix-ay, yi='b-^yiP'-{x-a)\ 
and^ 

Again, Xi^a-{-R, Xo^a-B; 

•"• ^^-z\ yji*-{x-afxdx. 
Now let X - a = ManO, and we get 



r= 



2bS*'^ 



[ oos*0(a + £sin9)<fe. 



But I * oo8»»(fd = -, f ' oo8*d sin »rf» = o, 



.-. F = 



a 



IT 



Again, if for the ojlindrioal surface whioh has for its 
base tne oirole we substitute a system of four planes x - Xo, 
a? = X, y = yo, y = F, we get 



"LL't'^'' 



i(Z'-*.')(r'-y,«) 



(X-av,)(r-y„) 



4C 

Zi+Zt + Zi + Zi 
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in which 2i, 22, 23, £4, are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates 2i, Z2, Ss, z^; then a right line 
movinfi: on a pair of opposite sides of this quadrilateral, and 
oomprLd in a plane pLuel to the other pair, ^ generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

1 85 . Double Intesratloii* — From the preceding Article 
it is readily seen that the double integral 



Ji- 



/(^, y)dt/dx 



can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi* 
valent to finding the value of the double integral 



11' 



xydxdy 

taken for all values of x and y subject to the condition 

{x-ay+ (y-J)^-i2^<o; 

and similarly in other cases. 

When tne limits of x and y are constants, as in 

[18] 
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the double integral represents the volume cut by the surface 

from the parallelepiped whose base is the rectangle formed 
by the lines 

X = a, X =a\ y = hy y -V, 

It is plain that in this case the order of integration is in- 
diflferent, as already seen in Art. 115. 

186. It is sometimes more convenient to refer the curve 
BPRQ to polar co-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdO. 

The corresponding parallelepiped is represented by 
zrdrdOj and the expression for K becomes 



r= 



J */ 



r dr ddy 



taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

z = \/a^ - ;•*, 
and the equation becomes 

but W^^rdr = - -J- (a' - r^)h 

Hence, if V denote the volume included between the 
sphere and the exte^Hor surface of the cylinder, we shall have 



F=i[(a^-r^)2t/», 



where we suppose each radius of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder bo the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r' = a'cos»& + J'^sin^fl, 

and F=i(a'-6')«/sin'»0rf0. 
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If this be integrated between the limits o and - we get 
the ^th of the entire volume ; hence the entire volume 

9 



Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the yolume comnLon to both sudaces. 

jim. , a being the radius of the sphere. 

3 9 • 

2. If the base of the cylinder be the complete curve represented by the 
equation r = a cos n$, where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and the external surface of the cylinder. 

187. Itis readily seen, as in Art. 141, that the volume in- 
cluded mthin the surface represented hy the equation 



(x y z" 
V c. 



F[^>r,-.]-o 



is abc X the volume of the surface 

F{^i Vj 2) = o. 

For, let - = a<, r - 2^5 - = s'> ai^d we shall have 
a be 

zdxdy = abcz^dx^dy, 
and /. j jzdxdy = abc jjz'dixfdyi 

which proves the theorem. 

Henoe, for example, the determination of the volume of 
au ellipsoid is reduced to that of a sphere. 

Again, if the point {x, y, z) move along a plane, the cor* 
responding point {x\ y\ 2') will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 182} can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 a] 
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In like manner the volume included between a cone eu" 
velopingan ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere. 

1 88. iluadratare on the Sphere. — ^We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In^ the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by iR^A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by -B* (-4 + jB + (7 - tt) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

• S = JS'{^ + J5+ C + iSbc. - (n- 2)7r); 

-4, 5, <7, &c., being the angles of the polygon. 

This result a<£iits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
«', b\ c\ &c.,"we1iave 

-4 = TT - a', jB = TT - 6', &o., 
and consequently 

S = JK'*{27r- (a' + 6' + c' + &c.)). 

Or, denoting the perimeter of the polar figure by Sy 

^ + R8= 2wR\ (6) 

This proof is perfectly general, and holds in the limits 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

27rjB'(i - oos/o); 
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for (see fig. Art. 1 70) we have 

AN^ AC - CN^R{i - cos/t>). 

This result also follows immediately as a simple case of 
equation (6). . 

Again, the area hounded hy the lesser circle and hy two 
arcs <£rawn to its pole is plainly represented by 

iPa(i - cos/o), 

where a is the circular measure of the angle between the ares. 

We can now find an expression for the area bounded by 
any closed curve on a sphere; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
point, and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OP = p, and POX = eo ; 
then any curve on the sphere may be supposed to be expressed 
by a relation between p and co. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PR perpendicular to 0P\ then, neglecting in 
the limit the area J*QjB, the elementary area OPQ by the 
preceding is represented by 

R^[i - cos p)dw. 

Hence the area bounded by two vectors from is 

expressed by the integral 2iM (i - cosp)c?ci>, taken between 

suitable limits. 

If the curve be closed, the entire superficial area becomes 




Fig. 46. 



R^ \ (i - 00a p)dw. 

J 



The value of cos p in terms of co is to be determined in 
each case by means of the equation of the boimding curve. 
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The integral Br oosp rfoi obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PEQ as ultiiiiately a right- 
angled triangle, we have in the limit, 

PQ^ = PE" + HQ" : also PJK = Bmpdcj. 
Hence ds^ = dr^ + sin^p d(o^, 



or ds = dw J sin^p + ^ 






Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible t6 finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find tlie area of the portion of the surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes l^rough the centre of tiie 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = i2 sin », 
£ being the radius of the sphere, and a being measured from the tangent to the 
circular base. 

Again, from the sphere we have rsj^sinp; ,\ p = u ia the equation of 
the curve of intersection of the sphere and the cylinder ; hence the area in 
question is 



222* j (i - cos «)rfa = 2i2« (--I j. 



This being doubled giyes the whole intercepted area = 2vS^ — 472*. 

This is the i^elebrated Florentine enigma, proposed by Vincent Viviani as a 
chall ^TO to tiie Mathematicians of his time, in the following form : — " Inter 
,jfeniSl5mS&o^ Grsecie monumenta extat adhuo, perpetuo quidem duraturum, 
Templum augustissimum ichnographia circulari AlmsB GeometrisB dicatum, quod 
Testudine intus peif ecte hemisphssrica operitur : sed in hac fenestrarum quatuor 
SBquales areas (circum ac supra basin hemisphserss ipsius dispositarum) tcdi con- 
figuratione, amplitudine, tantaque industria, ac ingenii aciimine sunt exstructe, 
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ut Lis detractis, superstes curva Testudinis superficies, pretioso opere xmudyo 
oxnata, Tetragonismiyere geometiicisit capaz." — Acta Eruditorumt Leipsic, 1692. 
[See Montucla, SUtoire dea MathimatiqueSy tome ii., p. 94.] 

In general, if r =/(») be the equation of the base of a cylinder, it is easily 
seen that the equation of the curve of its intersection with the sphere may be 
written in the form i2 sin p =/(»). 

For example, let the diameter of the right cylinder be less than half that 
Off the sphere ; then writing the equation di the base in the form r = a sin », 
where a is the diameter of tiie section, we get J2sinp=:asin», orsinpsjcsinctf 
(where k is < i), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

2B?] (I - y/i _ jc2 sin2«)<?» = irJ2« - 2^ J v^i - jc'sin^wtfw. 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area in question is easily seen to be represented by 2 / zth, where 
ds denotes the element of the curve which forms the base, correspondiag to the 
edgez. 

Now (i), when the diameter of the base is equal to the radius of the sphere, 
we have 

z = Rao&oiy and ds = Rdw ; 

IT 

.'. area in question = 2lS^ \ cos <ad(a = ^'B? ; i.e. the square of the diameter of 

Jo 
the sphere. 

2. When the diameter is less than the radius of the sphere, 
2 I zds =■ 2a I Y R^ — d^ sio^tadu = 2ali \/i — «'sin*« da; .'. &c. 

189. €|aadratai*e of Surfaces*- — In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let dS denote such an element of 
the superficial area, and d<r its projection on a fixed plane 
which makes the angle d with the plane of the element ; then, 
from elementary geometry, we shall have 

d<r = cos 9d8f or d8 = sec dd<T. 



Hence 8 = 



sec dd(Ty 



taken between suitable limits. 
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The appIioatioiiB of this formula usiially involye double 
integration, and are generally very complicated ; there is, 
howeyer, one mode by which the determination of the area of 
a portion of a surface can be reduced to a sin&^le integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and d + dd; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec OdA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that oLxj/ ; and 
adopting the usual notation, if we take A, |i, v as the direction 
angles of the normal at any point on the surface, we get 
for dSf the area of the zone between the curves corresponding 
to V and V + dv, the equation 

dS = seovdAf 

where A denotes the area of the projection on the plane of 
a^ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the* surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

190. iluadrature of the Paraboloid. — Writing the 
equation of the surface in the form 

x^ y^ 

— + — = 2S, 

P q 



* This method has been employed in a more or less modified form by 
M. Catalan, Liouville, tome iv., p. 323, by Mr. Jellett, Camb. and Dub, Math, 
Journal, yol. i., as idso by other writers. The curyes employed are called 
parallel curves by M. Lebesgnc, LiouviUe, tome zi., p. 332, and Curven Uokliner 
NormaUn, by Dr. Schlomilch. 
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the equation of the tangent plane at the point {xy y, z) is 

P q 

where X, P", Z ore the co-ordinates of any point on the plane. 
Comparing this with the equation 

Z cos X + F cos /I + Zcos v = P, 

^ X y 

we aret oosA = — oosv, cosu = --oosv: 

e P q 

substituting in the identical equation 

cos'X + cos'fi + oos'v = I, 

we get ^ + ^ = tan'y. (7) 

Consequently the curve along which the tangent plane 
kes the angle v with the tangent p~ 
projected on that plane into the ellipse 



makes the angle v with the tangent plane at the vertex is 

khal " 



A ../2 



-z + ^ = tan'r. 



P" <t 



The area A of this ellipse is Tr^g'tan^ ; accordingly, we 
have 

dA = 7r^2'<3?(tan*v) ; * 

.*. dB = irpq sec vrf(tan*i;) = t^pq sec v<3?(sec' v) ; 

hence the area of the paraboloidal cap bounded by the curve 
V = a is 

'Kjpq sec vd(sec*v) = \i^pq(^&a - i). 

Also the area of the belt* between the curves 

V = a and v = a' is ^irpqifiQO^a - sec^a). (8) 

* This form for the quadrature of a paraboloid is, I believe, due to Mr. Jellett : 
see Comb, and Dub. Math, Journal, vol. i. p. 65. The proof given above is in 
a great measure taken from Mr. Alhnan's paper in the QuarUrly Journal, abeady 
referred to. 
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191. ilnadratare of the Ellipsoid* — Proceeding in 
like manner to the ellipsoid 

x^ i/^ z^ 
a' 6' <r 

the equation of the tangent plane at the point (a*, 1/, z) is 

Xx Yy Zz 
a b cr 

Hence, comparing with the equation 

X cos A + F cos fi + i? cos 1; = P, 
we get 

cosX = ^^ - cos V, COS u = Ti'" cos V. 
a^ z b^z 

Hence, we have 

C08-|/-r -^ + 77 = COS'A + COSV == SlU'i; ; 



ar* 2/' - 2* 



or, substituting i - - - |, for - , 



,2 



-fa' sin'v + r cos'v] + fj( ^* sin*i/ + c* cos 



?v| = sin'v. 



This shows that the projection on the plane of xy of 
a curve along which v - constant is an ellipse. 
Again the area A of this ellipse is 

TTfl'ysin'v 

{a^ sin" V + c' cos' i/)i (6* sin' v + c* cos' v)^ 

and accordingly, the area dA of the elementary annuluB 
between two consecutive ellipses is 

to' 6' — ( Q"^'^ I ^^ 

fl?i; ( (a' sin' v + (?' cos' v)* (6' sin' v + c* cos' i;)^) 

The corresponding elementary ellipsoidal zone d8 is 
represented by 

Tra' 6' c? ( sin'i; \ 

cos V c?i/ ((a' sin'i/ + c* cos'v)i(6' sin'v + c" cos'i;)i) 
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Now, if 8 denote the superficial area* between two 
corves corresponding to v » a and v = a^ after one or two 
redactions, it is easily seen that 



where / 



/S=7ra^6V (/+/')> (9) 

_ r*' sin V dv 

~ ]^ {b* sin'* V + c^ cos' v)^ (a* sin'* v + c^cos' v)5* 

, f* sin V dv 

" J a (a* sin' V + c' cos' i;)* (6' sin' i; + c* cos'i;)i* 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a > b > c. 

For, assuming a' - c* = a^e\ and b^ - c^ = Ve'^y and 
making cos v « a?, we get 

dx 



. pcos a 



dx 



Again, let ea? = sin in the former integral, and e'x = sin 
in the latter, and we get 



ab^ 



f dH 

J (e'-/' sin' 0)3' 

a3 6j(c"-c'sin'0)«' 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 



* This form for the quadrature of an ellipsoid is given hy Mr. Jellett iii 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result 
which can be easily arrived at from the forms of / and /' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett' s memoir. 
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192. Integration over a Closed Snrfaee.-^We shall 
conclude this Chapter with the consideration of some general 
f ormulaB in double integration relative to any closed surface. 
We commence by adopting the same notation as in Art. 189, 
where X, /u, v are tc^en as the angles which the exterior 
normal at the element dS makes with the positive directions 
of the axes of Xy y, z, respectively. 

Again^ let each element of the surface be projected on 
the plane of xf/y and suppose* for simplicity that each z ordi- 
nate meets the surface in but two points : then, if the indefi- 
nitely small cylinder standing on any element dA in the 
plane of xt/ intersects the surface in the two elementary por- 
tions dSi and dSz (where dSi is the upper, and dSz the lower 
element), and if vi and V2 be the corresponding values of v, it 
is plain that vi is an acute, and V2 an obtuse angle, and we 
have 

dA = oosvidSi - — QOSvzdSi. 

Hence, if we take into accpimt all the elements of the surface, 
attending to the sign of cos i/, we shall have 

jj cos vdS = o. 

In like manner we get 

jj oosXdS = o, and /J cos fidS = o ; 

the integrals extending in each case over the whole of the 
closed curve 

These f ormulse are comprised in the equation 

/J (a cos A + /3 cos j[£ + 7 cos v) dS = o. (10) 

Again, if Zi and z^ be the values of z corresponding to the 
element dA^ then, denoting by dVihe element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV= {zi- z^dA = z\dSi cos vi + z^dSz cos 1/2, 

* It it easily seen- that this and the following demonstrations are perfectly 
general, inasmuch as each ordinate miist meet a closed surface in an even number 
of points, which may be considered in pairs. 
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and the sum of all suoh elements, that is, the whole volume^ 
is evidently represented by 

//« cos vd8. 

Hence, denoting the whole volume by F, we have 

V = jjx oosXdS = Hi/ cos fxdS = jj zcoavdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

// X cos vdS = o, jj 7/ cos vd8 = o, fjx ooa fidS = o, 

J/ y cosXdS = o, jj z cos \d8 = o, fjz cos fidS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

a {ax + /3y + yz) {a COS X + j3' cos /ti + 7' cos v) dS 

= (aa' + /3/3' + 77') ^- (11) 
For a like reason, we have 

jjxy coBvdS = o, // zx cos fidS = o, jjj/z cosXdS = o. 

Also j ja^ ooB vd8 = Of //a?' cosjlic?S = o, &o. 

Next, let us consider the integral 

jjxz cos vd8. 

This integral is equivalent to jj xdV; consequently, if 
X, y, s, be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get jj xz cos vdS = jjxd V = xV; in 
like manner jj xz cos XdS = s F. 

Again, the integral 

jj z^ cos vd8 
consists of elements of the form (21* - zf) dA ; but 

(«!* - 22') dA = (21 + 22) (21 - 22) dA 

= (21 + z^dV. 
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But the z ordinate of the centre of gravity of e^F" is 
plainly ?i±l\ and consequently 

{L^oosvdS^^zll^^^^dr^zzK 
In like manner it can be shown that 

jjX^QOB\dS= 2xVf JJy* COS jLlrfS= 2yV. 

Accordingly we have 
Yi = ^jja^ oosXdS '^ jjxp oos juidS = jjxz cos vdSy 

Vy = jjyx Qo&XdS = i j jy^ cos fidS= j j yzoosvdS^ 

Vz = jjzx cos XdS = jjzt/ coB/xdS = -^//g' cos vdS. 

193. Expression for ITolaHie of a Closed Surface. 

— ^Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS, 
its volume is represented (Art. 169) by ^pdS, where j» is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and y the 
angle which r makes with the internal normal, we have 
p = r cos 7. 

Hence the elementary volume is equal to ^r cosydS, and 
it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

I- jjr cos yds. 

1 94. Again, if we suppose a sphere of unit radius described 
with as centre, and if dw represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dS, then it is easily seen that cos y dS = f^du) ; 

_ cos yds 
.'. aw = — . 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that H d(o = 47r, 
being the surface of the sphere of radius unity; 

COSydS 

i — " 47r. 



- w 



r 



JExpressionfor Volume of a Closed Surface, 287 

Again, if be outside the surface, the cone will cut the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 



\i 



COS yds 
i — = o. 



If O be situated on the surface, it follows in like manner 
that 



w 



cosy ^ 

— r-^ dS = 27r. 



mH 



Hence, we conclude that 

according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of 
this method in Bertrand's Calc, Int., §§ 437, 455, 456, 
476, &o. 
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Examples. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the supemcial area of the portion of the sur- 
face included between the planes approximately. Ans. 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 

vertical angle when its volume is a mayJTmim. . i 

° Ans. -— :. 

VZ 

3. Prove that the volume of a truncated cone of height h is represented by 

— (52 + i2r + r2), 

where E and r are the radii of its two base|. 

4. A cone is circumscribed to a sphere of radius Ry the vertex of the cone 
being at tiie distance D from the centre ; find the ratio of the superficial area of 
the cone to that of the sphere. D* — ^ 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 
area of a third sphere Cia equal to the smii of the areas of ^ and B; calculate 
the excess, in cubic feet, of the volume of C over the sum of the volumes of A 
and^. Ans, 17558, 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution He at opposite sides of the curve, the sum' of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

* 3 « 

8. Apply Guldin's theorem to determine the distance, from the centre, of the 
centre of gravity, ( i) of a semicircular area ; (2) of a semicircular arc. 

4/1 2a 

Ans. (i)— , (2) — . 

3» » 

9. If a triangle revolve roimd any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

«» = Ax^ + By* 

by any plane parallel to that of a?y, is th part of the cylinder standing on- 

the plane section, and terminated by the plane of xy. 
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11. A cone is circumBcribed to a sphere of 33 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
saperficial area of the coae to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre of a 
sphere ; find the ▼olmne Si the solid included between the concave suzfaoe of the 
sphere and the convex surface of the cylinder. 

Arts, -J-, where e is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
b^ the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ant. iwa { eau 

where a = radius, e = distance of chord from centre, and cos a « -. 

a 

In this we suppose the arc less than a semicircle : the modification when it 
is greater is easily seen. 

14. If the ellipsoid of revolution, 



and the hyperboloid 









be cut by two planes i>erp6ndicnlar to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



e)'*0)'*e)'- 



. ahe 
Ans, — . 
90 



i6. Find the volume of the surface generated by the revolution of an arc of 

a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

g 

Ans, — wi^c, where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord* 

17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cuttuig plane. 

Ans. f«?(r2-rf2). 

[19] 
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iS. Find the area of a spheriral triangle ; and prove that if a curye traced 
on a sphere have for its equation sin x s /(/), \ denoting Utitude, and / longi- 
tude, the area hetween the curve and the equator = f/{l)dL 

19. Show that the volume contained hetween the surface of a hyperholoid 
of on9 sheet, its asymptotic cone, and two planes parallel to that ol the real 
axes, is proportional to the distance hetween those pUnes. 

20. Find the entire volume of the surface 



©'*©'* £)'=■• - 



5. 7' 



21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the poition of a cylinder intercepted hetween 
any two planes is equal to the product of the area of a perpendicular section 
•into the Stance hetween the centres of gravity of the areas of the hounding 
sections. 

23. If ^ he the area of the section of any surface made hy the plane of sry, 
prove, as in* Art. 192, that 

A - fjcoBpdS, 

the integral heing extended through the portion of the surface which lies above 
the plane of xy, 

24. If a right cone stand on an ellipse, prove that its volume is represented 
hy 

- (OA . OA')^ sin^a cos a ; 

where is the vertex of the cone, A and A' the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 

- (OA + OA') {OA . OAy sin a. 
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CHAPTER X. 

INTEGRALS OF INERTIA. 

195. Integrals of Inertia. — The following integrals are 
of such frequent occurrence in mechanical investigations, 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm^ its distance 
from the axis by p, and the moment of inertia by /, we have 

I='2p^dm. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co* 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

Similarly, the moments of inertia relative to the axes of 
4? and y are represented by S {y* + s') dm and S (ar^ + s') dm^ 
respectively. 

Again, the quantities ^a^dm^ ^y^dm^ ^z^dm^ are the 
moments of inertia of the body vrith respect to the planes 
of yz, xz, and xy^ respectively. Also the quantities ^xydm, 
'2zxdtnj ^yzdmy are called the prodmts of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to a point is 'Sii^dm, where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relatiye to the origin is S (aj' + y' + s') dm. 

[10 a] 
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196. lloiiieiito of Inertia relative to Parallel 
Axes, or Planes. — The following result is of fundamental 
importanoe : — The moment of inertia of a body with respect to 
any aoris exceeds its moment of inertia tcith respect to a parallel 
axis drawn through its centre of gravity^ by the product of the 
mass of the body into the square of the distance between the 
parallel axes. 

For, let J be the moment of inertia relative to the axis 
through the centre of gravity, r that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of 2, and the plane through the 
parallel axes for that of &r, we shall have 

Hence /' - / = 2a'2xdm + a^^dm = a'Jf, 

since ^dm = o as the centre of gravity is at the origin ; 

.\ r^I+a'M. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be ol;>8erved that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or laminwy by a system of planes 
perpendicular to the axis ; then, when the moment of inertia 
is determined for a lamina, we seek by integration to find 
that of the entire body. 
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197. Radius of fi^yratloii. — If k denote the distance 
from an axis at which the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain imaltei^ed, we shall have 

Jfife» = J=syrfw. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where dV denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form j^Mk'- 

and, it is plain that in its determination for homogeneous 
bodies we may take the element of volume for the element ofmass^ 
and the total volume of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OJf, OF, lying in its plane, and if C be the moment of 
inertia ifelative to OZ drawn perpendicular to the plane, we 

^'^^^ C=A + B. (4) 

For, we have in this case A = ^y^dm^ B = ^x^dm, and 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^x^dm + ^y^dm = const. 

Hence, if one be a maximum, the other is a minimum, and 
tnce verad. 

We shall, in all investigations concerning laminae, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. Vnlfbrin Rod, Rectangular Iiaiiilna.-r-We 

oommence with the simple ease of a rod, the axis being perpen- 
dicular to its length, and passing through either exb*emit7. 

Let X be the distance of any element dm of the rod from 
the extremity ; then, since the rod is uniform, dm is propor- 
tional to dx^ and we may assume dm = ndx: hence, the 
moment of inertia J is represented by fi^a^dx, or by 



Jo 



x^dxy 



where / is the length, of the rod. 

up P 

Hence J = — = JIf - . 

3 3 

If the axis be drawn through the middle point of the rod, 

perpendicular to its length, the moment > of inertia is plainly 

the same for each half of the rod, and we shall have in this case 

/- 
12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sidesr 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2a and 26, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
JB, respectively, 

A=~Mb\ B.^^Ma\ (5) 

3 3 

Hence also, by (4], the moment of inertia round an axis 
through the centre of gravity and perpendicular to the plane 
of the lamina, is 

-ir(a^ + J^). (6) 

By applying the principle of Art. 196 we can now find 
its moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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20d. Rectansular Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of* laminsd, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2a, 2 J, and 2c, respectively; and, if -4, -B, be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

^ = iif(6» + c0, JB = ijf(c^ + a*), (7 = -J!f(flH6«). (7) 
3 3 3 * 

201. Circular Plate, Cyllndc^r. — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r^dm^ where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observing that dm = fAZirrdry we get for C, the 
moment of inertia of the circular plate of radius a, 



(7= 2Trfi r^dr = 



IB^^M^. 



Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and 6, respectively, with respect to 
the same axis, is 

27rfi\ irdr = nfi = -M . 

Again, by (4), the moment of inertia of a circular plate 

about any diameter is Jf — , since the moments of inertia are 

4 
obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 

to any diameter is 

M . 
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Also, the moment of inertia of a right cylinder about its 
axifl of figure is 

M-, 

a being the radius of the section of the cylinder. 

Again, the moment of inertia relative to any edge of the 

cylinder is - Ma\ 

202. Right Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, we have ^ 






J = 



2 Jo 10 



where h is the height of the cone, and b the radius of its base. 
Hence, since by Art. 169 the volume of the cone is - 6'A, 
we have 



I^^Mb\ 
10 



(8) 




203. Elliptic Plate. — Next let us suppose the lamina 
an ellipse, of semi-axes a and b ; and 
let A and B be the moments of inertia 
relative to these axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let B^ be 
thO; moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dB^ the moments of inertia of 
correq)onding rods, we have 

dB\dS ^ {npy : (n/)' = {oay : {oby = a' : i»; 

.-. BiB'^a'^ibK 



Fig. 47. 



But Jffj by Art. 201, is 
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46 4 

Similarly, -4 = — 6*. 

Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

f («' + *'). (9) 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Spbere. — ^If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters ; 
and accordingly, representing the mass of any element of a 
shell by dm^ and by a?, y, z any point on it, we have 

But '2((x? + y^-\' s*) dm=^'2.r^dm; 

2 
/. 2 {cc^ + y^) dm = - ^r^dm. 

o 

Hence, (a) the moment of inertia of a shell whose radius 

.2 
is r with respect to any diameter is - wr', where m repre- 

sents the mass of the shell. 

Again, {b) for a solid sphere of radius iJ, since the volimie 
of an indefinitely thin shell of radius r is ^irr^dr, we get 

^>^dv = 47r f r'dr = ^TriJ'' = ^ Fi^^ 
Jo 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

^MIt\ (10) 

5 ^ ^ 
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205. Ellipsoid. — Let the equation of an ellipsoid be 

a^ w» z^ 
a" 6* e 

and suppose A, B^C to be the moments of inertia relative to 
the axes a^ by Cy respeotively ; then 

C=ii^{x' + f)dr=fx [\[{x''^y^)dxdydz. 

Now, let - = x\ £ = /, - = /, 

a c 

and we get 

(7 = /tia6c [ [ I {a^x'^ + 6Y*) d^d]fd^, 

where the integrals are extended to all points within the 
sphere 

a?'\+ /* + /*= I, . 
But, by the Icust example we have 

.-. C = -^ 7r/iflf6c (a' + i'^) = — {c? + V). (11) 

In like manner, 

5 ^ 5 

It should be remarked that the moments of inertia of tho 
ellipsoid with respect to its three principal planes are 

— a\ — i', — c', respectively. 
000 
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206. IHoiiiento of Inertia of a liamlna. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn through any origin 0, and that a is the angle which 
any right line through 0, lying in the plane, makes with the 
axis of X ; then, if /he the moment of inertia of the lamina 
relative to this line, we have 

/ = ^p^dm = 2 (y cos a - a? sin aYdm 

= oos'a ^y^dm + sin'aSir'efm - 2 sinaOOSa2rry(3?m 

= a cos'a + b sin'a - ih sin a cos a ; (12) 

where a and b represent the moments of inertia relative to 
the axes of x and ^, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing X andFto be the co-ordinates of a point 
taken on the same line at a distance R horn, the origin, we 

Accordingly, if an ellipse be constructed/Whose equation is 

aX" -^bY'-zhXY yconst., (13) 

we have 

IIP = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient oi XY disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
h or ^xydm = o. 

This prir of axes is called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal momenta of inertia of the lamina relative to the point. 
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Again, if A and B represent the principal moments of 
inertiai equation (12) becomes 

/= -4 cos'a + -B sin^a. (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX^ -\^BY^-^ const. 

207. IHoiiieiital Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, i£e ellipse 

AX^ + BT^ = const. (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative to 
all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for the system of four equal masses, each — » 

placed on the two central principal axes, at the four dis- 
tances ± a and ± ft, from the centre of gravity, where a and b 
are determined by the equations 

-4 = -JfJ^ B^-Ma\ 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 
centre of gravity, they have the same moments of inertia for 
all axes. 
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This follows immediately sinoe an ellipse is determined 
when its centre and three points on its oiroumference are 
given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if / be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

/ = -4 cos'a + B sin'a. 
But, by Art. 203, 

4 4 

M 
/. J= — (6' cos*a + a' sin' a) 

4 ^ / 



M 


!l'i'( 


''C0B*0 


+ 


sin' a 


4 


6» 


M 

~ 4 




• 







Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Prodacto of Inertia of liamlna. — Suppose the 
lamina referred to its principal axes at a point ; and let p 
and q be the distances of any element dm from two axes,, 
which make the angles a and /j with the axis of x ; then we 
have 

^pqdm « 2 (y cos a - 0? sin a)(y cos )3 - 0? sin /3) dm 

^ cos a cos/3 ^y^dm + sin a sin /3 ^a?dm 

- Bin {a -i- (5) "2 apt/ dm 
= -4 cos a cos /3 + jB sin a sin j3, 

since A = '2y^dm, B = "La^dmy and ^xydrn = o. 

Hence, if 'Zpqdm = o, we have 

A cos a cos /3 + j5 sin a siji/3 = o, 
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and aooordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX^ + jBF* = const. 

Hence, if two laminsd in the same plane have for any point 
two pairs of axes for which ^pqdm = o and l,p^^dm = o, 
they have the same principal axes at the point. This follows 
from the easily estaolished property, that if two ellipses have 
two pairs of conjugate diameters in common, they must be 
similar and coaxal. 

209. Triangular l«aiiiina and Prism. — Suppose a 
triangular lamina, whose sides are a, by c, to be divided into 
a system of rods parallel to a side a ; 
and let A represent the moment of 
inertia relative to a line parallel to 
the side a, and drawn through the 
opposite vertex; also let p be the 
perpendicular of the triangle on 
the side a, and x the distance of an 
elementary rod from the vertex; then 
we have, since the mass dm of the 

elementary rod may be represented by /u — dx^ 

A = ^a^dm = u^a^ — dx 

P 




Fig. 48. 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel to 
b and c ; and let ^, r be the corresponding perpendiculars of 
the triangle, and we have 






2 



Again, if Aq^ B09 Co, represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by {2), 

Ao = -^^Mp\ B„=^Mq\ C, = ~M^. (16) 

Also, if Aij J5i, Ci, be the moments of inertia relative 
to the sides «, 6, c, respectively, it follows, in like manner, 
from (2), that 

A^ = ^Mp\ 5i = i Mq\ C, = i Mr. (17) 

Again, it is readily seen that the values of -4, An, Ai, &o., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

M 

three masses, each — , placed at the middle points of the 

o 
sides of the triangle. 

Hence, if / be the moment of inertia of a triangular 

lamina with respect to the perpendicular to its plane cbawn 

through its centre of gravity, we have 

I^^Mia'-hb' + c'). (18) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis* 

In like manner the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 



H 



&2 + c2-^\ lMU + a^-^\ lMU + h'--\] 



and the same expressions hold for a triangular prism relative 
to its edges. 

* By the axis of a prifim is understood the right line di'a\iii through its 
centre A gravity parallel to its edges. 
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2IO. llE«aieBtel Blllpse •fa Triangle. — ^It can be 

ahown without difficulty that the ellipse which touches at the 
middle points of the sides 
may be taken for the mo- 
mental ellipse of the triangle. 
For, let flr, y, 2 be the 
middle points of the sides, 
and it is easily seen that o 
is the centre of this ellipse ; 
also, if /i, Jj, Ii be the _. 

moments of inertia of the '^•49« 

lamina relative to the lines axy bf/, cZy respectively, it can be 
readily shown from (17), that we have 



^1 I J.9 1 J-i — 




I 


I 


I 

» 


{axy 


■ W' 


■(czy 


I 


I 

• < 


I 



{oxy • {ot/y ' {ozy* 

Accordingly, by Art. 207, the ellipse an/z may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminsd parallel to one of its faces, and if 
A, Bj (7, D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a^ b, Cy dy and the corresponding perpen- 
cGculars of the tetrahedron by p, q^ r, «, respectively, it ia 
easily seen, as in Art. 209, that we shall have 

a?* a p 

5 5 
In like manner we have 

B^^Mq\ C^^Mr", D=^M8\ 
5 5 5 
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Again, if -4o, -Bo, Co, -Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

Ao-^Mp\ Bo = lMq\ Co-^Mf^, Do-i-M8\ (19) 



80 



80 



80 



80 



Also,. if Ai, Biy Cxy Di be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

A,^ — Mp\ BS — Mq\ C,=—Mr% D,= — M8\ (20) 
10 10 10 10 ^ ' 

212. liolld Ring.* — If a plane closed curve, which is 
symmetrical with respect to an axis -4-B, be made to revolve 
round a parallel axis, lying in 
its plane, but not intersecting the 
curve, to prove that the moment 
of inertia / of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 




where M is the mass of the solid, 
h the distance between the parallel 
axes, and k the radius of gyration 
of the generating area relative to its axis. 

For, if the axis of revolution be taken as the axis of x^ 
and, if y, Y be the distances of any point P within the 
generating area from ABy and from Oi, respectively; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 27r Yd Ay 
and its mass 2irfi Yd A ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is 2irfiY^dA. 
Accordingly, we have 

/ = 2ir/i2 Y^dA = 2ir/u2(A + yfdA 

= 2ir/LiS (A3 + 3A'y + 3^^ + y^)dA. 



* The theorems of this Article were given by Professor Townsend in tho 
Quarterly JotMrnal of Mathetnatici, 1869. 

[30] 
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Moreover, since the curve is symmetrical with respect to 
tlie axis AB, it is easily seen that we have 

^ydA = o, ^ifdA = o. 

Also, by definition, '2i/^dA = Ak^. 

Hence / = zirfxhA (A' + ^k'^) . 

Again, by Art. 177, ]il= iiriihA ; 

.-. /= Jf(A' + 3A:^). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 

mU^ + ^a^ 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

There is no difficulty in adding other examples. 

213. C^eneral Expression for Prodacto of Inertia. 

— ^We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let jt?, q^ r represent the respective distances of 
any element dm from the three planes 

a? cos ct + y cos j3 + z cos 7 = o, 
X cos a -\- y cos )3' + 2 cos y = o, 

X COS a" + y cos j^ + S COS 7" = o. 

Then 

Sj!?5'dm=S(ircosa+ycos/3+scos7)(a?cosa'+ycos/3'+«cos7')efi» 
= cosa ooaala^dm + cos (i cos/3'2y'e3?m + cos 7 COS7' 22'rfwi 
+ (cos a COS /3' + cos /3 cos a) ^xydm 

+ (cos 7 cos a + cos a cos 7') '2zxdm 

+ (cos )3 COS7' + cos 7 cos]3') ^yzdm ; 

and we get similar expressions for ^prdm and ^qrdm. 
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* 

Now, suppose that we take 

^yzdm=/, ^xzdm = g, 1txydm= h\ 

then the preceding equation may be written 

'^pqdm = cos a {a cos a + h cos /3' + ^ cos 7') 

+ cos/3 (A cos a' + ft cos /3' +/cos 7') 

+ cos y {g cos a' + /cos j3' + c cos y) ; (22) 

along with similar expressions for ^rpdm and '2qrdm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

^jyqdm = o, ^rpdm = o, ^qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX^ + bY^ + cZ^^ 2fYZ + igZX + zhXY = const. {23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia J for any body^ riTTjjj^fei^Ti" , the principal planes of the 
preceding ellipsoid.'^ 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ^pqdm = o, ^rpdm = o, 
^qrdm = o, ^p'q^dm' = o, "2^r'p'dw! = o, ^((r'dnfi = 6; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 



*. 8dlmOTi*s Geometry of Three DitnensionSj Art. 72. 
t The exceptional cases when the ellipsoid is of reyolution, or is a sphere, 
will be considered subsequently. 

[20 a] 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Principal IHonients of Inertia. — Liet us now 
suppose the co-ordinate planes to be the principal planes of 
the Dody for the origin, then the moment of inertia relative 
to the plane 

X cos a + y cos /3 + s cos 7 = 
is 

^p^dm = S (a? cos a + 2^ cos )3 + s cos yYdm 

= cos*a ^jrdm + cos*)3 ^y^dm + cos^^ ^z^dniy (24) 

since in this case we have 

^xydm = o, ^zxdm = o, ^yzdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
"> i3, 7 ; then we have 

/ + ^p^dm = ^r^dm = 2 (i»' + y* + z^) dm ; 

.-. / - cos'a S (y' + s*) dm + cos*/3 S(s' + x^) dm 

+ cos' 7 S (aj* + y*) flfm ; 
y or I = A cos'a + B cos*/3 ^ C cos* 7, (25) 

where Ay By C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By C axe called the three principal moments 0/ inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, tho 
corresponding values of -4, By C are called the principal^ 
moments of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a body 
relative to any line passing through a given point is known, 
whenever the angles which the line makes with the principal 
axes are known, as also the moments of inertia relative to- 
these axes. 
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216. Ellipsoid of C^yratlon. — Suppose, as before, the 
sQlid referred to its three principal axes at any point, and let 
«, ft, c be the corresponding radii of gyration, i.e. let 

and / = Mk^ ; then equation (25) becomes 

k' = a^ cos^ a + ft* cos'/B + c'cos'y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, ft, c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicidar. (Salmon's Geometry 
of Three Dimensions, Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the cenlre of 
gravity of the body. 

217. Momental Ellipsoid. — If X, F, Z be the co- 
ordinates of a point R taken on the right line through the 
origin O, whose direction angles are a, /5, 7, we have 

X=OJBcosa, r=OJBcosj3, Z= OR oosy. 

Substituting the values of cos a, cos /3, cos 7, deduced 
from these equations, in (25), it becomes 

I.OR^^ AX' + BY^ + CZ". 

Suppose, now, that the point R lies on the ellipsoid 

AX^ + BY'' -\-CZ^^ const., (27) 

and we get / . OR^ = X, denoting the constant by A ; 

.•./=^. (^8) 

Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor- 
responding diameter of the ellipsoidal']). 
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From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body, this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and, consequently, its 
moments of inertia for all axes, through its centre^ are equal. 

218. Equinioiiieiital Cone. — ^Again, since 

cos'a + cos*/3 + cos*7 = I, 
equation (25) may be written in the form 

{A - /) cos'a + {£-/) cos»j3 +{C- I) cos'y = o ; 

hence the equation 

{A - I) X* + [B - /) F' + (C - /) Z-- = o (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
so^d, are the principal axes of the solid relative to the vertex 
of the cone. 

When / « By the cone breaks up into two planes ; viz.» 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Routh's Bigid Dynamics^ chapters i. and 11. ; as also to 
Professor Townsend's papers in the Camb, and Dub, Math. 
Journal^ 1846, 1847. 
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Examples. 

^ Find the expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in eill cases : — 

I. A parallelogram, of sides a^ b, and angle 0, with respect to its sides. 

^ ]lf ,„ . ., M - . . 
Ana. — b^ snv B. — a^ sm'* B. 

3. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance 'd from its middle point. 

Ana. 



..if (!+.«). 



3. An equilateral triangle, of side a, relative to a line in its plane at the 
distance d from its centre of gravity. 

Ana. mI^- JtdA. 

4. A right-angled triangle, of hyx>ot&enuse <?, relative to a perpendicular to 
its plane passing through the right angle. 



Ana, M-r. 




5. A hollow circular cylinder, relative to its axis. 



ft + y'« 
Ana. M , where r and r' are the radii of the bounding circles. 

6. A truncated cone with reference to its axis. 

Ana. - — rr — rjr. whore b and b' are the radii of its bases. 
10 d* - b^ 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. . 

Ana. - — I A^ + _ j where h denotes the altitude of the cone, 
5 \ 4/ 
and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, fi, 7 with its 



axes. 



Ana. — [a* sin'-^a + l^ sin^/S + c* sin^y j 



9. Area bounded by two rectangles having a common centre, and whose 
sides are resx>ectively parallel, with respect to an axis through their centre 
perpendicular to the phme. 



Ans. 



12 ab " ah' 
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10. A square, of side a, relative to any line in its plane, passing through its 
centre. 

Ans. M — - 

12 

1 1. A regular polygon, or prism, with respect to its axis. 

Ans, x ("^"^ ^'^) » ^^®^ "^ ^^'^ r are the radii of 'the 
circles circumscribed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 

JLf 

lamina, of mass M, are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass -ilf placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 

4 *° • 

combmed with a mass - M placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a principal 
plane passing through its centre of gravity, prove that they envelop a conic, 
having that point for centre, and the principsd axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a confocal system. 

17* Prove that the simi of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of the 
body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelop a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
are confocal P 

22. The common axes of this system of cones are the three principal axes of 
the body for the point ? 

23. The three principal ates at any point are the normals to the three sur- 
faces confocal to the ellipsoid of gyration, which pass through the point. 
(M. Binet, Jour, de VEc. Foly, 1813.) 
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CHAPTER XI. 

ON MEAN VALUE AND PROBABILITY. 

219. One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less difficult questions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

Mean Values. 

220. By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the w^* part of their pum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
yalues. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the true value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for difiEerent suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity t?, and if it be asked — What is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of timey the answer 
will be ^«7 ; but if we consider the velocities at equal intervals 
of space^ it will be ft?. . The former is the most natural sup- 
position in this case, because it is the answer to the question 
— What is the velocity with which the body would move, 
uniformly, over the same space in the same time ? — a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to which the second 
value above would be the answer. 
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Again, if we wish to determine the mean valae of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other ; or throngh equi- 
distant points of the circumference ; or such that £he areas 
between each pair shall be equal; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

221. Case of One Independent Taiiable. — ^We 
will therefore suppose any variable magnitude y to be ex- 
pressed as a function^ (arW of some quantity x on which it 
depends, and its mean value taken as x proceeds by equal 
infinitesimal increments h from the value a to the value b. 
Let n be the nimiber of values, then nh = b - a. The mean 
value is 

- U(fl) + 0(« + h) + <^{a + 2A) + . . . . . 
But (Art. 90), 

h U(flf) + 0(rt + A) + 0(a + 2A) + . . . .| = I ^[x)d(c. 
Hence the mean value is 

^(x)dx. (i) 



jf= ' 



sb - a 



Examples. 



I . To find the moan value of the ordinate of a semicircle, suppoeing the 
series taken equidistant. 

yiz., the length of an arc of 43**. 

a. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

Jf = - \ r sin flrfa = -r ; the ordinate of the centre of gravity of the arc. 
'J * 
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3. Betenuine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation from 45° - d to 45** + 6 ; given the initial velocity F. 

If a be the angle of elevation, the range is 

£ = — sin 2a, 
9 

Hence if = -- I — sin 2 a (fa, between the limits 45° ± ^ 5 

F2 sin 20 

.-. if = -— . 

g 26 

2 V^ 
The mean value for all elevations, from o** to 90°, is . 

"^ 9 
• 4. A number n is divided at random into two parts ; to find the mean value 
of their product. 

I f" I 

Jf = - \ scin" x)dx = -n*, 

w J o 

5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other B 
to range over the whole circumference ; since by altering the position of A, we 
should only have the feame series of values repeated ; let be the angle between 
AB and the diameter through A; as we need only consider one of the two 
semicircles, 

IT 

I f^ 4»' 

Jf = — I 2r COB Odd = 

6. To find the mean values of the reciprocals of all niunbers from n to ttiy 
when n is large : 

That is, to find the mean value of the quantities 




n »« 

i + - 

n 

that is, the mean value of the function — , as x goes by equal increments from 

nx 

I to 2 ; 

... Jf _ — =-log2. 

2-%- 1 Jinx n 

7. To find the mean values of the two roots of the quadratic 

x^ •- ax + b = o, 

the roots being known to be real, but b being unkno-wTi, except that it ia 
positive : 
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€? 



That IB, 4 is equally likely to have any value from o to — ; hence for the 

4 



«• 



greater root, a, 

4 f* 
= ":; I a (20 - tf) <fa ; 

.-. Jf=|tf. 
6 

The mean value of the smaller root is 7 «. 

o 

17 I 

The mean squares of the two roots are — a^, — ««. These migHt he deduced 

from the former results, since 

M {xfi) - aM{x) +M{b)=o. 

8. Find the mean (positive) abscissa of all points included between the axis 
of X and the curve 

^ = ae ^^ . Ans. 



The mean square of the abscissa is \ c*. 

222. If Jf be the mean of m quantities, and JIf'the mean 
of m^ others of the same kind, and if fi be the mean of the 
whole m + mf quantities, we have evidently 

mM + m'J/' , . 

M= —' (2) 

m + m 

Thus if we have to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the arc is — , we have 

zr.r + irr— ^ 



2r + Ttr 



2 +7r 
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22^, Case of Ti¥o or More Independent Variables.. 

— ^If s = 0(a?, y) be any function of two independent 
variables, and a?, y be taken to vary by constant infinitesimal 
increments A, A, between given limits of any kind, the mean 
value of the function z will be 

j^Jjzdxdy 

Sjdxdy ' ^^^ 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose x, y, z the 
co-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of xy, and then ruled 
by lines parallel to a?, y ai intervals A, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surface z = (^{xyy)^ 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 

volume II zdxdy = sum of ordinates x hk ; 

also the plane area jjdxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number^ 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points uniformly distributed over a given plane 
area. 

Examples. 

I. Suppose a straight line a divided at random at two points, to find the- 
average value of the product of the three segments. 

Let the distances of the two points Z, T, from one end A of the line, he 
called Xy y. Consider first the cases when x> y\ the sum of products for these- 
is half the whole sum ; hence 

^" I lo K^^"' - 2^) (« - ^)^^^y = 4«'- 

3. A numher a is divided into three parts ; to find the mean value of one 
It. 
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Let ar, y, a - « - y, be the parts; 



M 



JO Jo 



xdzdy 



I I dxdy 
Jo Jo 



I 
-a, 

3 



Hub value migHt be deduced, without performing the integrations, by consider- 
ing that the expression is the abscissa of the centre of gravity of the triangle 
OAB ; OAt OB being lengths taken on two rectangular axes, each = a. 

Of course the result in this case requires no calculation ; as the stun of the 
mean values of the three parts must be = ; and the three means must be equal. 

a» 
The mean square of a part is — . 

o 

3. A number a is divided at random into three parts : to find the mean 
value of the leMt of the three parts : also those of the greatest^ and of the mean. 

Let Xy y, a — a — y,hQ the greatest, mean, and least parts. The mean value 

of the greatest is M= .. — : the limits of both g 

integrations being given by 

x>y>a-x-y>o. 

If Xf y be the co-ordinates of a point, referred 
to the axes OA, OB, taking OA = OB = «, the 
above limits restrict the point to the triangle AVH 
(AM being drawn to bisect OB) ; and the above 
value of Jf is the abscissa of the centre of gravity of 

this triangle ; i. e. - of the sum of the abscissas of its 

■angles ; hence 

3 \ 2 3 / 18 

The ordinate of the same centre of gravity, viz., 

I /I M 5 
3 \2 3 J ^^ 

is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively 

" 5 I 

4. To find the mean square of the distance of a point within a given square 
(side 3 20), from the centre of the square. 



O 




Fig. 5'- 



'^"if-Jj"'-^^')''*^^ = r'- 
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It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radius of gyration of 
the area round that point. 

5. To find the mean distance of a point on the circumference of a circle from 
^11 points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, if d8 
be any element of the area, we have 






224. Many problems on Mean Values, as well as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to diflSicult multiple 
integrals which could hardly be dealt with. 

f 

Examples. 

I . To find the mean distance between two points within a given circle. 

If JIf be the required mean, the sum of the whole number of cases is repre- 
sented by 

(irr«)2Jlf; 

now let us consider what is the differential of this, that is the sum of the new 
cases introduced by giving r the increment dr. If Mq be the mean distance 
of a point on the eircumference from a point within the - circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
2ir rrfr, are 

irr- J/o . 2Tcrdr ; 
doubling this, for the c ises whe e the point B is taken in the annulus, we get 

d . { 'Kr'^YM) = 4ir«Jfor3rfr. 

vir 
Xo.v jlfo = •^— (Ex. 5, Art. 223) ; 
9ir 



= IT \ f*dr ; 

9 Jo 



.-. M= r. 

2. To find the mean square of the distance between two points taken on any 
plane area fi. 

Let d8, dS' be any two elements of the area, A their mutual distance, and 
we have 



320 



On M^an Value and Prohahility, 



Now, fixing the element dS, the integral of ^^dS' \& the moment of inertia 
of the area a round dS ; so that if JT = radius of gyration of the area round dS^ 

I M=-UK^dS: 

1 a-'-' 

let r ~ distance of dS from the centre of gravity G of the area, k the radius of 
gyration round (?, then i 

IT" = r* + A* ; 

a •'•' 

thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 

225. The mean distance of a point P within a given 
area from a fixed straight line (which does not meet the 
area) is evidently the distance of the centre of gravity G 
of the area from the line. Thus, ii Ay B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle AOB. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZv& the triangle 0&Q'\ 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P is taken at random within 
a triangle ABC, and joined with the three 
angles. To find the mean value of the 
greatest of the three triangles into which 
the whole is divided. 

Let G be the centre of gravity ; then if 
the greatest triangle stands on AB, P is 
restricted to the figure CEGK, and the 
mean value of APB is the same as if P 
were restricted to the triangle GCK\ hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCK, and base AB ; Fig. 52. 

.-. M^-{ACB + AKB^AGB) = - Ii^--->,1\aBC\ 

hence the mean value is -^ of the whole triangle. 

I o 

The mean values of the least and mean triangles are respectively - and -^ 

9 10 

of the whole. 

This question might be shown to be reducible to Question 3, Art. 223. 
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226. If ilf be the mean value of any quantity depending 
on the positions of two points (e.g. their distance) whioh are 
taken, one in a space Aj the other in a space B (external to 
A) ; and if M' be the same mean when both points are taken 
indiscriminately in the whole space A -¥ B; M^t Mb the 
same mean when both points are taken in Aj and both in B^ 
respectively; then 

{A + ByM' = 2 ABM + A^Mj, + 5* Jf^. (4) 

If the space A = B^ 

/^M' ^2M+Ma + Mb\ 

if, also, Mji = Mb^ 

iM" ^M+Ma; 

thus if M be the mean distance of a point .within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 224) 

To determine M or Mi is rather difficult, though their 

1472 
mm is thus found. The value of Jf is — —^ r. 



135^' 



Examples. 



I. Two points X, F are taken at random within a triangle. What is the 
mean area Jbf of the triangle Zrc,; formed by joining them with one of the 
angles of the triangle ? 

Sisect the triangle by the line CD ; let Jf 1 be the mean value when both 
points fall in the triangle ACD; M2 tbe value when one falls in ^Ci> and the 
other in JSCJ) ; then 

aif = Ml + M2. 

But Jfi = - if ; and M2 = GG'C, wbere G, Q' are the centres of gravity 

and 

27 

3. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 

[21] 



322 On Mean Value and Probability. 

By a siimlar method this is found to be 



2± 
108 



of the whole square. 



^ 3. What is the mean area of the triftngle formed by joining the aamue two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if Jf be the mean, the sum 
of all the cases is . 

44 4 4 

Ml, Jf2, Mz being the mean areas when the second 
point Fis taken respectively in OA, OB, and 00, 
But M% = M\, for to any point TmOC there cor- 
responds one T' in OA, which gives the area 
OXY' = OXT', 

.'. M='-Mi^-M2. ^ 

2 2 rig. 53* 





,Y 





w 



/ 
/ 
* 


4 

X / 

Y 






B 



But Ml = — 4r . -, Mz^ —p'y hence M = -^ of the whole square.* 
108 4 16 108 

227. If two spaoes -4 + C, -B + have a common part C, 
and M be any mean value relating to two points, one in -4 + (7, 
the other in 5 + ; and if the whole space A + B+C^ W, 
and Mw be the same mean when both points are taken indis- 
criminately in W; Ma when taken in Ay &c., then 

2{A + C){B^C)M= W^Mw+C'Mc'A'Ma'B'Ms, (5) 

as is easily seen by dividing the whole number W^ of cases 
into the different classes of cases which compose it. 



* In such questions as the above, relating to areas determined by points 
taken at random in a triangle or parallelogram, we may consider the tnangle as 
equilateral, and the paraJldogram as a square. This will appear from orthogonal 
projection ; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
side of an equilateral triangle of the same area ; and then be deformed in like 
siamner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 
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Example. 

Two segments, ABj CD, of a straight line have a common part CB; to 
find the mean distance of two points taken, one in AB, the other in CD. 

2AB . CD . M^AIf^ .^AD + CB^.- CB-A(P . -AC-BD^ . -^i>, 

3 3 3 3 

dnce the mean distance of two points in any line is - of the line ; 

,^ AJD^ + CB^ - AC^ - DB^ 
''' 6AB . CD • 

22S. The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space A^ the chance of a 
point Py taken at random on Ay falling on /S, is 

8 

^ = 2- 

But if the space 8 be variable, and M{8) be its mean value, 

P = -j-^- (6) 

For, if we suppose 8 to have n equally probable values 
8if 8i, 8» . . . ., the ohanoe of any one 8i being taken, and of 
P idling on 8i, is 

I Si 

now the whole probability^ =i?i +i'2 +i?3 + • . • ; which, leads 
at once to the above expression. 

The chance of two points falling on iS is 

P^-^' (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X, F taken at random in a line, 

[ai a] 
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by the oonsideration that if a third point Zbe taken at random 
in the line, the ohanoe of it falling between X and F is - ; aa 
of the threejjmiust be the middle one. Hence the mean 



one 



distance is - of the whole line. 
3 



Again, the mean n^ power of the distance is 



2C^ 



(n+ i)(n+ 2Y 

where a = whole line. For if jo is the probability that n more 
points taken at random shall fall between X and F, 

Jf (XF)« = a^p. 

Now the chance that out of the whole n-k- 2 points, X 

.2 
shall be one of the extreme points is : andif it is so, the 

chance that Y shall be the other extreme point, is 



n+ I 



Examples. 



I. From a point X, taken anywhere 
in a triangle, pturallels are drawn to t^'O 
of the gides. Find the mean value of 
the triangle UXV. 

li a second point X' be taken at 
random within ABC, the chance of 
its falling in XUV is the same as the 
chance of X falling in the corresponding 
triangle X'U' V ; that is, of X' falling 
on l£e parallelogram XC. Hence the 
mean value of UX V= mean value of XC. 
But the mean value of (?7Xr+ XC) is 




Fig- 54. 



-- ABC\ as the whole triangle can be divided into three such parts by drawing 
through X a parallel to AB* Thus 

M{UXV) =\aBC, 
6 

The mean value of UV]a -AB. For CTFis the same fraction of AB that the 
altitude of X is of that of C\ see Art 225. 



* The triangle may be considered equilateral ; see note, p. 322, 
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Cob. Hence, if j9 = perpendicular from X on AB, h = altitude of triangle 

If we take the area ABC as unity, we have, since UXV: AXB = AXB : ABC, 

(AXBY^TJXV. 

Thus the mean square of the triangle AXB is -. If two other points T, Z axQ 
taken at random in the triangle, the chance of both falling on AXB is thus the 
same as that of a single point falling on UXV; i. e. g. Hence we may easily 
infer the following theorem : — 

If tliree points X, F, Z are taken at random in a triangle, it is an even 
chance that T, Z both fall on one of the triangles ^ 

a:xb, axc, bxc, ^ 

2. In a parallelogram ABCD a point X is taken at 
random in t^e triangle ABC, and another Y in ADC 
Find the chance that X is higher than Y. 

Draw XM horizontal : tlie chance is 

mean area of ASK -f- ADC, 

But AMK-XUr, ajid the meeai area, oiXirV=lACB H 

I ° 

(Ex. i) ; hence the chance is -. 

o 

3. If be a point taken at random on a triangle, and 
lines be drawn through it from the angles, to fijid the 
mean yalue of the triangle DBF, {Mr, Miller,) 

It will be sufficient to find the mean area of the triangle^^^^, and subtract 
three times its value from ABC, If we put a, 0, y for the triangles 
BOC, AOC, AOBy it is easy to prove 




ABF= 



07 



(a + 0)(a + 7) 



.ABC, 



If we now put the whole area ABC=: i, and 
U dShe the element of the area at 0, 

the integration extending over the whole triangle. 

Now i£p,qaxe the perpendiculars from on the sides b, e, it may be easily 
shown that the element of the area is ^ ^ j j 




Fig. 5$. 



dS = 



dpdq 4 
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Thus the meen yalue of A£F becomes 
Again, by Art. 95, the definite integral 



! 



^ dB= I-—: 

1-0 '^ 6 ' 



••^=-^-^('-?) = T-^- 



Hence the mean value of the triangle DEF is 

10 - ir«, 
that of uiBC being unity. 

It is curious that the same value, 10 — -r^, has been found by Col. Clarke ta 
be the mean area of a triangle formed by the intersections of three lines, drawn, 
from Ay £f CXo points taken at random in a, 6, respectively. 

4. To find the average area of all triangles having a given perimeter (2«). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, a, ^, 0, and only those cases are taken in which a, by e can 
form a triangle ; then the mean value of 

A = \/»(»-a)(»- *)(«-<?) A i Y R 

has to be found. 

TakeA£=2ty let X, Fbe the two points of division, AX = x, AT= y i 
these are subject to the conditions 

x<8, y> 8y y -X <8, 
A 

Now y; = \/ (* - ^) (y -*)(«- y + a^) ; 

, I I v^(« - a:) (y -»)(«- y +1^ . dydx 

V * 1 * f dydx 

Again, by Art. 132, we have 

1 \/(«-«)(«-y + ar)«fo = ^(2»-y)2; 

The result is therefore : — Mean area = — (is)^, 

105 
In the same case we should easily find 



8^ 



Mean square of area = — . 

60 



■jr 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed by them is — of the given triangle. 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Mo be the mean area when one of the three points is restricted to 
a side of the given triangle, 



4 



Let A receive an increment of area dA, by adding to it an infinitesimal band 
included between the base 0, and a line parallel to it ; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 



A^dA . Mo. 

The whole increase is treble this, for we must consider also the cases when 
F, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to dA^). Now the sum of the whole 
original cases is A^M; hence 



d{A^M) = 2^^ModA\ 



M . 




Now ^— is constant for all triangles (see note, 

.'.^d.A* = ZA^ModA\ ,', M=:^Mo. S 
A 4 

Again, to find Mo, consider the random point X fixed at a particular point 
2) of the base a, the other two points Y, Z, ranging all over the triangle. Let 
M' be the mean value of LYZ; the sum of all the cases, viz., A^Jf', may be 
decomposed into three groups : (i) when F, Zare in ABI) ; (2) both in ACD ; 
(3) one in each triangle : 

.-. (A^C)'*M' = {ABDY . ^ ABB + (AODf .^ACD-^ lABD . ACD . ^^, 

by Ex. (i), p. 32 r, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABD, ACD (Art. 
225). Put BD = Xy altitude of triangle = p, and we get 

Now when the point X faUs in the element dx, the sum of all the cases is 
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A^M'dx\ and hence, when X ranges from BUiCy the whole sum of cases is 

.-. a a? Mo = (Jp)*- a* =- aA». 

9 9 

I 3 I 

Hence ifo «= - A : and therefore M ^ Mo = —A, 
9 4 12 

Cob. Hence, if four points, A^ B^ C, D, axe taken at random within a 

tiiangle, the chance that they determine a re-entrant quadrilateral is -. For 

3 
the chance that D faUs in ABC is the mean value of ABC divided by the 

whole triangle, that is — ; and we have to add to this the chances that C &dls 

in ABDf &c. The chance that ABCD is convex is -. 

3 

6. The mean distance of the vertex of a triangle from all points in the area is 
equal to its distance from the centre of gravity, measured along a parabolic path, 
which leaves Ihe vertex in the direction of one of the sides, and reaches the 
centre of gravity in a direction parallel to the other — ^the axis of the parabola 
being parcel to the base. 

Let an indefinite line AP be con- 
ceived to revolve roimd Ay from the 
direction AC to AB ; and as it revolves, 
suppose that all the mass of the triangle 
ABC which lies to the right of it is 
transferred continuously to the vertex A. 
The centre of gravity of the whole mass 
will thus describe a curve starting from 
Gf and ending at A. When the line is 

at AF let the centre of gravity be at ^ ; g A^ 

and when it is in the consecutive position ^, '^ ^ 

AF'y let the centre be at /. As the ^^^' 59- 

mass of the triangle APF' has been transferred to A^ gg* \a parallel to AP; also 

, APP' 2 ^^ 

gg» - .^AP\ 

^^ ABC 3 ' 

2 

since - AP is the distance traversed by the centre of gravity of the transferred 
portion of the whole mass.* 

2 

But as -AP is the mean distance of all points in APP* from A, the sum of 

very element in APP' into its distance from A = APP* x - AP. Hence the 

3 
sum of all the elements gg\ i.e. the whole arc OA = sum of every element of 

ABC into its distance from A, divided by the area ABC, i. e. the mean distance 
required. 




* See Bankine, Applied Mechanics, p. 54. 
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It is easy to show that if ^T is drawn parallel to BC, 



.9 



3 « 

so that the curve is the parabola mentioned above. For A woAg are in directum 
with the centre of gravity of ABF; and hence, as ^ is the centre of gravity of 
ABFand a mass at ^ = AFGy 

AT_BP BP _ e 



PEOBABILITIES. 

229. The calculation of Probabilities, when the number 
of favourable cases, as well as the whole number of cases, is 
finite, is not a subject for the Infinitesimal Calculus. It is 
when th^ number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 



* Of course a large number of values taken at random for a variable do not 
really form an equi-different series : but, as they must give a number of points 
(when measiured along a straight Une) of imiform density, they may be taken^ 
for the purposes of calculation, as equi-dififerent. 
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the olianoe that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, all equally 
probable, is easily seen to be 

1 + 2 + 3 + 4 + 5 + 6, 
and the number of favourable cases is 

4 + 5 + 6, 

5 
so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from oio a\ find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to a?) ; hence the number of cases when the 
greater falls between x and x + dxv& measured }ij xdx\ the 

whole number of cases is therefore xdx] and the favourable 

ffr . ^ . b^ 

eases are xdx. The required chance is therefore j? = —^. 

Jo ^ * ^ 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a Une of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently -5. 

231. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regtdar theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

I. If an event B is known to have occurred in a certain century, the chance- 
that it was not distant more than n years from the middle of the century is of 

course — ; hut if three events, Ay B, C, are known to have occurred in the 

lOO 

century, and that A preceded B, and B preceded C7, let it he proposed to find 
how far this amount of knowledge alters l^e value of the chance for B. 

Let X he the time from the beginning of the century to the event B ; for 
any assigned value of x, the number of triple cases is ;r(ioo — x): hence the 
number of favourable cases divided by the whole number is 



ip(ioo —x)dx 

50. n 

P = -nm 



n / n \ » 

" ICO \ioo/ 



Iiuu 
aj(ioo - x)dx 


2. Two numbers, x, y, are chosen at random between o and a : find the- 



a' 



chance that the product xt/ shall be less than — (its mean value). 

4 



Here 



iidxdy 
a* 



a' 



the integral being limited by a > a? > o, a > y > o, and xy <—. We have^ 

4 

accordingly to integrate for y from a to o, when x is between o and - ; and from 

4 

— to o, when x is between - and a ; thus 
4« 4 

if f « «« ^2 ^2 

adx+\ — dx = — Jf —lo^ \' 
J«4« 4 4 



Hence 



i» = - + - log 2. 
42 



B 



3. Two points are taken at random in a given line a ; to find the chance 
that their distance asimder shall exceed a given value e. 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of tJie line corresponds a point in the 
square — such points being tmiformly distributed 
over its surface. 

Thus, if in the above question a;, y stand for the 
distances of the two points from one end of the line, 
y being greater than ic, we have to find the chance jj 
oi y - X exceeding c. The point p whpse co- 
ordinates are a?, y, in the square OB (side = a), 
may take all possible positions in the triangle OBJ), 
if no condition is imposed on it. But if y — a? ><?, 




then if we measure OH = <?, the favouraBle 



Fig. 60. 



332 



On Mean Value and ProbaUKty. 



€8868 occur Only when P is in the tiiangle BHI; hence the probabiHty required 



BHI 
OBJ) 



= m 



In fact this is only perf onning the integrations in the expression 



I'M"'"'' 

I dydx 



U 



4. Two points being taken at random in a line a, to find the chance that no 
one of the three segments shall exceed a given ^ ^ K N D 

lengdi e. 

The segments being as before *, y - a;, a - y, 
PJ=: jr, FK= a^y, J?I ^ y - x. There will 
be tvoo eases : — 

(I). Ifo-a; takeOU=BV=J)Z=BN=c; 
2 

then it is easy to see that the only favourable ^ 
€ases are when P falls in the hexagon UZNMJV; 



Pi 



OBD - 3 . UBZ 



(a-ey 




OBI) - \ a / Tig, 61, 

(2). If <?<-« ; take OU=BV= e, as before; then the only favourable 



•cases are when F falls in the triangle RST\ 

EST 



a 



K 



Pi = 



OBD 



-\ a )^ 



I V 

since ItST= -RT^, and RT^ VT-\- RE - VH 

2 

= le — {a — e). U 

Such cases of discontinuity in the functions 
expressing probabilities frequently present them- 
selves. The functions- are connected by very 
remarkable laws. Thus in the present question, o 
if -Pi =/W> P2 = -^W) we have 

f{c)'f{a-e) = F(e)-F{a-c). 



T 

/ T 



Fig. 62. 



5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the 
distance between each pair, being thrown at random on the floor, to find the 
chance of its falling on one of the lines (BufforCs problem). 

Let X be the distance of the centre of the rod from the 'nearest line, the 
inclination of the rod to a peipendicular to the parallels, la the common distance 
of the parallels, 20 the length of rod ; then as aJ^ values of x and B between their 



ah I 
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extreme limits are equally probable, the whole number of cases will be repre- 
sented by 



IT 

a ri 

dxdB => wa. 

f 



KJ 



4? 

Now if the rod crosses one of the lines we must have e > ; so that the- 

cos 9 

favourable cases will be measured by 



I>I 



dx = 20, 




20 

Thus the probability required is j9 s — . 

ira 

This question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to^ determine the value of ir nom this result, by making a large number of trials- 
with a rod of length 2 a : the difficulty, however, here consists in ensuring that 
the rod shall fall really at random. The circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others. Though w& 
may be unable to take accoimt d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing the- series of 
points in question as ranged along the line with a density 
proportionfid to a? ; as e.g. if they were the projections on the 
line of points taken at random in the space between the line 
and another line through one of its extremities. To give an 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let Xy y, be the distances from Ay y > x. Here the 
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probability of a point falling between x and x + dx is not 
proportional to dx^ but to xdx; and the result will be 



jo = 



J a ty-c 



The mean values of the three divisions of the line, in the 
«ame case, will be found to be 



8 4 I 

— a, — a. — 

15 15 5 



The above value oip is also the value of the chance, that 

^he difference of the altitudes of two points within a triangle 

c 
-shall exceed a given fraction - of the altitude of the triangle, 

a 



Examples. 

I. Two points being taken on the sides OA, OB, of a square a^, the chance 
of their distance being less than a given value b is easily seen without calcula- 

tion to be — ^^^provided ^ < a, as it is the chance of a point taken at random in 

the square falling within a quadrant of a given circle. Suppose now that ttoo 
points are taken on OAy and two on OB, and that we take X, Y, the two points 
Jurthest from on each side, to find the chance that their distance XFia less 
than a given length b; {b <a). 

Here the probability of X falling between x and x-i- dx ia proportional to 
xdx ; likewise for ^ ; henx;e 



P = 



I xydxdy 

* 

I I xydxdy 
Jo Jo 



^4 

the upper integral being limited by a;^ + y* < ** ; hence p = — i* 

Thus it is an even chance that the point determined by the co-ordinates x, y 
shall fall within the quadrant - ira^. 
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2. There is a circular target of area A ; the area of the bull's eye is a. If 
a shot is heard to strike the target, the chance of its haying hit the bull's eye is 

of course — .* If, however, tivo shots have been fired, to find the chance that 
ji 

the beat of the two has hit the bull's eye. 

This is easily solved by elementary considerations ; as the chance of both. 

missing the bull's eye is 

' = m- 

Hence the required chance of the best shot having hit it is 

at a\ 

3. Let it be proposed, however, to find the chance of the best of the two 
«hots (i.e. that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element <?<5, at a 
distance r from the centre, is irr^ dS ; hence the chance of the worst shot striking 
the area a is 

j"Jr®<f/S(over a) m 

where JIf , m are the moments of inertia^ of A, a roimd the centre of the target. 
Now, the probability of both shots missing a is 

lienoe that of a being hit (by one or both) is 

fA-ay 

and the chance of both hitting it is — . But the chance of a being hit is 

chance of best + chance of worst - chance of both ; 

hence, if j9i be the required chance, viz., of the best shot striking a, 

2 

• M. — 9 



m a« /A-ay a m 



where #w, M are the moments of inertia above. 

Or, we might have considered the number of cases in which the best shot 
falls on the element dS, viz., 

ir(222 - f^)dS, 

where 22 = radius of target. This would have given the required probability 

£!^a - m 

^^~ £^A^M' 

which is easily shown to be identical with the above value. 

* That is, disregarding the effect of the aim directing it with greater proba- 
bility to the centre of the target. This would be practically correct in the case 
of a very bad marksman, who frequently misses the target altogether. 
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Fig. 63. 



233. Carre of Frequency. — In questions relating to 
a variable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of X is proportional to (a?), and 
we draw a curve y = 0<p{x)y 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points X, Fare taken at random in a straight 

line ABf and X means always that nearest to -4, the curve 

of frequency for Y will be a straight line through A ; that 

for X a straight line through B. This will often simplify 

questions : e. g. suppose we have to find what is sometimes 

called the most probable value for AY, i.e. such a value 

AP that AY is equally likely to exceed or to fall short of it. 

Since the curve of frequency for 

F is a line AG, we have only to 

find P, so that PD bisects the 

AB 
triangle ABC; i.e. AP = —-^; 

because as many values of AY 
exceed AP as fall short of it. 
The most probable value is not 




Fig. 64. 



the mean value, viz., -AB, being the horizontal distance of 

the centre of gravity of ABC, from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in AY (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length 01 -4 X 
falling within given limits. 

Let X, y, be the distances from A ; for any assigned value 
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dw 



of y, the chance of X falling between x and a? + cfe is 
hence the chance of X fallings between ^ 

X and X + dx, and T falling between y 
and y ■\- dy^iB measured by 

dxdy ^ 
ay ' 

hence the whole chance of X falling 
between x and a? + cfo is 



dxC^ dy dx ^ a , . 

— -^ = — log- = - dx lo£r^, 




if for sunplioity we put a = i. 

Thus the curve of frequency for X is a logarithmic curve 
BBf whose ordinate is 

« = - log 0? ; 

the frequency at A being infinitely great. 
The area of this curve from o to ^ is 

and this is the probability of AX being between o and x ; 
the whole area, when a? = i, being i, as it ought to be, as 
it is certain that X falls in AB, The chance of X falling 
between given limits afy al' is of course 



e 



e 



ctflog^-x^logj,. 

To find the most probable value of x we should have to 
solve the equation 

a;(i-loga?) = i. 



This gives x about - of the line AB. 
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The mean value of ar is 






x»dx 



i 



zdx 



4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments AY^ YBj 
the line AB is divided into four parts, the mean values of 
whioh must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 

Examples. 

I . A line is divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parts shall exceed the sum 
of the other two (i.e. that a triangle might be formed by them). (Cambridge 
Math. Tripos, 1854.) 

The probability that X, T shall be taken in two assigned elements dx^ dy 
is (taking a = i), 

dxdy 

y 

This differential being integrated throughout any limits, gives the sum of the 
probabilities of Xy Y being f oimd in each pair of values for dx and dy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that X, Y will be foimd in some one of those pairs. 
In the present case the limits are equivalent to 

1 I 

X <-<y<ij x>y — . 

2 3 



Hence 






2. An urn contains a large number of black and white ballsi the proportion 
of each being unknown : if on drawing m + « balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being d priori equally 
probable. Then, m-\- n points being taken 
-at random in AB^ m are found to fall on * ^* ""• 

AX, n on XB, That is, all we know of X is, that it is the (m + i)^ in order. 




X 



K 



B 
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beginning from A^ of «» + » + I points falling at random in AB, If AX = x, 
AB s I, the number of cases for X between x and x-¥ dxia measuied by 

\ m-\-n 

-=—=—«« (I -«)»<&.♦ 

Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, $ — ^that is, that the distance 
from A of the point X lies between a and fi, is 



i: 



^^"•(i — x)**dx 

a 
P = 



Jo 
The eurve of frequency for the point X will be one whose ordinate is 

y = a?**'(i - x)*. 

The maximum ordinate KV. occurs at a point JT, dividing AB in the ratio 
m : n. This is of course what we should expect : the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each 
than any other. The value for p above is simply the area of the above curve 
between the values a, fi, of x, divided by the whole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

2 A. 

drawn ; to find the chance that the proportion of white baUs is between - and - 

13 S 5 

of the whole — ^that is, that it differs by less than + - from ~, its most natural 

S S 

value. 

,= —=- nearly. 



The above results will apply to any event, which must turn out in one of 
two ways which are mutually exclusive, this being the whole of our d priori 
knowledge with regard to it — ^the ratio of the black, or white, balls to the 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and failed n times in m + » trials. To 
find the probability that, on ^ + ^^ further trials, it shall happen p times and 
fail q times. 



* For a specified set of m points, out of the m-\-n, falling in AXy the 
number is fl?»(i - xYdx\ the nimiber of such sets is ^ — = — . 

fe[!L 
[SSa] 
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That is, tliAt p^- q more points being taken at random in AB, p shall fall in 
AXf and q in BX, The whole number of cases is as before 

rm + « p r ^-f w fi 

r^fc Jo L^[!?Jo 

When any particular set of p pointb, out of the p -^ g additional trials, &lls in 
AXf the number of favourable cases is 



f m + n C^ 
M2J0 



I . 2 . 3 . . . . (p + ^) 



But the number of different sets of p points is — 

*^ i.a.3...p.i.a.3.. 

Hence the probability is, putting as before I j9 for i . 2 . 3 . . . p, 

Jo 
By means of the known values of these definite integrals (p. 1 17), we find 

\p -V q \ in 4p r » -h q [mjf_«+J 



i>i- 



\jp\q ' [«»[« ' |"m + » + j? + g+ I 



For instance, the chance that in one further trial the event shaU hapx>en i» 
This is easily verified, as the line AB has been divided into m + » + 2 



m-i-n 4- 2 

sections by the m + n + i points in it, including X Now, if one more trial is 
made, i.e. one more point taken at random, it is equally likely to faU in any 
section ; and m + i sections are favourable. 

a 
4. Trace the curve of frequency of the ratio j ; a and b being numbers taken 

at random within the limits ± i . 
If we measure the values of 
the ratio as abscissas along an 
axis OX, and make OA = i, 
0A'= - I, AB^ ^'J?' = i; 
then the line whose ordinates 
are proportional to the fre- 
quency will be, for values of 

- comprised between the limits 
b 

+ I, and the straight line BBf ; but for values beyond these limits, will coDBist of 

Bie arcs BC^ B^C of the curve ar'y = i . 

It is thus an even chance that the ratio - lies itself between the limits + i : 

b ■*■ 

this would also appear by a construction such as that given in the next Article. 
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234. £rrors of OlMserration. — One of the most im- 
portant, practically, as well as the most difficult, departments 
of the theory of Prohability is the subject of Errors of 
Observation. We will give here an example of the simplest 
possible description. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limite being 
supposed equally probable.* To determine the probability 
that the error in the sum, -4 + jB, of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects 
-4, C is sometimes found by measuring the angle between 
A and B, an intermediate object ; and afterwards that 
between B and C, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 
equally probable, to find the probability of the error of the 
result falling within assigned limits : its extreme limits 
being of course ± 10'. 

The question is more easily comprehended by means of 
a geometrical construction than by 
integration. 

Take AB = za, then aU the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in 0-B, 
negative when in OA, Make also 
A'B" =^ 2a; the values of the second 
error are given by points in A^B\ 
Take any values, OP = x for the 
first, OP' = of for the second; these 
values taken as co-ordinates determine a point F correspond- 
ing to one case of the compound error x + x' ; and such points 
V will be uniformly distributed over the square HK. The 
value of the compound error e corresponding to the point Fis 

t=^x + x' = OS, 



B' 





v 


K. 





I 



B 



H 



Fig. 68. 



* This supposition must not be taken to be practically coirect. The theory 
of Errois shows that the probability of an error of magnitude x is proportional 
tor«*». 
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if V8 be drawn at 45*^ to the axes. Now all values of the 
eirors x^ of which give x •{• x' the same, give the same value 
for c ; henoe all points on the line JI correspond to 00m* 
pound errors of amount OS, Take Ss = de; the number of 
compound errors between € and € + e/c is the number of 
points between JI and a parallel to it through a. Now the 
area of this infinitesimal strip is evidently 

{2a - ijde. 

Hence the probability of the error being between e and 
€ + efc is 

{za — e)de 
P = 71 • 

This holds for negative values of c, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude e = 08 is 
proportional to J/, the inte)*oept of a line through 8 sloping 
at 45°. The probability of the error e falling between any 
two given limits O/S, 08^ is found by measuring these 
lengths (with their proper signs) from 0, along AB, and 
dividing the area intercepted on the square by parallels 
through 8y 8^ sloping at 45°, by 4a*, the area of the whole 
square. 

Thus the chance of the error falling between the limits 

± a (those of the two component errors) is -. 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
errors as positive; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

MU) = ± - a. 
3 

The most probable value, such that it is an even chance that 
the error exceeds it (since the triangle JKI must be - of the 
whole square, for that value of 08) is 

± a{2 - V 2) = ± .586a. 
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Let it be proposed now to find the probabiKty of a given 
error in the sum of A and B^ assuming, according to the 
modem theory of errors, that the probability of an error be- 
tween X and X + dxm either is 

I — i ^ 

p = — -— e * oar ; 

the coefficient — — being determined by the necessary con- 

dition that the differential, being integrated from oo to ~ oo, 
must give unity ; as the error must lie between these liijoits.* 
Referring to the above construction, the number of values 
of the first error between x and x + dx being proportional to 

e^ dx, 

and the number of values of the second between x' and x' + dx^ 
proportional to 

i'^'' dx, 

the corresponding number of values of the compound error is 
proportional to 

'e ^' dxdx. 

Hence the number of points, corresponding each to a case 
of the compound error, in any element d8 of the plane at a 
distance r from the origin, is measured by 

e'^'dS) 
which shows that the points have the same density along any 



* It is of coiirse absurd to consider infinite values for an error : but the 

curve y = '^^ tends so rapidly to coincide with its asymptote, the axis of Xy that 
the cases where x has any large values are so trifling in number, that it is indif- 
ferent whether we include them or not. 



344 On Mean Value and Probability. 

circle whose centre is 0, Now the probability of this com- 
pound error being between c and c + t3?€ is proportional to the 
number of points between JI and the consecutive line, as 
before, makmg 08=^ c, Ss = d^. But this number is the same 
as when the strip JI is turned round through an angle of 
45°, because the points lie in concentric circles of equal den- 
sity. Hence the number is proportional to 






e'^'d-T^X e''dx = ^-^^e^'d^ 



as the perpendicular from on JI is -^. 

Thus the probability of a compound error between t and 
£ + e/g is proportional to 

^'^" di ; 

and as this, when integrated between the limits ± 00, must 
give the probability i, the value of j9 is 

p = — -j^e 2c« rff. 

It thus follows the same law as the two component errors, 
Cv/2 taking the place of c. 

235. Various artifices have been employed for the solution 
of diif erent interesting questions on Probability, which would 
be f oimd extremely tedious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r; to find the chance that their distance 
is less than a given value c. 

Let F = number of favourable cases, 
W=^ whole number; then 

^=J; ^=(^^^')'. 

Let us consider the differential dF, or F^Ti^. 

the additional favourable cases introduced by giving r the 
increment rfr, c remaining imchanged. 




r 
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* 

If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, By in the lens JED common to the two spheres, are 
favourable ; let i = volume UDy then the number of favour- 
able cases when ^ is in the shell' is 

47rr^dr.L: 

doubling this, for the cases when B is in the same shell, 

dF^Sirr^Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

i = — d^ ; 

3 4^ 

hence P= Sir'f-c'f^ -| cV + cV 

C being an unknown constant ; i.e. involving c, but not r ; 

' i6 „ . r* i6*r* 2r^' 

— ttV* 

9 
Now the probability = i, if r = -c; 

.-. I = 8 - o + - X 64 — ; /. - C= — (J* ; 
^2 c* 2 64 

_^ c' 9 c* I c' 
* r^ 16 r* 32 r** 

If the two points be taken within a circUy instead of a 
sphere, it may be proved by a similar process, that 



(? 2f c\ . ^c I cf c^\ / e" 
i? = -^ + - I - 3 sin"* •- 2 + 3 J4 - 1- 

It is a very remarkable fact, pointed out by Mr. S. 
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Boberts, that if we draw the chord EDy the probability is, in 
the case of the circle, 

2 . segment EQD + segment JEPD 
area of circle UHD ' 

and also, in the case of the sphere, 

2 . volume JEQD + volume JEPD 



P^ 



volume of sphere EHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

I. Three pomts being taken at random within a sphere, to find the chance 
that the triangle which they detennine shall be acute-angled. 

As the probability is independent of the radius of the sphere, it is easy ta 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if jp be the probability of an acute-angled triangle 
in this case, p will also be the probability of an acute-angled triangle iot'ee^h 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will be the probability when no restriction is put on any of the 
points. 

^ Take then Ay one of the joints on the surface of the sphere ; two others, B, C 
being taken at random within it, and let us find the 
chance of ABC being obtuse'angled : to do this, we 
will find separately the chance of the angles A^ B, C 
being obtuse: the events being mutually exclusive, 
the probability required mU be the sum of these 
three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to AB, 
the chance required is 

volume of segment AHV 

volume of sphere ' Fig. 70. 

Let r = OAj the radius of sphere, p = AB, 0= L OAB ; then the volume of 
the segment AHV is 

J nr^ (i - cos e)' (2 + CO8 e) ; 
therefore when B is fixed the chance is 

J(i - C0S«)*(2 + C08e). 
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Now let B move over the whole volume of the sphere, and we have for the 
probability F^t that A is obtuse, 



^-■=iii!!!i('-'^'')'(*+'^*^'"' 



3 r^rsfeo*0 



4 f» fmTCOtu 

s -LI I {2-3C0Stf + C08'tf)/>'8illtfrf»rf/>. 

8r» J Jo 



Hence P^ = — • 

70 

(2). To find the chance, P^, that B is obtuse. Fix B as before; then the 
chance that B is acute is 

segment MEN 
sphere 

Now, volume MEN^^trf^ f ^+ i - cos 6 J f 2 + cos « - ^ j ; so that the 
chance is 

- J2-3C08tf + coB5ft+ 3 -(I - coe*e) + 3^cose-^J. 
Hence the whole probability (i ~ Pjt), that B is acute, is 

IT 

gij I |2-3costf+co8»«+3^(i-co8»e) + 3^coBe-^j/>28med9rfp. 

17 

Performing the integrations, we find ^b- — • 

70 

The probability for Cis, of course, the same as for £ ; hence the whole pro- 
bability of an obtuse-angled triangle is 

70 70 70 70 

33 
Hence, the chance of an acute^angled triangle is — . 

For three points within a circle the chance of an acute-angled triangle is 
4 I 

TT^ 8' 

2. Two points, ^, P are taken at random in a triangle. If two other points, 
C, D are also taken at random ia the triangle, to find &e chance that they shall 
lie on opposite sides of the line AB, 
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The rides of the triangle ABC produced divide the whole triangle into seven 
spaces. Of these, the mean yalne of 
those marked (a) is the same, viz., the 
mean value of ABC; or, -^ of the 
whole triangle, as we have riiown in 
page 327 ; the mean value of those 
marked {$) being } of the triangle. 

This is easily seen : for instance, 
if the whole area = i, the mean value 
of the space PBQ gives the chance 
that if the fourth point D be taken 
at random, B shall &11 within the 
triangle ADC: now the mean value 
of ABC gives the chance that D shall 
fall within ABC; but these two 
chances are equal. Fig. 71. 

Hence we see that if A^ B, (7 be 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does is -H^ of the whole ; that of the opporite 
portion is -A". 

Hence the chance of C and D idling on opporite rides of AB is -^. 

236. Random Straight Unes. — ^If aiii infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any- 
given direction will be disposed with equal frequency all 
over the plane. Hence, if a line be determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin O, 
and the inclination of that perpendicular to a fixed axis ; then 
Up, to be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dp, and w between oi and oi + dta, 
will be measured by dpdw, and the integral 

// c^dwy 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any cloned convex contour of length L is 
measured by L. 

For, taking inside the contour, and integrating first 
for /?, from o to p, the perpendicular on the tangent to the 
contour, we have Ipdta : taking this through four right angles 
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for a>9 we have by Legendre's theorem (p. 232), iV being the 
measure of the number of lines, 

N^\ pdta^L. 

Thus if a random line meet a given contour, of length Z, 
the ohance of its meeting another convex contour, of length 
I, internal to the former, is 

If the given contour be not convex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 



Examples. 

T. If a random line meet a closed convex contour, of length X, the chance 
of it meeting another such contour, external to the former, is 



X-T 



P = 



where X is the length of an endless band 
enyeloping both contours, and crossing 
between ti^em, and Y that of a band also 
enyeloping both, but not crossing. 

This ma^ be shown by means of 
Legendre's mtegral above ; or as fol- 
lows: — 

Call, for shortness, l^A) the number 
of lines meeting an area A ; 2i{Af A') 
the nimiber which meet both A and A' ; then 




Fig. 73. 



+ N(8R0QTH, SfQOKF'E'), 

aince in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of OQFESR and 
oofs' H'FK is equal to the band F, and the number meeting both these areas 
is identical with that of those meeting the given areas A, 0.'\ hence 

x=r+iV{n, n'). - 

Thus the number meeting both the given areas is measured by X - F. Hence 
the Uieorem follows. 
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2. TVo random chordfi cro88 a giyen oonyex boundary, of lengi^L X, and aiea 
A ; to find the chance that their intersection falls inside uie boundary. 

Consider the first chord in any position : let Cbe its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

20 

X' 

and the whole chance, of its co-ordinates falling in dp, dm, and of the second 
«hord meeting it in that position, is 

But the whole chance is the sum of these chances for all its positions ; 

.•. prob. = 7^ 1 1 Cdpdm. 

Now, for a giyen yalue of », the value of J Cdp is evidently the area d ; then 
taking » iTQun ir to o, 

required probability = -— . 

The mean value of a chord drawn at random across the boundary is 

^^ iJCdpdm ^ »fi 
II dpdw L ' 

3. A straight band of breadth fbeing traced on a floor, and a ditde of radius 
r thrown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If jS* be the space covered, the chance of a random point on the ciide falling 
on the band is 

This is the same as if the circle were fixed, and the band thrown on it at 
random. Now let ^ be a position of the 

random point : the favourable cases are when .•••• ^" '"r ^^^^j"-^^ k 

HKy the bisector of the bandy meets a circle, /'y^^ ^^^^^*^CW^ 

centre A, radius \e\ and the whole number ^/^^^"^'^•''''^^^^ 

are when E.K meets a circle, centre 0, rtidius 'i.^^'^-*''' l"" — ^\ \ 

r + Jc; hence (Art. 236) the probability is <^'''^^l'^''''i^^^^^^^ \ \ 



This is constant for all positions of A ; *"- — . .^ 

hence, equating these two values of p, the Fig. 73. 



* Or the floor may* be supposed painted with parallel bands, at a distance 
asunder equal to the diameter ; so that the circle must &11 on one. * 
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mean area required is 

M(8) = — ^ iw^. 

The mean value of the part of the dreumferenee which falls on the hand is 

the same fraction of the whole circumference. 

2r + e 

If any convex area Q, of perimeter Z, he thrown on the hand, instead of a 

circle, the mean area coyered is 

^ Z +irc 

237. The consideration of probabiKty sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
beginning from the end A of the line, the number of favour- 
able cases, when X is in the element d^j is, calling AXy Xy 

af*dx. 
Hence 

(xf^dx 






lut the chance must be : we thus have an independent 

w + I ^ 

proof that 

x*^dx = 



i 



**+! 



when n is an integer. 

Again, ii m + n + i points are taken, to find the chance 
that X shall be the {m + i)** in order ; the number of favour- 
able cases, when X falls in dx, and a particular set of m points 
falls to the left of X, is 

a^{i - xYdx ; taking ^ = i ; 
hence the whole number of favourable cases is 



[fn In I 
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tliis is the required probabiKty, since /"»♦*»♦ » = i. But the 

value is , as every point is equally likely to fall in 

the [m + i)** place : we thus deduce the definite integral 

aj^(i - xYdx = ' — L- 



f 

Jo 



W + W + I 




when niy n are integers. (See Art. 92.) 

238. To investigate the probability that the inclination 
of the line joining any two points in a 
given convex area D. shall lie within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and QJ 
which is not easy to deduce otherwise. 

First, let one of the points A be 
fixed ; draw through it a chord PQ = C, F^TtT^ 

at an inclination to some fixed line ; 
put'-4P = r, AQ= r ; then the number of cases for which 
the direction of the line joining A and £ lies between and 
+ dd,i3 measured by 

i{r' + r'')d9. 

Now, let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of AB 
from io + dO, is (first considering ^ to lie in the 
element drdp) 

idpdO [ {r^-hf^)dr = ^C'dpd0. 

Let p be the perpendicular on from a given origin O, 
and let o> be the inclination of p (we may put dw for d0)y O 
will be a given function otp, oi ; and integrating first for a> 
constant, the whole number of cases for which w falls between 
given limits o>', w", is 

i^'^^dw^ C* dp ; 
the integral jC^dp being taken for all positions of between 



J 
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two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough ; we may, however, 
deduce from it a remarkable result ; for if the integral 

^ilC^dpdui 

be extended to all possible positions of O, it gives the whole 
number of pairs of positions of the points Ay B which lie 
inside the area ; but this number is Q,^ ; hence 

// C^dpdia = za\ 

the integration extending to all possible positions of the 
chord C) its length being a given function of its co-ordinates 

CoR. Hence if £, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -=-. 

Jj 

It follows that if a line cross such a contour at random, 

the chance that three other ItneSy also drawn at random, shall 

meet the first inside the contour ^ is 24 —• 

JL 

Some other cases of definite integrals deduced from the 
theory of Probability are given in a paper in the PhUo- 
sophical Transactions for 1868, pp. 1 81-199. See also Pro- 
ceedings London Math, Soc, vol. viii. 

Several Examples on Mean Yalues and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
papers on the subject in the Hdticational TimeSy by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter's valuable History of 
Probability for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory of 
Probability. 

[88] 
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1 . A chord is drawn joining two points taken at random on a circle : find the 

mean area oi the lesser of the two segments into which it divides the circle. \ 

■» 

Ana. . ^ 

4 » i- 

2. Find the mean latitude of all places north of the Equator. 

Ans. 32' . 704. ^ 

3. Find the mean square of the yelocity of a projectile in vacuoy taken at aU 
instants of its flight till it regains the yelocity of projection. 

Ant. V^ cos* a + JF* sin'o : where F'= initial velocity, and a = angle 
of projection. 

4. If X and y are two variahles, each of which may take independently any 
value between two given limits (d^erent for each), show that the mean value 

of the product xy is equal to the product of the mean values of x and y. \ 

5. If X, T are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral ABXT is convex P 

Ans, -. 
3 

For, it is easy to see that of the three quadrilaterals ABXY, ACXY, BCXT, ^ 
one must he convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at i 

random on the circumference of a circle. i 

«• 

Ans, -^ (area of circle). «: 

^ M 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
her of names being n. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit. 

Ans. — -. (N.B. — This is not, of course, the value of the 

n n* 

chance after the selection has been made : this may easily be found.) 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at ^ 
random the next morning, and travels the same distance as before. Fmd the ; 
chance of his reaching the river again in the second day's journey. * 

Ans. ^. '^ 

9. Two lengths, ^, y, are laid down at random in a Une 0, greater than *j 
either : find the chance that they shall not have a common part greater than e. 
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10. A person in filing lo shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

27 . 4 . 7 756 

Ans. = . If the first 10 shots had not heen fired, so that 

19.17. 13 4199 \ 

nothing was known as to his skill, the chance would he — : if he 

II 

had heen found to hit the mark half the numher of times out of a 

63 
large numher, the chance would he — ^. 

11. If a line I he divided at random into 4 parts, the mean square of one 

of the parts is — ? : hut if the line he divided at random into 2 parts, and 

each part again divided into 2 parts, then the mean square of one of the 4 parts 

is -P. 
9 

12. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ana. -^ I. 
16 

13. A certain city is situated on a river. The prohahility that a specified 
inhabitant A lives on the right hank of the river is, of course, }, in the ahsence 
of an^ further information. But if we have f oimd that an inhabitant £ lives on 
the nght bank, find the probability that A does so also. 

2 
Ans, ^. (N.B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a priori.) 

14. If Ay By Cy By vx^ four given points in direetuniy and 2 points are taken 
at random in AI>y and one is taken in BC: find the chance that it shall fall be- 
tween the former two. 



Ans. ^ |i BC* + BC{AB + CD) + 2AB . Cd\. 



15. Jiz =x + ify where x may have any value from o to a, and y any value 
from oiob: find the probability that z is less than an assigned value c ; (suppose 
b<a). 

Ant. (I) n tf < by pi = — . 

(2) If « > C> *, P2 = *^ " 



(3) If <> > a, Pi= 1 - 



a 



2ab 



If we denote the functions expressing the probabilitv in the three 
cases by /i(«, by e)y /2(«, b, e), /a (a, by c), we shall find the re- 
lation 

A («, *, c) +/8(«, *, «) =/2(«, ^ c) +/2(*, «, e). 
[23 a] 
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16. In the cubic equation 

^ ■¥ px + q = o^ 

p and q may have any values between the limits ± I. Find the chance that the 
three roots are real. 

2 _ 

17. Two observations are takejki of the same magnitude, and the mean of the 
results is taken as the true value. ^ If the error of each observation is assumed to 
lie within the limits + a, and all its values to be equally probable, show that it 
is an even chance that the error in the result lies between the limits ± 0.293 a. 

18. A point is taken at random in each of two given plane areas. Show 
that tiie mean square of the distance between the two points is 

Ar2 + if 2 + A« ; 

where A is the distance between the centres of gravity of the areas ; and k^ h' 
ai-e tiie radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is 

2 

where A, A are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of tiie points is fixed at the centre of gravity, the value \&\l?1^, 
(Jfr. Wbolhouse.) 

20. A line ia divided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (2) aa acute -angled triangle. 

Ans, (i). pi = i. 

(2).JP8 = 3l0g2- 2. 

21. A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

n 



Am. 



2«-i- 



22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Ans, -. 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (i) that all its angles are acute ; (2) that all are obtuse. 
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24. Show that the mean value of -, where p is the distance of two points 

P 

taken at random within a circle, is — . 

3irr 

25. Two equal lines of length a include an angle B : to find the chance that 
if two points P, Q are taken at random, one on each line, their distance FQ shall 
be less than a. 

Ans. (i). When - > a > - ; i?i = . ^ + 2 cos a. 
^ ' 2 3 2sme 

(2). When d > - ; p%- — ;--. 
^ ' 2 2 sm d 

Here the functions are connected by the relation F{0) + F{if - 0) =f(0) +f(ir - B) . 

26. The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shaU not live further than a distance r from each other. 

m 
IT V 

Ans, p = log 3 + - 1 1 — ^ + — -:—:; + — -^-1. 5 whence 

3 4 irV 2 / 2irJosme 2irjj sma 

p as 0.7771. This result is easily obtained by employing the values] given in 
Ques 25. 

27. Four points arq taken at random within a circle or an ellipse. Show 

that the chance that they form a re<«ntrant quadrilateral is -^—r,- 

I2ir' 

36 

28. Find the mean distance of two points within a sphere. Ans. -^ r. 

29. Three points AyB,CBxe taken within a circle, whose centre is 0. Find 
the chance that the quadrilateral ABCO is re-entrant. 

> I 4 

4 Z'^ 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Ans. o = IT - -7-. 
6 

31. In the same case, to find the chance that the distance shall not exceed an 
assigned value e ; the square being a^. 

Ans. (i). When(?<«;i? = -7{ir««--flk? + -c«). 

a*\ 3 2 / 

(2). When(?>a;,i? = 4-5sm-i — »-?+- — ~— v^(?'-a2-2— - + ~. 
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32. Three points axe taken at random on a sphere; the chance that in 
the sphencal triangle some one angle shall exceed the sum of the other two 

i<( -. Also the chance that its area shall exceed that of a great circle is -. 
2 o 

33. If a line he divided at random into 4 parts, it is an eyen chance that one 
of the parts is greater than half the line. 

34. The mean distance of a point within a triangle from the yertex (7 is 

•3(2"^ 2C- "i ^^a + b-ey 

where A is the altitude of the triangle. (See Ex. 6, p. 327). 

35. The mean yalue of the distance hetween any two points in an equilateral 
triangle is 

if=|a(i+ilog3). 

This question may he solyed hy preying that Jf = - Mo, where Mo is the 

mean distance of an angle of the triangle from any point within it. For, let 
Mo = fiA^, where fi is constant, and A = area of the triangle. Take now any 
dement d8 of the triangle, draw from it parallels to the sides to meet the hase ; 
let 9 he the area of the equilateral triangle so formed : the sum of the whole 
numher of cases will he equal to 

ii dS ia made to range oyer the whole triangle : if we call the whole triangle 
imity, and put dS = 2dadfi as in (Ex. 3, p. 324), 8 = a\ and the integral 

hecomes — fi ^ M. The result then follows from (34). 

36. From a tower of height h, particles are projected in all directions in 
space, with a velocity due to a fall through a height h. Show that the mean 
value of the range is 

if = 2A I Y I -^ .dx, (iVo/. Wohtenholme,) 

Jo 

37. If there he n quantities a^ b, c, d . . . . each of which takes indepen- 
dentiy a given series of values ai, 02, 03, .... , di, ^, 63, . . . . &c., (the numher 
of values is different for each), if we put 

2a = + d + {;+^+. . . . , 

and for shortness denote 'Hhe mean value of «" hy Mx^ prove that 

JIf 2a = ifa + if& + if <;+... . =2 Ma, 
Jf(Sa)« = {:S,MaY - ^(MaY + ^M(a^. 
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38. Two points are taken at random in a triangle. Find the mean area of 
the triangular portion which the line joining them cuts off from the whole 
triangle. 

Ant, - of the whole. 



39. A ship at A observes another at B, whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a 

2 . d 
given distance d of each other is always - sin'^-, whatever the course taken 

*" * d , 

by A ; provided its inclination to AB ia not greater than cos'^ -: putting 

AB = a. {Oamb. Math, TripoSy 187 1. IVo/. Miller.) 

t 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random in the circle shall lie on opposite sides of the line. 

128 

Ans. : this is deduced at once from the value of M, the mean dis- 

45 ir^ 2M 
tance of the two points ; as the chance = . If two random lines 

are drawn, the chance that both lines shall pass between the points 
. I 

IT* 

41. A point is taken at random in a triangle. What is the probability 
that if throe other points are taken at random, one shall lie in each of the 
triangles AOB, BOC, COA ? 

Ans. — . This may easily be found to depend on the integral Jjafiy . idadfiy 
where a, iS, 7 are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. 

Am, I . 

43. Two points are taken on the circumference of a semicircle. Find the 
<>hance that their ordinates fall on either side of a point taken at random on the 
diameter. 

44. In any convex area whieh has a centre 0, let an indefinite straight line 
revolve round Oj and trace the locus of the centre of gravity of either half into 
which it divides the area. Show that the mean distance of fiom all points in 

the area is equal to - the perimeter of this locus. 
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Also, - of tlie area enclosed by this locus = mean area of the triangle OXY; 
4 
where Z, F are points taken at random in the giyen area. (See Froceedinga 

of the London Mathematieal Society, vol. yiii.) 

45. The probability that tlie distance of two points taken at random in a 
given conyex area Q, shall exceed a given limit (a) is 



P = ^,\\((^-3^'C-^2a^dpdo,, 



] 



where C is a chord of the area, whose co-ordinates are ^, » ; the integration 
extending to all values of ^, «, ufhieh give a chord C>a. 
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1. If a be the sagitta of a sircular segment whose base is b, proye that the 
area of the segment is, approximately, 

2 a^ 
t= -ab + -V. 

3 lb 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its. axes as diameters. 

3. Find the integral 






4. Prove that 

\^/(x)^ = (f-a)/({)log(^), 

where ( lies between X and uq. 

5. In a spiral of Archimedes, if P, Q, and P', Q' be the points of section with 
any two branches of the curve made by a line passing through its pole ; prove 
that the area bounded by the right line and by the two branches is half the area 
of the ellipse whose semi-azes^are PP* and P'Q. 



6. Find the value of 



idx Ix -\- a 
X + eSx + b' 



7. If an ellipse roU upon a right line, show that the differential equation of 
the locus of its focus is 

(y2 + i2)^ = V (lay + y» + IP) (lay - y* - b^). 

8. A circle rolk from one end to the other of a curved line equal in length 
to the circiunf erence of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. (Camb. Math. Tripos, lit? i.) 

. 9. In the same case show that the entire length of the path described is 
eight times the diameter of the circle. 



362 Mkeellaneous Example$. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 

11. Evaluate the following integrals : 

12. If JJ = (a;« + axY + hXy and u = log ^ — ^T^' ^^ ^^ relation 

x^ ■\- ax ^ Y R 
between the integrals 

Idx r xdx 

77=w' J 



xdx _ ^ f ^ .^ 



13. If a curve be sucji that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : le^, 

15. Prove that 

f* de cfi de 

Jo v^i-K^sin^a Jo \/ic«-sin«a' 
where siniS = jcsina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
came area. 

17. Show that the value of the integral 

r6 dy 



[ 



« V y*"— I 



may be exhibited by the following geometrical construction. Let the curve 

** IK 
whose equation is r"*^^ cos » = i roll on the axis of x, take the points 

(^1) yi) (^1 ^2) on the roulette described by the pole, such that yi tsa^y^^ b, 
then 

( -;== = iri-«i. {Mr.Jettett.) 
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1 8. If « be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

Tbe proof is similar to that of the corresponding theorem in piano. See Art. 158. 

19. Prove that the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed by the formula 

^{3 + 3^ + 4^") ; 

where H is the distance between the parallel planes, B and B' the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

20. If tS be the length of a loop of the curve r** = a" cos nO, and A the area 
of a loop of Hie curve r^** = a*" cos 2nO, prove that 



AxS = 



ira^ 



2n 

21. Find approximately the area, and also the length, of a loop of the 
curve r^ = a^cos — ; (see 2>t/. Cale,y Art. 268.) 

Ans. area = a' x 0.56616, 
length = a X 2.72638. 

22. Show from Art. 134, that if a parabola roll on a right line. Hie locus of 
its focus is a catenary. 

23. liA be the area of any oval, B that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
wbolse distance from is equal to distance of point of contact from ; prove 
that A, B, C are in arithmetical progression. 

24. The arc of a curve is connected with tbe abscissa by the equation s^ — kx; 
£nd the curve. 



25. If the co-ordinates of a point on a curve be given by the equations, 
2; = « sin 20 (i + cos 2$), y = ecOB2${i —COB 26), 
prove that the length of its arc, measured from its origin, is 

4 

3 ^ 
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26. Shaw how to find the sum of every element of the periphery of an ellipse 
divided by any odd power (ir + i) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power. 

{Mr, W, Eobertt.) 



rr 



This gives ^ .-. ' when r = a. 

27. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, .whose axes are equal to the greatest 
and least intercepts made by the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

^ = d(COS^ + a^siQ^, y = asin^ — a^cos^, 

and prove that the length of the- arc of this involute, measured from ^ = o, is 
onft-half of the arc of a circle which would be described by a radius equal to the 
arc of its evolute moving through the angle ^. 

29. Show that the area of the cassinoid 

r* — la^r^ cos 2tf + a* = h^ 

is expressed by aid of an elliptic arc when h > a\ and by a hyperboHc arc 
when a>h, 

^ 30. A string AB^ of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is imwoimd, and B is made to move about A 
till the string is again wound on the curve, the final position of B being B* ; 
prove that for variations of the position of A^ the arc traced out by B wiU be a 
maximum or a minimum, when the tangents at B and B^ are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvature at A is greater or less than half the sum of the curvatures at B and ^. 
— {Camh, Math, Tripos, 1871.) 

3r. Find the value of 

32. Find the length and also the area of the pedal of a cissoid, the vertex 
being origin. 



Am. — ^logCi+V^s) -4«; TT* 
V 3 ^ 
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33. Prove that the length of an arc of the lemniscate r' = a^ cos 26 is 
represented by the integral 

a 



2 J \/ I - isin^i" 



V 2 J v/ I - J sin* ^ 

34. Integrate the equation 

cos (cos — sin a sin ^) <li9 + cos ^ (cos ^ - sin a sin 0) <f^ = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of {$, ^), show that the equation is satisfied by 
putting 6 + ^ = a. 

35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire eUipsoid. Aru. 4. 

36. Hence, show that 



fi 



Ja \//i* - A« ^/k^ -fx^^/h^ - v* V^A;2 - y* 2* 

This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry of Three 
JDimensions, Art. 426. This proof is due to M. Chasles {Liauville, tome in., p. 10). 

37. Hence prove the relation 

F{m) E{n) + F{n) E(m) - F{n) F{m) = ^, 
where 

oy^i-m^sin'tf Jo ^ 

andw' + «2 — I, 

Let y = A sin a, and fi = \/h^ sin* ^ + *« cos* ^, in the preceding, and it 
becomes * 



IT IT 

•a i^ *2sin«^ + A;2cos*^ - ;**sin*tf 



£i 



Jo v^A*sin*^ + A;*cos«^ \/k^ - A« sin* a 

V V IT IT 



dedfp 



Jo Jo '/k^-h^anfe Jo JoyA«sm«<> + *'co8»^ 



W IT 



Jo Jo' 



k^ded<t> 



V^A* sin«^ + /v*cosa^ \/ Ar^ - A* sin* a 
This furnishes the required result on making h s= tnk. 
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The preceding formula, which is due to Legendre, giyes a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid^ along the first 
of which the perpendicular to the tangent plane makes the constant angle y with 
the axis of «, along the second fi with the axis of y^ and along the third a with the 

axis of Xy and if the angles be connected by the relations = — -- = ; 

a b e 

then, if u^s, ^2, -Au be the included portions of the ellipsoidal surface, prove that 

^8 + — ^i — + — ^ — = o- (-2tfr. Jellett) 

39. Show that the results in Arts. 161 and 162 hold for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Prove that 

!« <fo f* dx 

5 {(a^x){b-x)(e^x)}i ~ J-. {{fl-x)(b-x)(e-^x)}i' 

where a, &,« are in the order of magnitude. 

41. If « be an imaginary cube root of imity, show that, if 

(» - w'O^c + «*a^ ^, dy (« - ««) dx 



0- 



(Professor Cayley.) 
42. Prove that the value of 



I 



* cos hxtasiax , , ir ir 
dx 13 Oy -, or -, 



}o X 4 

according as 6 is >, =, or < a. 
43. Prove that 



f* sin do; sinaa; , x 



multiplied by the lesser of the numbers a and b. 

44 If tf be the eccentricity of an ellipse whose semiazis major is imity, and 
£ the length of its quadrant, prove that 



1: 



JEeds irA 

(Mr. W, Soberts,) 



(I - e*) ^/h^ - «a 2 y^i - h^' 



45. If S represent the length of a quadrant of the curve r^ = a^ cos m$, and 
^1 the quadrant of its first pedal, prove that 



2m 



> 



tUB 
OB* 

first 
nth 
.the 

7. 
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Here (Ex. 3, Art. 156), we have 

/- -(-) 



- r 



2 m 
r 



\ 2»» / 



m 



Also, the first pedal {Diff, Cale, Art. 268), is derived by Buhstituting 

jjjjjiistead of »t, hence f» + i 



.) 

^1 = 



ucs 



(f» + I) « V IT \ 2m / 



1 

(w + l)ir«' V2w/ (m + ijira* 



.-. Mi = 






('■^i) 



4»»* r^^-^— » ^^ 



46. In general, if Sn be the quadrant of the n^ pedal of the curye in the last^ 
froTe that 



.) 



Itei 



fn« + I 

AM. 

Here it is readily seen that the n'* pedal is got by substituting in- 

!»«+ I 

ad of m in the equation of the proposed ; .*. &c. (Mr, W. Moherts, Ziouville, 
1845, P- 177.) 

47. If an endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil : prove that the pencil 
will trace out a confocal ellipse. 

48. If two confocal ellipses be such that a polygon can be inscribed in one 
and circimiscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. {Chasles, Comp. 
^nd. 1843.) 

49. To two arcs of an hyperbola whose difference is rectifiable correspond 
equal arcs of the lemniscate which is the pedal of the hyperbola. (Ibid.) 

50. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 

^.) ' same circle; (IHd.) 

51. In the curve 

ill + 2/1 = at : 

prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the tangent cut off by the 
, axes. 

I 

I 

I 
I 
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52. If two tangents to a cycloid cut at] a constant angle, proye that their 
sum bears a constant ratio to the arc of the curve between ^em. ^ 



53. If ABj abf be quadrants of two concentric circles, their radii coinciding^ 
show that if an arc Ab of an inyolute of a circle be drawn to touch the circles at 
A, b, the arc ^6 is an arithmetical mean between the arcs A£ and ab» 

54. If ds represent an infinitely small superficial element of area at a point 

outade any closed plane curre, and ty f tlie lengths of the tangents ^ im the 

point to the curye, and the angle of intersection of these tangents : pi^v^e that 

SIP Bds 
the sum of the elements represented by — — -- taken for all points exterior to 

the curye is 2w^. {Prof. Croftony Phil. Trans, 1868.) 

55. Show that, for all systems of rectangular axes drawn through a giyen 
point in a giyen plane area, in its plane, 

III («• - y')dxdy^ + 4 II jary<?*<fy| , 

taken oyer the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant yalue is 

(iVa)2 (a* -1- ** + (^ - b^e^ - e^a^ - a^i*). 

{Mr. J. J. JFalker.) 



56. li ab = a'b'y proye that 

^ {ax ■¥ by) — ^ [a'x + Vy) 



>ao /•» 



n 

Jo Ji 



Jo ^y 



dxdy 



= log {^ log {^ I ^ («>) - ^ (o)|, 



! 



proyided the limits ^ (o) and ^ (00) are both definite. 

(ifr. EUioU^ Land. Math, Soe., 1S76.) -j 

57. If jS* denote the surface, and K the yolume, of the cone standing on the 
focal ellipse of an ellipsoid, and haying its yertex at an umbiUc ; proye mat 

S = irff (i2 - c2)J, r = iirc {P - <?2), 

where a, by e sxe the principal semiaxes of the ellipsoid. 

58. Froye that, if p be positiye and < i, 



1; 

i 



" {xP + x-p)log{i^x)^=^—£-—-L, (I), 

.and 

{xP + X'P)\og{i-x)---^'^cotpir^-- (2), 

lo " P P 

of which (i) may be deduced from (2) by putting x^ for x. 

{Prof, WohUnhdme.) 
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59. Show that, for a homogeneous solid parallelepiped of an^r form and 
dimensions, the three principal axes at the centre of gravity coincide in direction 
with those of the solid inscrihed ellipsoid which touches at the six centres of 
gravity of its six faces ; and that, for each of the three coincident axes, and 
&eref ore for every axis passing through their common centre of ^vity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid m the same 
constant ratio, viz., that of 10 to ». — (Prof. Ibwruend.) 

o. Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity ; and that their moments of inertia for all 
planes passing through that point have the same constant ratio (viz., 18 V3 : ir) 
to each other. — (Ibid.) 

61. A quantity M of matter is distributed over the surface of a sphere of 
radius a,^ so that the surface density varies inversely as the cube of the distance 
from a given internal point S, distant b from the centre ; prove that the sum of 
the principal moments of inertia ot M eA 8 is equal to 2M (a^ - b^). 

(Camb. Math. Tripos^ 1876.) 

62. If {i-2ax + «2) -J = I + aXi + a^Xz . . . + a^Xn + . . . , prove that 



XnX„,diS = O, Xn^dX = . 

-1 J-1 2»+I 

63. A closed central curve r^olves round an arbitrary external axis in its 
plane. Prove that the moments of inertia I and /, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
formula) 

where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and k the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, 
and l.ihe arm length of. its product of inertia with .respect to the same axes. 

(Frof. Townsmdy Quarierli/ Journal of Malhematietf 1879.) 

64. If CT = (' (« - 2)"- VW <*5, find the value of 4-- ^»»' /(«)• 

Jo dx^ 

65. Find the mean distance of two points on opposite sides of a square, whose 
side is unity. 

Ana. ^ — ^^ + log (i + y/2). 

3 o V ,r , 

66. A cube being cut at random by a plane, what is the chance that thd 
section is a hexagon P — (Col. Clarke.) 

. \/3C0t-i'v/3 - vicot-^V^i ^_ 

jifUt , . ' 'V ■ ' ■ ' ' = .04040; 



[»4] 



1* 
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67. Three points are taken at random, one on each of three faces of a tetra- 
hedron : what IS the chance that the plane passing through them cuts the fourth 
face. — {Col, Clarke.) 

Ana. -. 



68. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always be visible to an observer in a given latitude, A ? 
^(Ibid.) 

Ans. - versin A + sm A. 
a 4 

69. Find the chance that the centre of gravity of a triangle lies inside the 
tiiangle formed by three points taken at random within the triangle. 



Afi8. — I 2 + — loc 4 I . 
37 \ 3 / 



70. Two points are taken at random in a triangle, the line joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 

I / 82 \ 

Ans. — ( 470 + — log 4 J = .6967, the triangle 

3 V 3 / being unity. 

The mean value of the greater of the two portions is 

^ + ^ log 2 = .6987. 



71. Show that the mean distance M of a point in a rectangle from one angle 
is given by 

^M = (^+— log-— + — log-— , 
la 20 a 

a and b being the sides, d the diagonal. 

72. Show that the mean distance 3f of two points within a rectangle is 
given by 

This result may be deduced from the preceding : iari£fx = mean distance of a 
point within the rectangle whose sides are gf y, from one of its angles, it is easy 
to see that 



«a 



I a rh 
I xt/fidxdff; .*. &c. 
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73. Show that if if be the mean distance of two points within any conyez 
area fl, we have 



M = -^^^IX dpdi^. 



where % 2' are the segments into which the area is divided hj a straight line 
crossing it; the co-ordinates oi the line being py »; and the integration ex- 
tending to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

chance of its passing between the two points is -=-, L being the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 

opposite sides of it is ; therefore the whole chance is — = M(^X), where 

M{ZS") is the mean value of the product 2X for all positions of the^ine. 

74. In the same case we shall also have "^"^^ 



^=6Hi!J^**'' 



f C being the length of the intercepted chord. Hence we have the remarkable 
' identity 

// C*dpd<o = 6 ll^SXdpda, 
(See Proceedings of the London Mathematical Society , vol. 8.) 

75. Show that if p be the distance of two points taken at random in the 
same area, 



This may be applied to the circle : see Ex. 24, p. 354. 

76. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 



M^n--A[c^'Z^dpd(^y 



where 2 = either segment cut off by the chord (7; but throughout the integrations, 
as the direction of tiie chord alters, 2 means always the segment on the same side 
of the chord as at first. 
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Allman, on properties of paraboloid, 

268, 281. 
Amsler's planimeter, 214. 
Anntilar solids, 261. 
Approximate, methods of, finding 

areas, 211. 
Archimedes, on soHds, 254. 
spiral of, 194,341. 
area of, 194. 
rectification of, 227. 
Areas of plane curves, 176. 

Ball, on Amsler's planimeter, 216. 
Bernoulli's series, by integration by 

parts, 128.^ 
Binet, on principal axes, 312. 
Bufibn's problem, 332. 

Cardioid, area o{, 192. 

rectification of, 227, 238. 
Cartesian oval, rectification of, 239. 
Catenary, equation to, 183, 
rectification of, 223. 
surface of revolution by, 260. 
Cauchy, on exceptional cases in defi- 
nite integrals, 128. 
on principsd and general vklues of 

a d ^finite integral, 132. 
on singular definite integrals, 134. 
on hyperbolic paraboloid, 271. 
Chasles, on rectification of ellipse, 234, 
248, 367. 
on Legendre's formula, 365. 
Cone, right, 266. 

Crofton, on mean value and probabi- 
lity, 313-360, 368, 371. 
Cycloid, 189. 

Definite integrals, 30, 115. 
exceptional cases, 128. 
\ infinite limits, 131, 135. 



Definite integrals, principal and gene- 
ral values, 132. 

singular, 134. 

differentiation of, 143, 147. 

deduced by differentiation, 144. 

integration under the sign J, 148. 

double, 149. 
Descartes, rectification of oval of, 239. 
Differentiation under the sign of inte- 
gration, 107. 

Elliott, extension of Holditch's theorem, 
209. 

on Friillani's theorem, 157, 368. 
Ellipse, arc of, 226. 
Ellipsoid, 226. 

quadrature of, 282. 

of gyration, 309. 

momental, 309. 

central, 310. 
Elliptic integrals, 29, 173, 226, 232, 

236, 243, 279, 362. 
Epitrochoid, rectification of, 237. 
Equimomental cone, 310. 
Errors of observation, 341. 
Euler, 102. 

theorem on parabolic section, 198. 
Eulerian integrals, 117, 124, 151. 

definition of — 

r(«)and5(w,«), 124, 160. 

T(n)T(i-n) = -T^—, 162. 

,vaaueofr(i)r(i)...r(«-^') 

164. 
table of log r(«), 169. 

Fagnani's theorem, 229. 
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Folium of Descartes, 192, 218. 
Frequency, curve of, 336. 
Frullam, theorem of, 155. 

Gamma functions, 124, 159. 

Gauss, on integration over a closed 

surface, 287. 
Genocchi, jectification of Cartesian 

oval, 240, 242. 
Graves, on rectification of ellipse, 234. 
Groin, 269. 
Gudermann, 183. 
Guldin's theorems, 262, 263, 288. 
Gyration," radius of, 293. 

Helix, rectification of, 244. 
Hirst, on pedals, 202. 
Holditch, theorem of, 206. 
Hyperhola, rectification of, 233. 
Landen*s theorems on, 232. 
Hyperholic sines and cosines, 182. 
Hypotrochoid, 8ee epitrochoid. 

Inertia, integrals of, 290. 

moments of, 291. 

products of, 306. 

principal axes of, 307. 

momental ellipsoid of, 309. 
Integrals, definitions of, 1, 114. 

elementary, 2. 

double, 149. 

of inertia, 290. 
Integration, different methods of, 20. 

by parts, 20. 

of 1-^, 68. 
««- r 

by successive reduction, 63. 

bv differentiation, 71, 144. 

o^ binomial differentials, 75. 

by rationalization, 92, 97. 

by differentiation under sign J, 109. 

by infinite series, 110. 

regarded as summation, 30, 114. 

double, 269. 

over a closed surface, 284. 

Jellett, on quadrature of ellipsoid, 283. 

Kempe, theorem on moving area, 210. 

Lagrange's series, remainder in, 158. 
Lambert, theorem on elliptic area, 196. 
Landen, theorem on hyperbolic arc,232. 
on difference between asymptote 
and arc of hyperbola, 233. 



Legendre, on Eulerian integrals, 160. 

formula on rectification, 228, 349. 

relation between complete elliptic 
functions, 365. 
Leibnitz, on Guldin's theorems, 261. 
Lemniscate, area of, 191. 

rectification of, 365. 
Leudesdorf, 157, 210, 220. 
Lima(;on, area of, 192. 

rectification of, 237. 
Limits of integration, 33, 115. 

Mean value and probability, 313. 
Mean value, definition of, 313. 

for one independent variable, 
314. 

two or moro independent yariables, 
317. 
Method of quadratures, 178. 
Miller, 325. 
Momental ellipse, 300. 

of a triangle, 304. 
Moments of inertia, 291. 

relative to parallel axes, 292. 

uniform rod, 294. 

parallelepiped, cylinder, 295. 

cone, 296. 

sphere, 297. 

ellipsoid, 298. 

prism, 302. 

tetrahedron, 304. 

solid ring, 305. 
M'Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 

249. 
Newton, method of finding areas, 177. 
by approximation, 213. 
On tractrix, 219. 

Observation, errors of, 341. 

Panton, on rectification of Cartesian 

oval, 240. 
Paraboloid, of revolution, 256. , 

eUiptic, 265, 268. 
Partial fractions, 42. 
Pedal, area of, 199. 

of ellipse, 190. 

Steiner's theorem on area of, 201 . 

Raabe, on, 202. 

Hirst, on, 202. 

Roberts, on, 367. 
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Planimeter, Amsler^s, 214. 

Popoff, on remainder in Lagrange's 

series, 159. 
Probability, used to find mean values. 

323. 
Probabilities, 329. 
Products of inertia, 301, 306. 

Quadrature, plane, 176. 
of sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Kaabe, theorem on pedal areas, 202. 
Badius of gyration, 293. 
Random straight lines, 348. 
Rectification of, plane curves, 222. 

parabola, 223. 

catenary, 233. 

semi-cubical parabola, 224. 

of evolutes, 224. 

arc of ellipse, 226. 

epitrochoid, 237. 

roulettes, 238. 

Cartesian oval, 239. 

twisted curves, 243. 
Recurring biquadratic under radical 

sign, 101. 
Reduction, integration by, 63. 

by differentiation, 71, 80. 
Roberts, "W., on Cartesian oval, 240. 
Roulette, quadrature of, 205. 
rectification of, 238. 

Simpson's rules for areas, 213. 
Sphere, surface and volume of, 2S2. 
quadrature on, 276. 



Spheroid, surface of, 257, 258. 
Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 361. 

logarithmic, 227. 
Steiner, theorem on pedal tireas, 201. 

on areas of roulettes, 203. 

on rectification of roulettes, 234. 
Surface of, solids, 250. 

cone, 251. 

sphere, 252. 

revolution, 254. 

spheroid, prolate, 257. 
oblate, 258. 

Annular solid, 261. 

Taylor's theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral, 
127. 
Townsend, on moments of inertia of a 
ring, 305, 369. 

on moments of inertia iu 
general, 310. 
Tractrix, area of, 219. 
length of, 225. 

Van Huraet, on rectification,' 249. 
Viviani, Florentine enigma, 278. 
Volumes, of solids, 250, 264, 286. 

Wallis, value for ir, 122. 

Weddle, on areas by approximation, 

213. 
Woolhouse, on Holditch*s theorem,* 

206. 

Zolotareff, on remainder in Lagrange's 
series, 158r 



T 



tHE END* 



